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A NOTE ON THE TWO DIMENSIONAL SURFACE IN
FOUR DIMENSIONAL EQUIAFFINE SPACE

E. T. Iviev, O. V. RozHKkOVA AND HAT GON JE

ABSTRACT. In this paper, we investigate the existence of the two
dimensional surface 1n four dimensional equaffine space and char-
acterize that surface

0. Introduction

In [7-9] an invariant clothing of the families of two dimensional
and m dimensional planes in four dimensional and 2m dimensional
equiaffine space (m > 2) respectively, has been carried out. By this
constriction the case when the family of two dimensional planes en-
velops some two dimensional surface in the four dimensional space Ay
and the family of m dimensional planes envelops some mn dimensional
surfaces in Agy,, is taken out of consideration

This article 1s devoted to an invariant construction of clothings of
the famihies of two dimensional planes in A4 enveloping some two di-
mensional general surface Sy that is, in fact, reduced to the study
of the two dimensional surface in four dimensional equiaffine space.
Therefore, this article is referred to the General Theory of surfaces(see
references [3,4,6)).

In this article §1 1s devoted to analytical apparatus, in which, in
particular, an analytical construction of the canonical frame of the
surface Sy in Ay is brought, in §2 a Basic Theory of the Affine Theory
of surfaces in Ay is proved. In §3 the clothing of a surface S is built

Notation and terminology correspond to the adopted in {1-9].
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1. An analytical fixation of the frame

The surface S3 in A4 is a hodograph of the vector function of two
arguments: 7 = 7(u,v).

If w* and w¥ are the Pfaff’s forms from these arguments, the deriv-
ative formulas of a mobile reper are to be expressed as

(1 dF = W'é, , de, = wiey,
where the forms w* , w¥ satisfy the structural equations
(2) D' = w? Awj, Dk = ? /\w;“.

Here the formulas w}, w?, w3, wi by virtue of the condition of equiaffin-
ity
(Ela 62’ 63)54) = 1)
satisfy the differential correlation w} + w? + w3 +wi = 0.
When the frame changes, the main parameters u, v remain constant

but the secondary parameters, according to which the Pfaff’s forms are
denoted usually as #*, 7 and differentiation as §, change. We have

87 = 18, 68, = nke;.

On placing the beginning of frame in a point of the surface, we
obtain

3

§7=0, !l =m=nd=2t=0.

The forms w!,w?, w?, w? have become the main ones and they de-

pend only on two arguments u and v. Consequently, there are two
linear dependences between them. Choosing them in the form

(3) wd=0, w!=0,

we have (dr, €1, &) = 0, that is, the vectors € and €3 will lie inside the
tangent plane.

To continue the construction of the reper we differentiate (3} exter-
nally,using (2),we obtain w! A w§ +w? Aw§ =0, (& = 3,4).
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Hence, according to the Cartan’s lemma,
(4)  wa=Agp”, AR =0, (0,8,7=12, &0,%=3,4).
Differentiating these differential equations externally, we obtain

(5) (dAS — ASgw] — A% Wl + ADw8) AW’ =0

o4

Let us consider two ﬁnea; elements
1. w*(d), wk(d) and w¥(d) =0,
2. w*(8) and w¥(§) = =*.

Substituting them in (5), we obtain

(6) (6A%; — ASymY — A% ) + ADpr%) =0

The following fixation is possible with the use of (6).

A:}32 = O?A‘IIZ = O’A‘}I =0, Ag? = 07‘4?1 = 11A32 =1,

(9) 271'}—71‘%:0, T =0, 7r:1°‘=0,27r%—~7r2=0, 71'%:0, 73 = 0.

From (4)

4 2
(8) wf:wl, w%:O,w‘f:O, wy = w*,

after applying the Cartan’s lemma, formulas (5} brought to the corre-
lations.

2w% - wg = Aw! + Bu?,

2w2 — wi = A*W? + B,
wi = Buw! + Cu?,
wi? = B*w? + C*Wl,
Wi = —Cuw! + EW?,

wg = —C*w? + E*W.
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We differentiate (9) externally, using (2) and (8). Then, we have
(10)
(dA — Aw] — Buw? + 3w} + (EE* + CC* ~2BB*)w?) Aw!
+(dB ~ Bw? — Awd) Aw? =0,
(dB* — B*w} — A*wi)Aw'+
(dA* — A*w} — B*w} 4 3w2 + 2BB* — EE* — CC*)w!) Aw? =0,
(dB ~ Bu? ~ Cw?) Aw! + (dC + Cw! — Bul — 2CwE + wl) Aw? =0,
(dC* + C*wi — B*w? —2C*w} + wi) Auw?
+(dB* — B*w! —C*w3) Aw? =0,
(~=dC 4 Cwl — Bw? — w} - Cwl 4+ Cud) A !
+(dE — Ew? + Cwl + Ewi — Ew}) Aw® =0,
(dE* — E*w} + C*w} — E*wl + E*wi) Aw!
H(—dC* + C*w2 — E*wl — w2 + C*wd — C*w)) Aw? = 0.

Hence, in a similar manner as above, we shall arrive at the following
correlations for fixation of the rest of secondary forms.

8A — A} + 373 =0, §B — Br? =0,

§B* — B*nl =0, 64" — A*n3 + 37} =0,

8C+3Cni + 7y =0, 6C*—-3C*n%+72=0,

(11) §F — 5E72 = 0, SE* ~5E*n! = 0.

Using correlations (11), we carry out the following final fixation of
the affine frame on the surface 9s.

A=0B=1A"=0B"=1,C=0C" =0,
(12) 7 =03 =0,m3=0,m3 =0, m;=0 7w =0

From (9} we obtain

1 _ 1 2 __ 2 3 _ 2 4 * 1
wy =w, w] = w’, wy = Bw*, w3 =E"w",

(13) 2wl — Wl =u?, Wi -wi =Wl
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Formulas (10}, by virtue of (13) and (12), after applying the Cartan’s
lemma, brought to the differential equations.

(14) wh = Agﬁwﬁ, w;, = Aaﬁw’a

T

(do not sum in a), where

(15)
(dE* + E*W* + A3 w? — E* Adw? + 2E" Adyw® — E* Alw?) Awt =0,
(dE + Ew! — ALyw' — BEAY W' + 2FEAY Wl — EAZ W) AW? =0,
Afp+ Afy = 1, A + A%, =1, A, =24], - 1, A}, =243, - 1,
~3AY, + EE* — A%, +3=0, -34%, + EE* +3- 4}, =0.

2. The basic theorem of the affine theory of surfaces in 44

As all the secondary forms have been reduced to zero, the forms
w¥ are the hnear combinations of the forms w' and w?, which are
defined due to formulas (3),(8), (13) and (14). In these combinations
the correspoding coeflicients satisfy not only correlations (15), but also
the structural equations, which follow from (2). Let us notice that

equations (13) are derived from (8), and (14) are derived from (13) by
means of external differentiation.

THEOREM 1. The surface So in A4 exists and is determined with
arbitrariness of two functions of two arguments.

Proof. Differentiating (14) externally, we obtain

(16)
dAY, Awt +dAL AW =
(243, — A%, + E* A}, — 2A%1A§2 ~ 241, Aj - 2A1, A3 w! Aw?,
dA Awr + dA42 A w?
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(2A§2 ~ Ay + EA%l - 244{2144211 - 2-4%2-431 - 2A§1A32)w2 Aw,
dAL Awt +dA%, AW =
(1+2(A3; — Aly) + AT(243, — 343)) + A5, (1 — A}, ~ 44%))
~ A + AL+ A2 A2 + BT AL AW
dAL AWt + Al Aw? = (241, + Aly(AL - 343))
+A%, + EA}, — AL (3A), + A3,))w® Aw?,
dAl AWt +dAL AWl
(—1+4 A3y + A}, — Al — AL A} 2+A21A12)1
dAL AW +dAd AWt =
(—1+ A%y — A3 + A — A% AL + A Aly)w? AWl
Thus, if the given functions
ASD A32’ A31’ A32’ A41) A42v A41a A42’ A%la A}%
A3, A%, E, EY,

satisfy (15) and (16}, then affinity of the surface Sz in A4 is given.
The definition of this surface is reduced to integration of the follow-
ing quite integrable system of derivative equations

(17)
di = W& + w?éy,
déy = (At + ALwhe + wie + wles,
déy = ey + (A3 W' + Apw?)E + W€y,
dés = (Abw! + Algw?)er + (A2t + Adw?)é + wies + E*wléy,
déy = (AL w! + ALw?))E + (A3 ! + A2,w?)eE, + Ew?és +wiéy,
w§ = 24501 + (24]; — 1)e?,
wi = 2A%,0°% + (24%, - V.

For the system (17) according to Bachvalov’s Theorem, we obtain
that the arbitrariness of the existence of surface Sy in A4 15 equal to
two functions of two arguments.

REMARK. The same arbitrariness is to be received on considering

(15)(16).
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3. The focal(conjugate) lines on the surface S

The focal hyperplanes. Rationing of the vectors &3 and €.

3.1. The focal straight lines {; and [y

We shall put
(18) Ly = (A,&),&) = (7,&1,&)

the tangent plane to S, at the point A.
Let the point in Ly with the radius vector

(19) X = ¥+ %€, € Lo

be a focus, that 1s, describes a line with a tangent belonged to Ly along
a (focal) line on S, [8].Then (dX,&),€2) = 0, which, by virtue of (1),
(3) and (4),leads to the correlations.

(20) cc"Af‘;ﬁw’s =0, (o,8=1,2; &0 =3,4)
This system has the non-trivial solutions i w® if and only if

det|z™ A% ]

z>A3, A3,

xﬁAgl xﬁA“m

= (A21A:§2 - A32A4m)xawﬁ

= (A}, AL, - AL AN ) + (4145, - AL ALY o'
+ (A3, A3y — A3, 4%)(2%)® = 0.

(21)

Thus, to each point A€ S, in A4 the plane Lo correspond two focal
lines /; and I, The tangent line (focal or conjugate) at the point A on
Sy corresponds to each of such straight lines by virtue of (20)
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3.2. The focal hyperplanes I'} and I'}

Let us take up the hyperplane at each point A € S,

(22) T 16z% =0,

passing through Lo. Let this hyperplane be a focal hyperplane, that
is, the plane containing L, which is near it along some (focal) line on
Sy [8]. From d(A,€;,82) = (..)*E, + w§(4, €s,8) +w§ (A4, €1,&5) by
virtue of (22), we obtain

(23) 25 A%gwP = 0.

This system has the non-trivial solutions in w® if and only if
(24) )

det{zsAgg

- ’ TaAfy xéA‘f’z“’,éAfz xﬁAgz

= ( ?1 Ag2 - A%Aﬁ}x&xﬁ

= (A}143; — AL AL (ws)? + (4% 43, + A3, A, — 243, A1, )xsz,

+ (A1 4 — A AL) (z4)’

= 0.

Thus, to each point A € §, in A4 correspond two focal (tangent) 9]
hyperplanes I'} and T'}, which, by virtue of (20) and (23) contain L, and
L, along the corresponding focal (conjugate) lines on S;. In this case

the plane Lo intersects with its contiguous L’2 along the corresponding
focal line on Sy with the tangent I, in the straight line l4.

3.3. The characteristics of the fixation carried out

From (20) and (24) we notice that the following expression will be
the discriminant of these quadratic equations:

A= (A?LAgz - A32A‘111)2

(25)
— 4(43, A3, — A5, A3,)(A7, AL, — AdAT).
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In this paragraph one considers the case, when
(26) A#0

on the surfase S in Ay. In this case each of quadratic equations (21)
and (24) will have two different solutions.

It follws from (21)}—(26) that the fixation of the affine frame {r,¢€,}

of the surface S2 in A4, carried out according to formulas (7), is char-
acterized by

ll = (/i" é'l)) 12 = (/i.s g?)y
(27) 1-% = (Zu 51)821 63)‘ r% = (A‘v élyézv é‘4)

so that, the focal lines on S5 are the coordinate lines and the corre-
sponding tangents:

(28) h:w?=0 1. w' =0

3.4. Focuses on the straight lines [; and [,

Let the points
(29) t=A+té ely, 7T=A+rirels

be focuses of the lines Iy and I respectively. From (di, &) = 0, (d7, &) =
0 by virtue of (1),(3),(8) and (9), we obtamn

(30) L w? 4+ H{C W' + B*w*) =0,
tw! =0,
o w! + 'r(Bwl + C'w2) =0,
Tw? =0,

Hence, the following formulas are focuses and focal directions

(31) I :I)A‘: w?=0,
— - 1 -
2) tr=A- gré: W =0
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It follows from (31) that by fixation (12) (B = 1, B* = 1)} the
vectors €; and €> are normalized, so that the points

(32) f1=A-8 el

-
il
N

— ey € g

are focuses of the rays I3 and Is respectively. Under the circumstances,
the case when B = 0 (resp.B* = 0), the focus 7 (resp.f1) is not an
eigen point, that is, a congruence of the straight lines iy (resp.l;) is
cylindrical, is taken out of consideration.

3.5. The characteristics of the hyperplanes I'} and I3
Let the points

(33) Xy = A+ 2'é + 2% + 2°é3 e T},

alé) + € + x%éy € I3

be the current points of the hyperplanes I'} and I's.
From

(34) (dX1,1,8,8) = 0, (dX2,&,,€) = 0
by virtue of (1),(3},(8),{9) and (27) we obtain

(35) 2? + 3 (—C*? + E*wt) =0,
zrt + 24 (-Cuwt + Ew?) =0,

respectively. It follows from (35) that the next characteristics are the
coresponding one of the corresponding hyperplanes along some lines:
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Table 1
for hyperptane I} for hyperplane '3
Nw=0 22=2C", =0e|1) =0 2=2C =0&
p1 = (A, &,C"& + &) p = (4.8, C& + &)
2 w=0 =0& ) w=0 '=0&
Ly =(4,8,8&) (E* #0) Ly={A.8,&) (E #0)
3) charactenstic 3} characterictic
element 22 = = 0 &= element 2! = 2* =0 &
h=(48&)=pNi h=(A&)=pmNL
4) Er=0 2'-C'28=0,z'=0{4) E=0 ' -Cz*=0,=0
charactenictic element characterictic element
Whenw?=0 T} (I} When ot =0 T} (T3

3.6. The hypercone K9

Let us take up the point with the radius vector
(36) X = A+ 2%, + 2%, € A4

We shall put

(37) X, = A+ 2%, + 2363 = Prpé)?,
Xg = A+ %€, + e, = Prpg}z

Let the pomt X be such a point that X, and X, describe the char-
acteristics of the hyperplanes '} and I'3 along the corresponding lines.
From {34), we obtan (35)

This system has the non—trivial solutions if and only if * satisfy the
equation:

(38) K9 : 2'a® - Ca’zt - C*z'2® — (EE" — CC™)z*ct = 0.

Thus, the totality of all points X € A4, which are satisfied the point
A € 8, so that the corresponding pomts (37) lie inside the corre-
sponding characteristical hyperplanes I'} and I'2, forras a second order
hypercone K. g in A4 with the vertex at the pomnt A. This hypercone 1s
defined by equation {38).
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It foliows from (38) that the plane
(39) T2 = (A4,8C" +&,C8 + &)

is polary associated with the plane Ly in K3.
It follows from table 1 and (39) that after fixation (12) (C'=0,¢(" =
0)

(40) g1 = ( _'a €1a€3)a P2 — (A.: €3, é:!)) [y = (A: é.31(‘?4)
Hence,
(41) Iy =(A,&) = p1[ |2,

ly =(A,&) = pa T2
Then the plane
(42) Py =13 Uy
can be clothings plane of surface S at a point A:
P \La =4, P2| L = A

Taking into consideration (38) and C = 0 C* = 0, we notice that
the hypercone K is defined by the equation

(43) Ky : z*2? —EE*z3z* = 0.

THEOREM 2. The surface Sy in Ay of aclass E = 0 (or E* =
0) is characterized by that a hypercone K is degenerated into two
hyperplanes

(44) L3 = (A, &,6,&) =L Ty,
L3 = (A,&,6,&) = L| T2

Proof. From the equations (43), (41) and (42) the validity of the
equation {44) follows.
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