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Abstract. Here we establish limit 나leorems on one-side incre
ments of two-parameter fractional Levy Brownian motion, via esti
mating upper bounds large deviation probability inequalities on 나le 
suprema of the fractional Levy Brownian motion.

1. Introduction and results

Some results on the increments of a Wiener process and a Gauss
ian process deeply describe the properties of their sample paths. P. 
Levy [8] established initial results for the increments of one-parameter 
Wiener process. Since then, limit theorems on the increments of one- 
parameter Wiener processes o호 Gaussian processes with stationary in
crements were established by Csorgd-Revesz [4], Choi [1], Csaki et al 
[3], Choi et al [2], etc. Furthermore, Csorgo-Revesz ([5], pp. 58-87) 
referred to the Levy type limit theo호ems for two-parameter Wiener 
processes.

In this paper, we establish limit theorems on one-sided increments 
of two-parameter fractional Levy Brownian motion: A two-parameter 
fractional Levy Brownian motion {X(z,g), 0 < xyy < oo} of order 
2a with 0 < q < 1, on an underlying probability space F), is a 
real-valued Gaussian process satisfying the following conditions:

(1) (a) X(x^ y) is almost surely continuous on [0, oo) x [0, oo),
(2) (b) X(0,0) =0 and E{X(x,y)} =0.
(3) (c) X(【s g) has stationary increments: for all distinct two points 

(^1,2/1),(处注/2)in [0, oo) x [0, oo), we have
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（4）硏* （叼,01） — 乂（：匚2,；2）｝2 =（（边 一9；2）2 + （；1一切）2广，0 < 
a < 1.

For 0 < T < oo, let be a nondecreasing function of T such that
(i) 0 < ar < T,

(ii) tT/a^ is nondecreasing.

Thoughout the pap% we always assume that X(w 浦)and ar satisfy 
the above conditions. Our main results are as follows:

Theorem 1.1. We have

limsup sup sup sup 四坪牛*七 1 心.,

0<s<aT 0<t<T~s 0<v<T

where g = 2{ log(T/aT) + | log log T}1/2.

Theorem 1.2. If, in addition, the following condition is also satis
fied:

(iii)舟m log(T/ar) J log log T = oo,

then we have

liminf sup sup 1业三끠二즈(回 孕 a.s.
7-나8 0<t<T-aT 0<v<T (站尸邛厂

From Theorems 1.1 and 1.2, we immediately obtain the following 
limit theorem:

Corollary 1.1. Under the assumptions of Theorem 1.2, we have

lim sup sup sup
T->oo 0<3<aT Q<t<T-s 0<v<T

|X(t + s,u) — X(t,u)| =] 

(aT)a7T
a.s.

and

lim sup sup 
끄T8 皓妇丁一5 0<v<T

旳+戶,？ 一X色划=]ag
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Example 1.1. (1) Set ar = (logT)1/2 in Corollary 1.1. Then,
for 0 < a < 1,

|X(£ + ") — X(切)| 
lim sup sup sup ---- -- - —-7一「卞祈--- =1
므T8(«(]理7)1/2 0<t<T-s Q<v<T 2(log7)(에)/2

(2) Set = 1 in Corollary 1.1. Then
|X(i + l,0—X0 幻)I

lim sup sup -一一-一—一一—777：-------  = 1
T-^oo0<t<T-l 0<v<T 2(logT)1/2

a.s.

a.s.

2. Proofs

To prove the theorems, we first introduce the following Lemma 2.1, 
due to Fernique [6]: Let D = (t : t =(切,奴…&))< 

i = 1,2, • • • be a real d-dimensional time parameter space with 
the usual Euclidean norm |] - ||. Let {X(t), t G ©} be a real-valued 
separable Gaussian process with E{X(t)} = 0. Suppose that

0 V supE{X(t)}2 =: T2 < oo, r > 0,
teiD

and
硏X(t) — X(s)}2 —s||),

where(p(「) is a nondecreasing continues function such that (p(e~y )dy <
OQo

Lemma 2.1. Let {X(t), t 6 D} be given as above statements.
Then, for A > 0, x > 1 and A > 2、/rflog2 we have

小/瓦\2项)由/)}

where xV y = max(x,y} and p = 2；dexp{*  — 2” (琴—2d log 2)} 

< oo.
Let us estimate an upper bound of the following large deviation 

probabilities by using Lemina 2.1.
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Lemma 2.2. For any e > Q there exists a positive constant C£ 
depending o이y on e such that

J |X（t + s* ）-X（Z,u）| I
P< sup sup sup 1  --- 厂二飞------ > U >

^0<s<aT 0<t<T-s0<v<T （丑产 —J

< （罚七-"2/（2+时

for all u> 0.

Proof. Let A = {（£, s,v） : 0<t<T — s, 0<s< 如j 0 < v < T} 
be a three-dimensional space. In order to apply Lemma 2.1, we set

Y（t,s,v）=
X（Z + s/u） — X（tyv} 

（«T）a
（t, s,u） e A,

and

9（z）=
2（V2z）Q
Ma z > 0.

Clearly, 点 幻）} = 0 for all （t, 5, v） E A and r2 = 1. Using 나le 
elementary inequality （a ± b）2 < 2（a2 + b2）, we have

E｛Y（切，Sl,s） — Y（切，S2,02）｝2
2

W （旳）由 （꾀：，“切 + S1Z1） — X（0 + S2,©2）｝2

+ 研乂（知0）— X（板,切2）｝2）

< （涪茹 5\/（切一切）2 +（S1 — S2）2 + （灼一班）2 ）2a

for all （切,力：히i）,（板并2,©2）in A Letting u = （切,外i） and v = 
（如，$2外2）in A, it follows that

E｛Y（u） - Y（v）｝2 V 妒（||u —미I）.

Fo호 any e > Q there exists a small constant c > 0 such that 

（p（V3caT2~y2>）dy <
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where A is a constant such that A > 2j31og 2. Indeed, for any e > 0 
there exists a small c = c(e) > 0 such that

,2产 2 l 广8 2
/ tp(V3caT2-y )dy = 2(V6c)a / 2~ay dy 

Jo Jo
=(、/&(沪 JE疏2 <(e/8)/(("/云 + 2)4).

Let u =■ x(l + (e/8)), x >1. Then it follows from Lemma 2.1 that

P{ sup

<2P( sup Y(i,s,v)>x(l + (2^2 + 2)A [ (p(V3caT2~y2)dy\} 
l(£)s}v)€A ' JO 7 J

孕(妒 + 以끄 '/1) (느으、/1) (£ V 1)"*

^化(£)2"温/(2+司，

where Ce is a positive constant depending only on s > 0. 
0 < < 1, the result is trivial if we take Ce large enough.

In case
□

2+8 4
2+2?、Proof of Theorem 1.1. Put Tk = exp(fc^),fc 6 N, where

< 1, e > 0, and N is the set of positive integers. Let T be in Tn < 
T < Tfc. It follows from the condition (ii) that T — wr Tk —。以) 
and hence the following inequalities hold:

(2 1)
|X(t + s外)一 X("©)|

sup sup sup -------- 7——r---------------
0<s<aT 0<t<T-s 0京打叮)。海

\X(t + s, v) — X(&v)
< sup sup sup --------- 、「 ‘ L - =

0<s<aTk 0<t<Tk-s 0<v<Tk 2(aTfc )a log(7fc/arh) + * log log 7%

x (紡)''/ 1昭(戏/Qt読)+ * log log Tk
(«Tfc_i)a V log^fc-i/ar^J + I log logTfc-i
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By (ii) and the mean-value theorem,

(2.2) 1 < -으共 < < exp(/3(k 一 1)〃一') ——> 1 as fc oo,
히고… 局:-1

]v log ⑵；国)+ * log log 7丄

-log(处_1/四匕_1) + |loglog7fc_!
(2-3) < ("幻k何冗

_ ) \/log7fc_i
——> 1 as 4 一》06

Combining (2.1), (2.2) and (2.3), we get

\X(t + s,v)-X(t,v)\
limsup sup sup sup J-------- -- r----------------
꼬T8 0<s<aT 0<t<T-s 0<v<T

(24) \X(t + s,v)~X(t,v)\
< limsup sup sup sup '一--一一匚- (------- .
~~ 4*8  0<s<aTfc 0<t<Tfc-s 0<v<Tk \aTkr7Tk

On the other hand, it follows from Lemma 2.2 that for any s > 0 there 
exists a positive constant C£ such that

„ f \X(t + S,V)— X(t,V)\ n----- )
P\ sup sup sup ——-一；-- r--------------- > \/l + e>

l0<s<aTfe 0<t<Tk-s (.aTkryTk J
V 이쁝）"xp{-芸凯（끖5康冗） }

= 쓰) N"(log7QT-(e/(2+e))

Hence the series

p{ sup sup sup ㈤g으2二스鱼의 >5耳하

1。#* 乐 0<t<Tk-S0<v<Tk («Tja7Tfc J
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is convergent and

(2-5)
limsup sup sup sup 

fc—>oo 0<s<aTfe 0<t<Tfc—s 0<v<Tfc
|X(£ + s/v) — X(私©)I 

(aTfe)a7Tfc

< 1 a.s.

Combining (2.4) and (2.5), we obtain Theorem 1.1. □

For proving Theorem 1.2, we need the following Lemmas 2.3~2.6:

Lemma 2.3. Let a> Q and let N, I be positive integers and q 냐乎 0) 
a real number. Then there exists a constant C > 0 such that

(2-6)

、/妒+(八〃어2沪 广、/砂 + ({\〃见2
d(x2a) 一 / ,_________ d(x2a)

J、/砂+ (印讯二还J y/q2+(Nla)2

(砂 + (Ma + a)2 广 a?
~ 砂 + (Nla — a)2

Proof. Set b = Nla — a, c = Nla and d = Nla + a. Then

d(x2a)- d(x2a}

2°)

d((w +、/砂 + - y/q2 + b2 )2a) d(x2a)
dxdx

勺 고+C2

J京顽¥挿W尊-JS忑d(x2a}
一- dx 

dx
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w宇百冲v頌M京-航須/〔%노、「&놎《으一、누申 j2(z2a) 、
___  ( / —j-q— dz) dx 

/日寥 ^Jx dz J
广\/q고+d하+、/成+序一、//+云2 以普^)

J、「咨2 dx
=I + J, say.

Let us estimate an upper bound for I. Then for some C2 > 0

dx

< C2 %法*- (Vq2 +d^ - \/g2 +c2)( Jg2 +c2 -、/g2 +庠)

<厂(砂+旳七 尸(g2 + (Ma + a)2)%2
-0 -海- b) = &•-砂+(成云_为2—・

As for J)we have

广、/好声+、頌习章-t2«
|J| = 2a / ____ ___dx

「序0 x
< 2写拦豢v寡v頒击-(V頒击- vE))*

VQ2 + C2
=2 02 + 界)a _____—, _______ _一

\/q2 + c2 k \/冬2 + d2 +、/q2 + c2 、/q2 + c2 +、/q2 + b2

< 9 (砂 + 罪广 2a2 (q2 +(Ma + a)2)細2
_ J矿海、停~ Q2 + ")2 .

2Nlc? - a22Nla2 + a2

The following Lemma 2.4 is a modification of Theorem 4.2.1 in Lead- 
better et al. ([7], pp. 81-84):
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Lemma 2.4. Let {匕力 j = 1,2,... ,n} be jointly standardized nor
mal random variables with Cott(匕刀匕勺，)= A提 such that

P ：= max 〔A；? I < 1 
(3母(皿3 1

Then? for x > 0 and integers 1 < < dg < n and
1 < ei < e2 < • • ■ < < n with g, h <n, we have

P< max max Yd e < x>li<2<5 i<3<h 曲％ - J
(2.7) , … / 任、

卯-旳沪+ c £ I疗|exp(—j鬲)，

(以#(服) 1 + lAv I

where 入提 =a£:： and c = c(p) is a positive constant independent 
ofx^n.g and h, and $(rc) = exp(-y2/2)dy.

Let us estimate a sharp upper bound for 사le second term of the 
right hand side of (2 7)

Lemma 2.5. Let P-> h and be as in Lemina 2.4 Further 
assume that |入:了 | < (|z — if\\j 一 丿'|)一", 2 N 礼 J 구‘ jz, and set x = 
V (2 — 77) log(g"), where 卩 and 77 are positive constants such that 0 < 
77 < (1 — p)叫(1 + M + P)- Then we have

一一 2
£ ：= E I시?lexP(—匸圭声j) < 的",

(w)尹") 1 十 1% I

where 6 = (^(1 — p) — r)(l + p + ^))/((l + /z)(l + p)} > 0 어id c is a 
positive constant independent of g, h and n.

Proof. Let 0 < a = (1 + r)p — p)/((l + 戸)(1 + p)} < 1. We split 
the sum £ into four parts as follows
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X2E= £ E贋唧(一嵐产I 
1<»/<S IM心 h 侦'

0<h-/|<[5a]0<|j-/|<[ho]

+ E E I源?Iexp(一 勺, 

1 1

+ £ £ 对 |exp(

Q<\z~zf\<[ga] \3-3l\>lha]

X2

X2

1+1爲叩-

X2

i + IM?'l
+ £ E K?|exp(-：

b~^\>[ga] \3-3l\<[ha] 
p~r(l) g~r(2) w~r(4)=E +E +E +E ， say.

Now let us estimate each upper bound of above four sums:

£⑴ < c(")너2 exp(-%爲 log(网) = c(河너U)/(1+。)}

=c(g 九)3(i+P+")iep)}/{(i+a)(i+P)} = c(gh)~6 

and
£:⑵ < c(gh)2(gh)~aflexp{-(l - (ffh)~a,1)(2 - 끼 log(g/z)}

으 c(g/z)A""exp{—(2 — rj) log(</7i)}
< c伽广아너明 = c(ffh)-6.

Also we get

£⑶ < cg1+a exp^-|q-^ log^/i2-a/z exp{-(l - 7广아4)(2 - r])\ogh}

< cgl+a-{(2f)/(l+p)}/广아+7 =(火亦疽.

By the exactly same way, we have

£=)至。广아*% l+a_{(2_"/(l+p)} = cQ仇)7. □
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Lemma 2.6 For k eN, set Tk = exp(仲)for 舞靠 < /? < l,e > 0, 
and let T be in Tk <T < Tw Then we have
(2.8)
,.r \X(t + ar,v) — X(t,v)\
limmf sup sup ------!-----「 「=--宀===
丁〜。o<t<T-aTo<v<T 2M^y/log(T/aT) + i log log T

( |X(力+ q苦*)- • X(t,训 亦
> lim mi sup sup ------------ ,， ： •=二二二二二=• a.s.
~ J8 0<t<Tfe-arfc 0<^<Tfc 2(^)°= ^/log^/arj + 专 loglog以

Proof. By condition (ii), we have T — ar > Tk — ark- Put I既：=一 
{(" aT,v) : 0<t <Tk- aTk,aTk < aT < aTk+x ,0 < v < Tfc}. Then

\X(t + aT,v) - X(t,v)\
sup sup ----------- 二二=二. ：二：=二

(y<t<T~aT q<v<t 2(ar)a y log(T/aT) + - log log T

f |X(t + q以切—
> < sup sup ------------ J ，：二二丁 3==」==

{0<t<Tk~ark0<v<Tk 20幻)'/]死(7/吹)+ ijoglogTfc

_ su |X(t + a珏*)  一 X(t + Qn幻)" 1 (<辺上預 g
(顷虹財)e恥2(ayA:)o:、/1昭(基/叼%) + *loglog7% 丿(°风只)冲心

By the same way as iu (2.2) and (2.3), we have

lim，招:-‘您  = 1.
*18 (叮%+1尸 ‘YTk+i

The proof is completed if we show that

[X(£ + (叮 外)一X(£ + 饥外)| n 
hmsup sup ---- ------씅」丄云'----- 스 = 0 &S，
kig (t,aT^)€Bfc

In order to apply Lemma 2.1, we set

G(t,5 = 스旦쓰비1二§也끄으, (抑誤) 司加

and

冷）=
2（\/窈尸 

说）丁
2 > 0.
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Clearly, E{G0,何財。)} = 0 for all (t.ar.v) G 明;.By th6 same tech
nique as in (2.2), we have, for any e,f > 0,

r2 ：= sup E{G(t,aT,v)}2 =(% - ；꾀竺 < (酒% 
(t,ar»v)€Bfc (WrJ

provided k is big enough. And, using the elementary relation (a±6)2 <
2 (a2 + b2), we get, for all (F, a^,心,(t”, a^', v") in Bfc,

硏G",aT’") —G"',W,必)}2

V ［厲)23硏(X(H + aTk,v') - X(t" + 妬x，o〃))

一(X(# + 此 ” -X(t" + aT\，u〃))}2

M 严((、J伊 _ t〃)2 + 3 _ 伊)2 ) 2a

+ (+ a，T‘) _ (t〃 + <叮〃))2 +(0，_ P〃)2 )2q)

< 厂 Mx (、N 一 仁')2 + (四丿 一 a/〃)2 +(7*  — U〃)2 严.

Setting u = (F, a^',村')，'v = (t〃,ar", o") in 唤，it follows that

硏G(u) - (v)}2 < <p2(||u-에).

For any ef > 0, there exists a small constant c > 0 such that
/*oo

(2a/2 + 2)A J <p(V3caTk2-y2)dy < 町

where is a constant such that A > 2-^/3 log 2. For any given small 
positive e and let

x = 2eylog(Tfc/aTfc) + | log log 7%/(「+ #)•

Choosing = &〃 = 2s2, we have

x > ylog(7fc/aTfc) + i loglogTfc /2s.
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Now applying Lemma 2.1, it follows that

p/ |X(t + aTk,v) - X(t + aT,v)\J. \ olip / ■ 二；， '二二 /》c
2(arfe)ay log(2fc/ttrfe) + * log log 幻：

V P f |X(t + aTfc,*u)  - X(t + aT,v)\V、-t S Slip 7 r '
~ k(t,aTiv)&k \aTkr

>z(「+ (2、/分+ 2)4 / 9(、/《0以272)旳)}

W q(Zk二쓰k v 1) (区프브二쓰生/1) (典 V 1)

xexp(-| (旋(까 a 끼4窘闾竺끠 }

= 이色二쓰k v 1) (竺소土二쓰里 V 1) (끄 V 1){典 v国冗}

V aTfc 丿、 a% )\。以)I ^Tk 」

< ce(—)2-^(logTfc)-^ < aClogTfc)-^ = 이厂0느*  
、a，T」

for sufficiently large k. Hence we have

V pi sup |X(t + ^q) — X(t + y0)| 〉」< .

k l(t,aT,i>)eBk 2(dTk )a ^/log(7fc/aTfc) + * log log Tk 」

and using the Borel-Cantelle lemma,

\X(t + aTk,v) - X(t + aT.v)\
hmsup sup —!一~-一一 * ' 스= = ° a.s
J8 (g財)血;2(aTk)a y log(Tk/aTk) + * log log 处

This completes the proof of Lemma 2.6. □

We are now ready to prove Theorem 1.2.

Proof of Theorem L2. The condition (iii) of Theorem 1.2 implies 
that one can find B > 0 and integer N > 0 large enough such that

(29) (頌)(£)>('")"册 



294 K. S. Hwang, D. S Kim and M. Y. Kang

for all large T > 0. For such T, we define positive integers qt and hr 
by

T — a J1 *
9T =〔■瓦厂I

where [-] denotes the integer part. By (2 9), it is clear that there is a 
constant c > 0 such that

(2.10) gThT > c(logT)s 

for T large enough. For z = 0,1, ••-浦丁 and j = 0,1, hp we also 
define incremental random variables such that

X’j = X(Nq，t% + ay, Na^j) — X(NqtI)Na*).

Then X/(旳)
(iii) that, for any 0 < < e < 1 and large 71,
(2.U)

p{ sup sup ―耿盘或二卵끠一 < /二}

a are standard normal random variables. It follows from

<p{ sup sup X(勺2谷스.心 < J(2」2胡og国函}

v0<t<T~ar 0<v<T {aT) 丿

< max max 7-?勺--<、/(2 — 2") log(gT，ZT)).
lo<I<gTo<j</lT (aT)a v\ > nj

Define the correlation function of XtJ and X”/ as follows:

人(很，•幻")=Corr(X裁,X旳，)，W, 3^3',

and set Z = |z — if\ > 1, m — \j — jl\ > 1. By the relation ab =
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I (a2 + &2 — (a — b)2), it follows that

|Cov(X小 X〃，)| = I 硏XjX叮}I
=|E{X(TV(i7z + cm Nclt j)X(NqH + 皿、Nqt：广)

—X(N€叮1 + Qt> Nqtj)X(N如可)Nqt《、)

—X(NqtS Nj)X(NaM + clt^ Nqt‘)

+ X[Nqt们 Nclt3)X(Nqt仁丿矿)}|

=?|((MzH + ar)2 + (Mz/m)2)Q — ((JVaT/)2 + (jVa^m)2)a
厶
-[((7VaTZ)2 + (NaTm)2)a - ((NaTl — ay)2 + {NaTm}2)a] \

1 I r、/(NZ+l)2 + (Nm)2aT 八/函I声R而瘁 s< J / ________ - / ____________ d(3；2a).
厶 I J、/(M)2+(Nm)2 j、 J、/(Nl — l)2 + (Nm)2 aT

Using Lemma 2 3 with a — and q = Nma^y we have

|Cov(X°X旳시

where c > 0 is a constant. Hence

I시"',"矿)l <
((Nm)2 + (NZ + l)2)a 

c (Nm)2 + (Nl — 1)2

< (Z2 + m2)^-1 < < (而)—*,

where N is sufficiently large and 〃 = 1 — a〉0. To estimate an upper 
bound of the right hand side of (2 11), let us apply Lemmas 2.4 and 
2.5 for

X
匕很丿=(Q, 2 = 0, L …and j = 0,1, ••- , f"

= I시顶，矿,"矿)| < (如广 J|z-2，|#L m = \j-j'\> 1,
g = 9t, h = hT,

z = ^(2 -7/) log(5T/iT), t] = 2s, <(1 -而(1 + M + P)

Then the right hand side of (2.11) is less than or equal to

{1 一①3)}的"+溉如如厂1
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Thus we have
(2-12)

P[ sup sup ―|X(t + aw)—X(t, 애— < b 

<o<t<T-aT o<v<T 2(aT)«5/log(T/aT) + | log log T

< exp ( - C{gThT}e) + c(gThT)~s

< c(gEiT)—气 

where C and c are positive constants changing in lines. For k C N, set 
Tk = exp(fc^), (2 + §)/(2 + 2s) < /? < 1. Note that the B in (2.9) can 
be taken so large that B > 1/(而)for given (3 and £ Then (2.10) and 
(2.12) yield

p[ sup sup —[X(： +吨 으)..二四，幻I 
l0<t<Tfc-aTfc 0<.<Tfc 2(g'尸、腿0JC心 + * log log 处

< ck~p6B 

< 5二하

and the series

p< sup sup
* l0<£<Tfe-aTfc 0<^<Tfe

|X(t + aT，*,0 )— X(t,o)|
2(arfe)Q Jlog(為国)+ * log log 处

< a/1 - e}

is convergent. So the Borel-Cantelli lemma implies that

r • f |X(t + <zn，。) 一X(Z,z시lim inf sup sup -------- !一一 在 “ -> 1 a.s.
J8 o<t<Tk-aTk o<v<Tk 2(aTfc)-0og(Tfc/aTfc) + | loglogTfc ”

Thus Theorem 1.2 follows immediately from (2.8) of Lemma 2.6. □
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