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APPROXIMATE FIBRATIONS AND
APPROXIMATE LOCALLY TRIVIAL BUNDLES

YounNGg Ho I AND S0o0 HwaN KiMm

1. Introduction

Until now, mathematicians have used many properties or concepts
of cell-like mappings and Hurewicz fibrations for the research of the
upper semicontinuous decompositions of manifolds or mappings be-
tween manifolds. But, the preimage of each pownt of cell-like mapping
has a trivial shape, and so it 1 limited in some sense. Thus, we need
to introduce the concept of approximate fibrations{l] which have the
approximate homotopy lifting property for every topological space.

Y. H. Im{4] investigated condifions under which approximate fibra-
tions can be approximated by locally trivial bundle.

In this paper, we newly define a generalized concept of locally trivial
bundles, called an approximate locally trivial bundle, and show that it

induces an approximate fibration as a locally trivial bundle imphes a
fibration.

2. Preliminaries

We use the following terminology and notation. f H - X xI — Y 1s
a homotopy, then H; : X — Y 15 the map defined by Hi(z) = H(z, 1)
Let f: X - Yand g . X — Y be maps and § be a cover of Y.
We say that f and g are é-close if for each z € X, f(x) and g(z) are
contained in some member of § Also f and g are é-homotapic if f and
g are homotopic by a homotopy h such that h({z} x I) is contained
in some member of § for each z € X. Such a homotopy is called a
S-homotopy(3].
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DEFINITION 2.1. A surjective map p : E - B between locally
compact ANRs has the approximate homotopy lifting property with
respect to a space X provided that, given a cover € of B and maps
g: X — Eand H : X xI — B such that pg = Hp, there exists
amap G : X x I — E such that Gy = g and pG and H are ¢
close. The map G is said to be an elift of H. If p has the AHLP
(approximate homotopy lifting property) for all spaces, we say that p
is an approximate fibration.

A fiber structure (E, p, B) is called a fibration for class A if, for any
space X € A, each continuous f : X x 0 — E and -each homotopy
¢ : X xI — B of pf, there exists a homotopy ¢ of f covering ¢,
that is, p¢ = ¢. A fiber space for the class of all spaces is called a
Hurewicz fibration. A map p: £ — B is a weak approximate fibration
if p satisfies the AHLP for I¢ for all ¢ < oo. In [2], p is a weak
approximate fibration if and only if 1t is an approximate fibration.

The above Definition 2 1, of course, generalizes the usual homotopy
lifting property, the definition of which s the same except that pG = H
is required rather than that pG and H are e-close.

DEFINITION 2.2. A map p : E — B is a locally trivial bundle
between topological spaces if for each b € B there exist a neighborhood.
V of b in B and a homeomorphism ¢y of V x p~1(b) onto p~* (V) such
that pdy (v,z) = v for all (v,2) € V x p~1(b).

In a locally trivial bundle, all fibers (i.e., all subspaces of E of the
form p~1(b)) are homeomorphic.

We give a new notion as above so that we can apply for more general
cases.

DEFINITION 2.3. A map p : E — B is an approximate locally trivial
bundle between locally compact ANRs if given a cover e of Band b € B
there exist a neighborhood V of b in B and a homeomorphism ¢y of
p~1(d) x V onto p~ (V) such that pgy(v,z) and ey (v,z) are e-close
for all (v,2) € V x p~1(b), where ay : V x p~1(b) — V is the first
prejection.
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3. Main Results

In [5, p 364] and [6, p 96], a locally trivial bundle p : £ — B with a
fiber F is a weak fibration By using the homotopy extension property

of ANR's, we extend this fact to the case of approximate locally trivial
bundles.

THEOREM 3.1. An approximate locally trivial bundle p : £ — B
with fiber F = p~1(b) is an (weak) approximate fibration.

Proof. Step 1. Let p : E — B be an approximate locally trivial
bundle with fiber F'. Then, given any cover ¢ of B and b € B, there are a
neighborhood V of b in B and a homeomorphism ¢y . Vx F' — p~1(V)
such that poy (v, ), ay{v,z) are e-close for all (v,z} € V x F, where

ay : V x F — V 18 the first projection Consider the commutative
diagram

m i,
| |
I"x1I B,
G

where 2 : I" — I™ x [ is defined by i(z) = (z,0).
We claim that there exists a map G . I™ x I — E such that G(z,0) =
f(z) and pG and G are e-close.

Let § = {G~'(V)|each coordinate neighborhood V of bundle}

be an open cover of the compact metric space I™ X [.

If X is the Lebesque number of the cover §, then any subset A C I" x [
with diam{A) < A implies that G(A) C V for some V € e. Triangulate
1" so that every simplex o of I™ has diam(o) < A/2. Partition I : 0 =
to < t] < tg < - <ty =1so that diamt,,t,41] = t;41 — £, < A/2
for 0 < 5 < m Then diam(o x [t;,t,11]) < 1/2A+ 1/2Xx = X for
each o and 7. Hence, for each o, 7, there is a coordinate neighborhood
V =V,, such that G(o x [t),t,41]) C V.

Step 2. Let L denote the simplicial complex of the triangulation of I™,
and let L{¥) denote k-skeleton of L.
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We show that, by induction on k > 0, there is a continuous map
hi : L'®) x [0,t1] — E such that

L® I . E

.| &

L(k) X [G, tl] T B

and hy : L®) x [0,t;] — E is elift of G.
Letay : VxF — V, By : VxF — F be the projections. Ife € p~*{V},
then

¢7'(e) = (avey (e}, Bvdy'(e)) €V x F,

and hence ¢,'(e) = (v, z) for some (v,z) € VX F ; ¢y (v,2) = e. Since
pdv (v, z), v (v,2) are e-closed, p(e), ay ¢y’ (e) are also e-closed.
(1) If u € L) then there is a coordinate neighborhood V such that
G({p} x {0, tI]) C V. Define homotopy hj . {u} x [t1/2,t1] — p~}(V)
by hy(u.t) = ¢v(G(w, 1), By sy f(n). Smce B is an ANR, by def
inition, given a cover ¢ of B, there is a cover § such that any two
§-close maps into are n—homotoplc where 7 twice star refines . Hence
we can define homotopy H : {u} x [0,4:/2] — p~}(V) by H(u, 0) =
F(1), H(p, 81/2) = ho(p,11/2). Define ho : {u} x [0,1] — p~*(V') by

S [HwY 0<t<n/2)
ol ?) = Fo (1,t) (/2 <t<ty)

Thus ho(2,0) = f(1) and pho(u, t), G(u, t) are e-close. Since L® s
discrete, one may glue these map ho together to obtain a continuous
map kg : IO x [0,4,] — E.

(2) Suppose that for k — 1, there is a continuous map Ay : L1 x
[0,21] ~ E such that
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1(=1) f

] |»

L(k-l) X [0, t1] T B

and hy_1 : L5~ x [0,#,] = E is e-lift of G.

(3) Let o be a k-simplex in L, and that let V be a coordinate neigh-
borhood such that G(o x [0,#]) C V. Since o = [*, a retraction
r: I¥ x I — (I* x {0}) U (I* x I) induce a retraction ro . o x [0,,] —
o x {0}) U (¢ x [0,t1]). Define

V,: (o x {0H U6 x [0,t,]) = p~ (V)

by V:crlax{o} = fi|ox{0} and I}”Iﬂx(O'tll = }ik_lloxw‘tll by induction.
Define

Rl o x [t1/2, 8] — p~ YY)

by R (1, t) = bv (G (u, t), By ¢ Voro (1)) for € o € LIVt € [0, ).
Similarly, there is H : o x [0,t:1/2] — p~*(V) by H(0,0) = f(u) and
H(o,t1/2) = hi (1,1 /2). Define hy . 0 x [0,¢;] — p~1(V) by

) [ Hot) 0<t<t/?)
hie8) = { R, (}1/2 <t <t)

If (i, 1) € (o x {0}) W (6 x [0,£1]) , then ro(p, t) = (i, t) by retraction.
If (4,t) € o x {0}, then G{u, £) = G(t,0) = pf (1) and Vs, 0) = F(1),
hence hk(,u 0) = f(p). If (#,t) € & x [0,#], then G(u, t), phi_, are
e-close by mduction and V, (u, t)y = Fe—1(p, t). Hence phy, (1, 1),Gp, t)
are e-close. Since simplexes in I intersect in lower dimension faces, the
gluing lemma allow us to assernble all the map Ay - L*) x [0,#,] - E
Step 3. In particular k = n, there is a continuous map G = hn
I" x [0,%;] — E. Now repeat this construction with [t, 5] playing
the role of [tp,t;) to obtain a map I™ x [t;,t3] — E agree with G, on
I™ x {t1}. These maps can be glued together to obtain a map Gs :

x [0,#2] — E making the appropriate diagram commute. Repeating,
we obtain G = G, defined on I™ x [0, ¢m] = I™ x I
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REMARK. In general, the set
B(E,B) = {p: E — Blpis a locally trivial bundle}

is not closed in C(E,B) = {f : E — B f is continuous } with compact
open topelogy but AB(E,B) = {p : E — B| p is an approximate
locally trivial bundle } is closed in C(E, B).

The following result follows from [1, proposition 1.1.].

THEOREM 3.2 [1]. Let E and B be ANR’S. Suppose p: E — B
is a surjection with the property that for each cover § of B there is a
map ps : £ — B such that ps is §-close to p and ps has the homotopy
lifting property with respect to a metric space X. Then p has the
approximate homotopy lifting property with respect to X.

However, the above result does not hold for an approximate locally
trivial bundles. The following is a counterexample.

EXAMPLE. Let W be the Warsaw circle in R? ; that is, W = Wy UB,
where

Wy ={(0,5)| -1 <t < 1} U {(z, smn(m/z)}

and B is an arc which meets W, only in its endpoints (0,0) and (1,0).
That is, let zp be a base point in S1. Let 7 : §1x 5! — S be projection
map onto second factor. Then there is a compactum A ¢ S x §! such
that A = W and h : (S! x §1) — A58 x (S* — {z0}). Define
p: S x 8 - 8l by

nh{z) ifrxe (S1xSH-A
oty ifrxre A

p(z) = {

Then p is continuous and p~(zy) = A, and p~!(y) essential copy
of S! for all ¥ # x5. Now p can be uniformly approximated by locally
trivial bundle. In fact, let 6 > 0 be given and let U be an open interval
in S such that xo € U C N(x,6/2). Then, since p~1($! — /) and
p~Hcd(U)) = S' x I, pjp-1(51-p) extends to a map ps : S* x §* — S!
which topological equivalent to m. Thus ps 1s locally trivial bundie
and ps,p are 6-close. However, p is not an approximate locally trivial
bundle since p~¥(zp) is not homeomorphic to p~1(y), y # zo.
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From the above example, approximate fibrations can not be in gen-
eral approximate locally trivial bundles. We investigate some condi-
tions under which an approximate fibrations p : £ — B can be an
approximate locally trivial bundle.

Let F™™ be a compact manifold. We denote by S(F} the set of
equivalence classes of the form [f], where f . M™ — F™ is a homotopy
equivalence of a compact mamfold M™ to F™ which 1s a homeomor-
phism from M to OF.

If T™ is the n-torus and e : 7" — 7™ is any standard finite cover,
then there is a transfer map é : S(T™ x F) — S{T™ x F} defined by
é([f]) = [f], where f comes from the pull-back diagram

M—j--+ " x F

1 J'ex'cd

ML rxF
We use Sp(T™ x F') to denote those elements of S(T" x F) that are
invaniant under any of these transfer maps([4]).

LEMMA 3.3 {4]. Let n > 0 be an integer. For any ¢ > 0, there exists
ad>0sothatif f: M™t" — R™ x F™ is a p~!(8)-equivalence for
which fianr . @M — R™ x OF™ is a homeomorphism, where M™% s
a manifold , F™ is a compact manifold with boundary and m +n > 5,
then there is an element o(f) of So(T™ x F) which vanishes if and only
if f is p~1(¢)-homotopic to a homeomorphism.

THEOREM 3.4. Suppose that p : M™** — B™ is a surjection with
the property that for each cover § of B there is a map ps : M — B
such that ps is §-close to p and ps is the locally trivial bundle and
S{IT™ x F) = 0 for each fiber F. Then p is an approximate locally
trivial bundle.

Proof. Assume that for all § > 0 and b € B, there is a neighbor-
hood V' of b and a homeomorphism ¢y : V x Fipgl(V) such that
psdv(v,2) = ay(v) = v, where ay : V x F — V and for all (v,z) €
V x F. Let ps and p be §-close. By [4], themap ¢y : VX F — p~1(V)1s
homotopy equivalence. Since S(T™ x F) =0, V x F = p~}(V). Thus,
since ps and p are é-close, pgv{(v,z) and psdv (v, x) are §-close. Sice
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psdy (v, z) = av(v,z), ppv(v,z) and ay(v,z) are §-close. Therefore
P:M — B is an approximate locally trivial bundle.

The next are some examples satisfying the condition of Theorem
3.4.

EXAMPLE 1. It follows from {4] that if F™ is a K(m,1) with 7 poly
Z and m+n > 5, then S(T™ x F™) = 0. Also any sphere S™ satisfies
S(T™ x §™) =0.

EXAMPLE 2. Let F™ be a closed Riemannian manifold whose sec-

tional curvature value is nonpositive. Then, by Proposition 3.5 in [4],
S(Fmx [7y=0form+4>5.

CROLLARY 3.5. Suppose p: M™+" — B™ is an approximate fibra-
tion whose fiber is homotopy equivalent to a closed manifold F™ and
m+n > 5, where either F™ is a K(m 1) with w poly Z or a closed
Riemannian manifold whose sectional curvature is nonpositive. Then
p is an approximate locally trivial bundle.

Proof. By [4, Theorem 4.9] and examples, p can be approximated
by a locally trivial bundle. Hence the result follows from Theorem 3.4.
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