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INTERPOLATION SPACES GENERATED BY 
ANALYTIC SEMIGROUP OPERATORS

Doo-Hoan Jeong, Jin-Mun Jeong and Dong-Hwa Kim

1. Introduction

In this paper we consider an interpolation method between the ini­

tial Banach space and the domain of the infinitesimal generator A of 

the analytic semigroup T(t), and the fundamental results of the cor­

responding theorems in the new setting. The objects are obtained by 

the development of an interpolation theory between Banach spaces X 

and Y, which is denoted by (X, 丫"加,in particular by the J- and K- 

methods as in Butzer and Berens [1] and [2] We will verify the fact 

that

(」D(4),X)o,p = B C X : l\te\\AT^x\\y^ < oo},

for 0 < 0 < 1, 1 < p < oo.

It is mainly on the role of interpolation spaces m the study of ana­

lytic semigroup of operators. In forth coming paper, we will deal with 

interpolation spaces between the initial Banach spaces and the domain 

of the regularity dissipative operator.

2. Preliminaries

Let X and Y be two Banach spaces contained m a locally convex 

linear Hausdorff space X such that the embedding mapping of both X 

and Y in Af is continuous. Let X Cl K be a dense subspace in both X 

and Y. For 1 < p < oo, we denote by Z/f(X) the Banach space of all 

functions t t u(t), t G (0, oo) and u(t) € X〉for which the mapping
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t —> u(t) is strongly measurable with respect to the measure dt/t and 

the norm ||w||lp(x)is finite, where

Il 미圍为 = {丿「他(圳

For 0 < 0 < 1, set

II四旧(X)= {广II師圳&牛}知 

I"临丫) = {广|"(圳传卽.

We now introduce a Banach space

V = \u-- ||t%|lu(x)<。。，||四||乙氾)< oo}

with norm

II 이 |v = II 疚씨 |l£(X) + \\t&u，\\LZ(Y)-

Definition 2.1. We define (X, Y)0)p, 0 < 0 < 1, 1 < p < oo, to be 

the space of all elements u(0) whe 호 e u eV, that is,

(X, = {"(0) : u G V}.

For 0 < 0 < 1 and 1 < p < oo, 난space (X, Y)緜 is a Banach space 

with the norm

II 지% = inf{||u|| : u eV, u(0) = a}.

Furthermore, there is a constant 切 > 0 such that

II이房 = C%inf{||%||披x)||衬必I险(旳 : u(0) =a, ueV}.

as is seen in [2]. It is known that (X, X)知=X for 0 V 0 V 1 and 

1 < p < oo and

(x,y)fl,pc(x,y)0/p, o<e<e <i 
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where X C Y satisfying that there exists a constant c > 0 such that 

II씨|丫 V 에이|x.

Let Xi and Y\ [resp. X2 and Y이 be two Banach spaces contained 

in a locally convex linear Hausdorff space [resp. 旳 such that the 

embedding mappings of both X\ and Y± [ both X2 and 1이 in X± [resp 

X^\ are continuous. Let T : A4 —> be linear operator such that

T G B(X],X2)and T G where B(X,K) denotes the space

of all bounded linear operators. Then the following result is obtained 

from Theorem 3.1 in [2].

Proposition 2 1. IfT e 「田(匕，玲)，then

T e B((Xi"*)5(X2,为)6盘)satisfying

, II幻Ib((Xi,Y*,p，(X2X”,p) < II：끼I板&X2)IBFb(YiX)・

Let X be a Banach space with norm ||-|| and T(t) be a Co-semigroup 

with infinitesimal generator A. Then its domain D{A) is a Banach 

space with the graph norm ||%||工)(厶) = ||Aa?|| + 이|・
The following result is obtained from Theorem 3.1 in [3].

Proposition 2.2. Let Q<O<1, l<p<oo. Then

0)(4), X& = {x ex： 广 (疚-L||邛이 |)P 쓰 < oo}.

Jo 1

In particular. let p = Then

roo 11 roo 】
II綱|Iex)= { / |阳應)|&戸住={ / II叩)1 艮"，

Jo 1 Jo

\\^u = {/ \\u (i)||y^}0,

and hence

V = {u : u e (0,00; X), v! E L* (0,00; y)}.

Theorem 2.1. Let X be a dense subspace ofY and the embedding 

mapping is continuous. Then

V = £*(0,8；X)「IW、音(0,8； Y) C C([0,oo); (X,丫)们言)
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Proof. IS uEV then

㈣片=(广II明如}。+ {广I牧圳細。.

Jo Jo

Putting v(t) = u(t + 丁、) for every u eV and r > 0, we see

v,价)=讽0)€(荃 丫)".

For 0 < er < t < co, it holds

l"「) - W(끼舄 < ||zi(. + r)- u(- + b)||v

£8 1
< { / Hu(t + r) -u(t +(r)l^dt}&

Jo
1

+ {/ ||z/(t +丁)-"+
Jo

TO

as t — cr —> 0. Therefore the mapping

[0, oo) m 丁 I «(r) G (X, y)e)i

is continuous.

Corollary 2.1. Let T(t) be a Co-semigroup with generator A in

X. Then

L*(0,8；D(A)) nwx^(o,oo;X) C C([0,oo)； (QQ4),X)。,*).

3. Main results

Let X be a Banach space with norm || * || and T(i) be an analytic 

semigroup with infinitesimal generator A. We may assume that

II业)|| < M, I"(圳 < y

for some positive constants M, K and f > 0.

The proof of following Lemma is from Lemma 2.1 in [3].
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Lemma 2.1. Let Q<0<l,l<p<oo and ©(t) > 0 almost 

everywhere. Then

｛「(厂「扒却对牛* < 土 ｛「甘的)y牛*.

Jo Jo t 丄—廿 Jo t

The main result in this paper is the following.

Theorem 3.1. Let Q < 9 < 1, 0 <t. Then

(1 — 0)｛匕8("1||(业 )_/) 끼 |)P?｝5 

广 8 J j.
<｛Jo (te\\AT(t)x\\y-｝i

< 匸今｛/*T||(地)T)씨I)当*.

Therefore, we have

/*8 出
(D(4),X)知=｛z € X ：匕(衬II幽(加II)匕 <。。｝.

Proof. From

n

AT(t)x = 一 J2(AT(2fc+1t) - AT(2kt))x + AT(2n+lt)x 

k=0 
n

=-^(AT(2fct)(T(2fet) — I)x + AT(2n+1t)x 

k=O

it follows that

71 K k
||A%)찌I < £ 渔|@(2知 - I)x\\ + 歹冋Ik매, 

fc=0
n

te\\AT(t)x\\ < K^2-ke(2kt)e-1\\(T(2kt') - I)x\\ 

k=0

+点业职T，
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and hence

{/8（旳明（加 ||）P?}* 

n /*oo j j.
2*{ / （（2 明。T||（Z（内）-I）x\\y-}i

+ 亮 II끼{广"W?}*

n f8 J±
= k£2시% （"1||（典） _/）끼）七予

k=0 /가瞇

K * 一고）p 1 ,
+珂同（江二硕戶，的〜），

for every e > 0. Thus, 

ZOO

G올2*{£（£Tl（业） - 7）시I）哼}*

as n —스。。. Therefore, passing e —> 0, we obtain

（ /I 旳左华） 끼 |）P 牛}*

Jo 1
8 广 8 J J.

<K^2~ke{ / （疚-I（业） - J）씨］）七}* 
fc=o Jo *

=亍冬{f°借ti（典）一 wr%*.

On the other hand, since

||（T（t）-7）rr|| = || C AT{s}xds\\ < 广 ||&「（s）씨

JO Jo
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we have

广 8 7 J.
{Jo (咛||(业)-/)찌I)匕*

广 8 pt J j.
<(/ (舟】 / II如(s)찌庭)、*.

Jo Jo 1

from Lemma 3.1, it follows

/*8 J j.
(/ ("1||(业)-/)씨|)七手
Jo 1

勺当 {广(巴网)끼 沪 卽,

hence, the proof is complete.

Corollary 3.1. Let T(t) be an analytic semigroup with generator

A in X. Then

(D(A), X)。,* = 牴 e X • £ ||4「(t)끼I血 < oo}

In particular, if 0 = * then

乙2(0,8； D(A)) n t时2(0,8, X) c C([0, oo),(刀(厶),X)勇,2)

where 广8
S4),X)2,*= {亦 X 丄 \\AT(t)x\\2 < oo)
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