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ABSTRACT : A consistent finite element formulation and analytic solutions are
presented for stability of thin-walled circular arch. The total potential energy
is derived by applying the principle of linearized virtual work and including
second order terms of finite semitangential rotations. As a result, the energy
functional corresponding to the semitangential moment is newly derived. Analytic
solutions for the out-of-plane buckling of symmetric thin-walled curved beam
subjected to pure bending or uniform compression with simply supported
boundary conditions are obtained. For finite element analysis, the cubic
Hermitian polynomials are utilized as shape functions and 16X16 stiffness
matrix for curved beam elements and 14Xx14 stiffness matrix for straight beam
elements are evaluated, respectively. In order to illustrate the accuracy of this
study. analytical and numerical results for lateral buckling problems of
circular arch are presented and compared with available analytical solutions.
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Table 1. &TH#E o0 Ol&ciY YHciHE 3t MMoIRe YHZ 85

This study
mode ( dangle Analytic FEM (beam element) Vlasov Papangelis Yang  |Rajasekaran
egree) . ;
solution curved straight
0 -2424.8 | -2424.8 | -2424.8 | -2424.8 | -2424.8 | -2424.8 | -2424.8
2424.8 2424.8 2424.8 2424.8 2424.8 2424 8 2424.8
30 -593.06 | -593.07 | -593.40 | -593.06 | -576.53 | -593.06 | -593.06
9638.9 9638.8 9638.8 9638.8 9639.8 9638.8 9638.8
60" 28442 | -284.43 | -285.13 | -284.42 | -252.81 -284.42 | -284.42
18376. 18376. 18376. 18376. 18376. 18376. 18376.
. -161.54 | -161.57 | -162.64 | -161.54 | -121.15 | -161.54 | -161.54
Symm. 90 27299. 27299. 27299. 27299. 27299. 27299. 27299.
180" 0 0 -13.426 0 0 0 0
54275. 54274. 54281, 54274, 54274. 54275. 54274.
970" 90.380 90.435 87.273 90.378 -112.97 90.380 90.378
81322. 81321. 81344. 81321. 81321. 81322. 81321.
360 162.75 162.78 158.54 162.74 -488.23 162.75 162.74
108387. | 108386. | 108439. | 108386. 10835. 108388. | 108386.
. -4863.0 | -4863.1 | -4863.0 | -4863.0 | -4863.0 | -4863.0 | -4863.0
4863.0 4863.1 4863.0 4863.0 4863.0 4863.0 4863.0
30 21059 | -2106.0 | -2106.2 | -2105.9 | -2090.8 | -2105.9 | -2105.9
11152, 11152. 11152. 11152. 11155, 11152. 11152.
60 -1192.2 | -1192.5 | -1193.1 | -1192.3 -1159.0 | -1192.3 | -1192.3
19285, 19284, 19284, 19284, 19286. 19284, 19284,
) . -793.74 | -794.15 | -794.85 | -793.77 | -744.12 | -793.76 | -793.77
Antisymm. | 90 27932, 27932, 27932. 27931. 27933. 27932, 27931,
180" -324.84 | -325.82 | -327.05 | -324.85 | -243.64 | -824.85 | -324.85
54602. 54601. 54606. 54600, 54600. 54601. 54600.
970 -126.89 | -129.38 | -180.20 | -126.89 | -55.514 | -126.89 | -126.89
81543. 81541. 81562. 81539. 81539. 81541. 81539.
. 0 0 -6.6624 0 0 0 0
360 108555. | 108552. | 108603. | 108550. 108550. 108553. | 108550.

o disld 4 e Y AFHE & F AN
o} 3, FHE 84F T ABAE AR o
Foll Az AHo] ot FEH FEAT
7} nHE B e 29 84F o|&IEgE FE
T HULE 2= SfHEGE & 5 Ao ¥}
Ao A Hel FEHH L FPH 2, & 19
Yehd ulel o] & AoA AAF g #H
2AR akd 9% 4 ZAF dE A7Ae
s L ANE 24F o] 89 &4 Hulel A
2 & dxsl5 e} Papangelisel <3 s
£ 4xrt 27186 g & 2Ag BoFYr
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Table 2. FURMEE W2o] O|BCHY WHEIRE He MWK YHF 3B

This study
mode ( ;en;l;) Analytic FEM (beam element) Yang Papangelis/' Rajasekaran
solution curved straight
0° 37.815 37.815 37.815 37.815 37.815 37:815
30° 2.4043 2.4043 2.4069 2.4048 2.4052 2.4043
60 ° 0.52931 0.52934 | 0.58192 | 0,52831 | 0.52985 0.52929
Symm., 90 0.16915 0.16918 | 0.17141 | 0.16915 | 0,16915 0.16915
180° 0 0.000031 | 0.000049 0 0 0
270 ° 0.052580 | 0.052609 | 0.048944 | 0.052580 | 0.052580 | 0.052580
360 ° 0.17042 0.17045 | 0.16175 | 0.17042 | 0.17043 | 0.17043
0° 151:26 151.26 151.26 151.26 151.26 151.26
30° 33.409 33.410 33.411 33,409 33.549 33.405
60" 9.6565 9.6583 9,6647 9.6565 9.6704 9.6554
Antisymm. 90" 4.1499 4.15179 41598 | 4.1499 4.1525 4.1494
180° 0.68028 | 0.68229 | 0.68928 | 0.68028 | 0.68033 | 0.68020
270 ° 0.10335 0.10537 | 0.10874 | 0.10335 | 0.10335 0.10334
360 ° 0 0.002022 | 0.000168 0 0 0
6.4 B8 < AgEa, B d7da g7 duse

B dydxde dHdns zte f¥olxigy ¢
AN sRsty] Hsted, 339 AgAo) o
& gYwgdoz e Ny H3de e
A gaigr}. dEdde] 74d ¥ E(restrained
warping) B8 st /83 Ao 2%
P& Zgsle ZTHES AARAE =Y olE
BYub Ko iy ste] S sl AEFo 2N
ey AR FIXWAAUAE FESING. @
A7 AAZHEE e vy ZAE daMe
AQFEE s dYgRE) UF ddsE
fEsHn, OYd AAx2d € FF2h4 g
e 27 9t by FHBRALE o] & /T
2284 YE AANET. FE8L HHAM =
ZAHE fesz BEsn 849 ¥ARE
=40 hEted P F a4 ¥Hde ] B
32t} Hermitian Th}2]& 283t ofjix] 4]
fageed A=y /&8s =g
& AHgEit. 2=, dojd AxyPddREH 1
2 #HX S FYsid AR I W AFEHF

A 103 3% 196t 98l

A & dFAEY A 9 A vy 94§
o] &% ANANE vim HEFo 2N, den 2
2 g =gsiyct.

1. 7449 wE(restrained warping) A%}
semitangential rotation®] 231%& 2B F
AEe] AYFE =Y FdF, semitangential
moment®] W-$3e FEAAANAXE dBEU
A FEE + ARk

2. AT AGHE e 9y Yo}
Ao R AAFE AHE TP 4, £ AT
o] Jd3 s} Viasov, Papangelis, Yang 2181
Rajasekaran®] ¥ dxue} Mz 2 dx1scl

3. B3 B d79 guUsie Yang®dl el
de slet A dAsFed, ole ALY #EH
GEg e AL dgdte TAAAUA gE
o] A9 FY3d7] W&oty 13y Yange F&
A2 RE AU & FEI A, B dFeE
semitangential rotation A&l A dBA
dE FEPos A7) i HA T
YR 4L g3 Zpol& eERT
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4. AAE 2ie JHINE A8 A9 FAd
248 BEsla fMgoz dUE FHud
A% ANEe} die] Ao} Aoy v
g Ze qd Y 72E gl 983
22 #d AIdte FEHHNE BU

5. BAR 84d o dAolAef WY Fo
N ANdAL Adsst AR en glee]
BAZA R dF2dd disled #HHe] Fl5sEl
g FHETL o] gEE At TREL HM
&3 293 = & Aoz wadc)

wAtel ot

€ d7e 197d4x ddduiga 63%ed Ty
o ogled ATHAIN olell F e =Y
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&5 @9 FeARE T Uy 43 oY
Ao el vt AR 9 f=d
ZAHAE & 7o At

S8 Yox|el He HIol ciEt A

a7lH A= 2 —le,

A=(L+1I)/A

d A1M§w+A2MZCr+A3 = ( ,
BIF‘%cr + B,F\,+ By = 0

Study Coefficients
Timoshenko | A1 =1. A= —(EL + GD/IR ., A;= —ELG]y
(1961) | By =0 . By = A"G]+EL/R*, By= —ELGIA'y
A =1. Ay,= —EIL;/R— (FEL+ GD/R+ BAEL
Vlasov _ 2
(1961) A; = —EL(XEL + Gy
B =1, By= —AEL,— (AEL+G)/R: . By = EL(AEL+G)) /R
A1 = -1,
Papangelis | A, = [A2EL + (A*EL+ GN/RA B+ 1/(RAD] - 2(EL + A’EL + GD/R.
and 7.
Trahair | As = %(—%ﬂ—Rx)Z[AZEI;+ G/
(1987)
B, =0 . By = AAEL+G)+EL/R® | By = —EL(XEL+GHY
Y A = —1+A/R . A, = [El, + G] — yEL; + ¥4(EI; /R’ + EI)7)/R .
ang
and Ay = A EL(AXEL, + G+ GJEI; | RY]
(Kuo) B, = 2. By= ELY+ EL/R*+ GJA* + (r,AN*(EI |R* + EL) .
1987
B, = PEL(A*EL + G) + EIGJ/R*]
= 1 — 1 _ 2
A= R 1. A,=1 ThE 11(EL + A2EL, + G /R,
Rajasekaran A = EIg(—‘l—-—R/I)Z(/leIi + G /RZ
and RA
Padmanabhan - = 22 2 Yo 2
mansbhan| g — 1. B, = FEL(+—ghr) + Jr(GT+ RELNI+(R],

B; = () ER(GH+ #EL - 775V

H 103 3% 19984 9%l
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