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Abstract In this paper, we shall investigate the admittance of a fixed
point free deformation(FPF D) on the locally nilpotent spaces when m(X)
is infinite. More precisely, for X € (S.Ln) with 71(X) infinite, we prove the
admittance of a FPFD where m1(X) has the maximal condition on normal
subgroups, or w1 (X) satisfies either the max-co or min-oco for non-nilpotent
subgroups where S, n denotes the category of the locally nilpotent spaces
and base point preserving continuous maps.

1. Introduction

There are many results on the nilpotent spaces and its appli-
cations which have been studied by G.Mislin [11], A.K.Bousfield
[1], P.Hilton [6], S.E.Han [5], and the others. We know that the
locally nilpotent space X admits a fixed point free deformation if
X is finite type and 7 (X) is finite [9, Theorem 4.3, Theorem 4.5].

Hence it is natural to ask the following; in case m;(X) is infinite
under what condition is there admittance of the FPFD ? In this
paper, when 7;(X) is infinite, we investigate the admittance of a
FPFD of the space X such that 7;(X) has the maximal condition
on normal subgroups, or 7;(X) satisfies either max-oo or min-oco
for non-nilpotent subgroups.
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We work in the category of the connected CW-complexes with
base point and we denote the category by §,.

2. Preliminaries

In this section, for convenience we repeat here the definitions
and basic properties of the locally nilpotent space and some prop-
erties with relation to the fixed point theory.

We recall that a locally nilpotent group is the group whose all
finitely generated subgroups are nilpotent groups [12].

And we denote the category of nilpotent spaces and continuous
maps by S«n.

Now we extend the concept of nilpotent space as follows; a
space X (€ S.) is said to be a locally nilpotent space if
(1) m1(X) is a locally nilpotent group,

(2) m1(X) acts on m,(X) nilpotently for all n > 2 [13].

And we denote the category of locally nilpotent spaces and
continuous maps by S.Ln-

For any nilpotent groups, their finitely generated subgroups are
also nilpotent groups, thus the category S,y is the full subcate-
gory of S.rn|8].

LEMMA 2.1. [10] A space X is nilpotent if and only if m1(X)
is a nilpotent group and m,(X)-module H;(X; Z) are nilpotent for
all i > 0, where X is the universal covering space of X.

DEFINITION 2.2. [12] A group G satisfies the maximal condi-
tion if it has no infinite strictly increasing chain of subgroups.

LEMMA 2.3. [2] If X is a polyhedron and Euler characteristic
x(X) = 0, then X admits a FPFD.

LeMMA 2.4. [3] For finite X, if m1(X) contains a torsion free
nontrivial normal abelian subgroup which acts nilpotently on
H,.(X), then x(X) = 0.

3. Main Results

We are now prepared to establish theorems solving the problem
already posed in the Introduction. We shall study the admittance
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of a FPFD of the locally nilpotent space such that m;(X) has
the maximal condition on the normal subgroup, or m;(X) satisfies
either max-o0o or min-co for non-nilpotent subgroups when m; (X)
is infinite.

Given a property % pertaining to subgroups, a group G is said
to satisfy max-oo for w-subgroups if G has no infinite ascending
chain H; C Hy C - -+ of %-subgroups in which all indices |H; 1 :
H;| are infinite. The property min-oco for % -subgroups is defined
similarly [7].

Let G be the torsion free locally nilpotent group and H a sub-
group of G. For each set 7 of primes, the m-isolator of H in G,
which is the set {g € G : g" € H for some n € 7}, is a subgroup of
G. In the case where 7 is the set of all primes we refer simply to
the isolator of H in G, denoted I (H), and H is said to be isolated
in G if Ig(H) = H. If H is countable then so is I(H); this is an
easy consequene of the fact that, for z,y € G and n € N, z™ = y"
implies z = y. If H is nilpotent of class c then so is Ig(H). Fi-
nally, if G is finitely genterated and {NV; : ¢ = 1,2, } is the set
of all normal subgroups of finite index in G then H = N2, HN;

THEOREM 3.1. For X € S,pn, with m,(X) infinite if
either (1) m1(X) has the maximal condition on normal subgroups
or
(2) m1(X) is a finitely generated group which satisfies either max-
o0 or min-oo for non-nilpotent subgroups.

Then X admits a FPFD.

Proof. (Case 1): when 7 (X) satisfies the maximal condition
on normal subgroups, 71(X) is a finitely generated nilpotent group.
Hence X € S, n.

(Case 2): when m,(X) satisfies max-0o or min-co, for non-
nilpotent subgroups, assume that 7;(X) is not nilpotent. Then
71(X) has a countable non-nilpotent subgroups and hence such an
isolated subgroup, which we denote by K. Write K = U{K,}{2,,
where 1 = Ko C K; C Ko C --- is a chain of finitely generated
subgroups of increasing nilpotency classes. Let {py,p2,p3, -}
be an infinite set of primes. Choose a normal subgroup H; of
K, such that the index |K; : H;| is finite and divisible by p;.
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Now let N; be a normal subgroup of finite index in K, such that
|K2 : NaKi| is divisible by py and N.H; N K, = H;. Write
H; = NaH;. Inductively, having defined N; and H; for some i > 2,
let N;;1 be a normal subgroup of finite index in K1 such that
‘Ki+1 : N¢+1K,’J is divisible by Pi+1 and Ny H, N K, = H; and
write H;,; = N; .1 H;. We obtain an infinite chain H; ¢ H, C - - -
such that, in particular, |K; : H;| is finite for each i. Thus, setting
H = U2 H;. We have Ix(H) = K and hence H non-nilpotent.
Now we define Lo = H and for each i > 1,L; =< H, K; > . We
shall establish the following facts:

(1) Foreachi > 1,HN K; = H;

(2) 1L1 : Lg} = lKl : H1| and, for 4 > 1 ‘Lﬂ.l . L,] = |K¢+1 .
Ni1 K.

From the choice of the subgroups N;, we see that |L;,; : L;|
is divisible by p;y; for all ¢ > 1. In particular, the chain L, C
Ly, C --- is not finite. We now obtain a similar chain where the
indices are all infinite. Let 7 denote the set of all primes p which
divide at least one of the indices |L;4q : L;|. Then = is infinite
and we may write it as a disjoint union of infinitely many infinite
subsets {m;}2,. Let I; denote the m; -isolator of H in K and,
for n > 1, let I,4; denote the m,,; -isolator of I, in K. Then
each of the indices |I,;; : I,| is infinite. Thus m;(X) does not
satisfy max-oco for non-nilpotent subgroups. In the other hand, if
J1 denotes the 7 -isolator of H in K, (' means the complement)
for n > 1, J, 1 denotes the w; y1-isolator of H in J,, then each of
the indices |J,, : Jn41] is infinite and 7, (X) does not satisfy min-
oo for non-nilpotent subgroups. We thus have a contradiction.

Anyway, even though we follow the any case (1) or (2), by
Lemma 2.1, 71(X) acts nilpotently on H;(X). Hence the center
Z(m(X)) of m1(X) is infinite and finitely generated. Then we
can take an infinite cyclic subgroup Z(m;(X)) for a torsion free
nontrivial normal abelian subgroup of Lemma 2.4. Thus x(X) =
0. Hence X admits a FPFD.

THEOREM 3.2. For finite X € S, n,Y (€ S.) and if m(X)
is infinite with the maximal condition on normal subgroups and
m1(X) satisfies either max-co or min-oo for non-nilpotent sub-
groups, then Y also admits a FPFD, if f : X — Y is an acyclic
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map.

Proof. (Case 1): since m(X) is infinite and has the maxi-
mal condition on normal subgroups, m1(X) is a finitely generated
nilpotent group. Hence X € S, n.

(Case2): if m1(X) satisfies either max-co or min-co, for non-
nilpotent subgroups, by the (Case 2) of the Theorem 3.1, we get
X e Sy

From the fact that f : X — Y is an acyclic map and the
classical homotopy exact sequence of fibration: Fy —X— Y,
we know that 71(f) is an epimorphism. Furthermore Hy(Fy) =

W%%m = 0 where [, ] means the commutator subgroup and
Fy is the homotopy fiber of f. Thus Pm(X) is perfect normal

subgroup of 71(X). Since X € S.n, Pmi(X) is trivial. Thus
m1(f) : m1(X) = m1(Y) is an isomorphism. By use of the Hurewicz
Theorem (4] inductively, m;(F¢) = 0. Thus f is a weak homotopy
equivalence. By the Whitehead Theorem [4], f is a homotopy
equivalence. Since the Euler characteristic number is invariant
under the homotopy equivalence, thus by Theorem 3.1, our proof
is completed.

References

1. A.K.Bousfield and D.M.Kan, Homotepy limits,completions and Localiza-
tion, L.N.S.Vol.804, Springer-verlag, Berlin, 1972.

2. R.F.Brown, The Lefschetz Fized Point Theorem, Scott. Foresman and co,
1971.

3. B.Eckmann, Nilpotent group and Euler characteristic, Lecture Note Series
1298.

4. Gray, Homotopy Theorey, Academic Press, New York, 1975.

5. S.E.Han, On the space satisfying condition (T**), Nihonkai math.J. 8
(No.2) (1997), 123-131.

6. P.Hilton, Nilpotent Action on Nilpotent Groups, Proc. Aust. summer In-
stitute (1974).

7. L.A.Kurdachenko and V.Eh. Goretskij, Groups with weak minimality
and mazimality conditions for subgroups which not normal, Ukrainian
Math.J. 41 (1989), 1474-1477.

8. S. Lee, Admittance of a Fized point Free Deformation on the Locally
Nilpotent spaces, Bull. Honam Math. Soc. 14 (1997), 163-167.

, On the Fized Point Free Deformation of the Nilpotent Spaces,

Doctoral Thesis J.N.U. (1995).




152 Sang-Eon Han* and Sik-Lee

10.

11.
12.

13.

R.H.Lewis, Homology and cell structure of Nilpotent spaces, Trans. of the
A.M.S. 210(2) (1985), 747-760.

G.Mislin, Wall Obstruction for Nilpotent spaces, Top. 14 (1975), 311-317.
D.J.8.Robinson, A courses in the theory of groups, Springer-verlag, New
York, 1980.

K.H. Shon, S.E.Han, Localization of the Locally Nilpotent Space and
condition(T*) and (T*), Honam Math. J. 19, (1) (1997), 117-123.



