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Abstract In this paper we define the concept of Fréchet function algebras
on hemicompact spaces. So we show that under certain condition they can be
represented as a projective limit of Banach function algebras. Then the class
of Fréchet Lipschitz algebras on hemicompact metric spaces are defined and
their relations with the class of lipschitz algebras on compact metric spaces
are studied.

0. Introduction

A Fréchet algebra is an LMC-algebra which is moreover com-
plete and metrizable. So its topology can be defined by a sequence
(pn) of submultiplicative seminorms. Without loss of generality
we can assume that p, < p,4+1. We denote a Fréchet algebra A
with this sequence of seminorms by (A, (p,)). The spectrum of the
Fréchet algebra (A, (p,)), denoted by M4, is the space of all non-
zero, continuous complex homomorphisms on A. Also A is the set
of all Gelfand transforms f of f € A. Let A, be the completion of
A/ ker p, with respect to the norm p,(f+ker p,) = pn(f). Then
A is the projective limit of the sequence (A,,) of Banach algebras
(A = projlim A,), and M4 can be identified in a natural way
with UMAn [5]

A Hausdorff topological space X is called hemicompact if there
exists an increasing sequence (K, ) of compact subsets of X such
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that each compact subset K of X is contained in K,, for some n.
We call such sequence (K, ) an admissible ezhaustion of X. It is
shown in [5] that M, is a hemicompact space with (M4, ) as an
admissible exhaustion. ‘

For the notations, definitions and known results one can refer
to {3].

1. Main results

DEFINITION 1.1. Let X be a hemicompact space. A subalge-
bra A of C(X) which contains the constants and separates the
points of X is called a Fréchet function algebra on X, if it is a
Fréchet algebra with respect to some topology such that for each
z € X, the evaluation homomorhism ¢, is continuous. If the
topology of A is the compact-open topology , then A is called a
uniform Fréchet algebra on X (in this case ¢, € M4 automati-
cally).

Clearly every Fréchet function algebra is semisimple. Con-
versely each commutative semisimple Fréchet algebra is a Fréchet
function algebra on its spectrum.

REMARK. The definition of Fréchet function algebras and uni-
form Fréchet algebras which are used in this paper, is slightly dif-
ferent from the definition in {2]. In [2] when A is a Fréchet function
algebra on X, the Gelfand topology coincide on the topology of
X. But with the definition of uniform Fréchet algebra in (3] this
is not true [3, page 98]. We follow the same definition for uniform
" Fréchet algebras as in Goldmann’s book and define the concept of
Fréchet function algebras in a similar way.

LEMMA 1.2. Let (A, (pn)) be a Fréchet function algebra on a
hemicompact space X, and let (K,) be an admissible exhaustion
of X. Then the identity map i from the Fréchet algebra (A, (p,))
into the (metrizable) LMC-algebra (C(X), (||.llk,.)) is continuous.

Proof. Since X —> Mg;x — @, is continuous, the subset
{pz:z € K,} of M4 is compact, for each n. Hemicompactness of
M 4 implies that there exists some integer m such that {y, : « €
Kn} C M4, It is well known that M, . can be identified with
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{p € My : |p(f)] < pm(f).f € A}. So for each n there exists
some m such that

(1) 1fllzen < W lIa,, < Pm(S)

for all f € A, and this implies the continuity of i.

If X is a hemicompact k-space, then (C(X), (||.llk,)) is a uni-
form Fréchet algebra on X. So the closure of a Fréchet function
algebra (A, (pn)) in C(X), A, is a uniform Fréchet algebra on X.
Since i : (A, (pn)) — (4, ([|-lk,)) is a continuous monomorphism
with a dense range, its transpose map i* : Mz — Ma; ¢ — ¢|a
is continuous and injective. In general it is not true that ¢* is sur-
jective. The following theorem, which is a generalization of [4],
gives a condition for surjectivity of i*.

We recall that a map between two topological spaces is called
proper if the inverse image of each compact subset is compact.

THEOREM 1.3. Let (A, (pn)) and (B, (gn)) be Fréchet function
algebras on X and Y respectively, and let T : A — B be a con-
tinuous monomorphism with a dense range. Then the continuous
and injective map T* : Mg — My;v¢ — ¢ o T is proper and
surjective if and only if for each m there exists some n such that

(2) IIf”MAm < Qn(T(f)>

for all f € A.

Proof. Suppose that inequality (2) holds, and let ¢ € M4. For
each g € B, there exists a sequence (f,) in A such that T'(f,) —
g in (B, (gn)). Choose m such that ¢ € M4, _. By the hypothesis
there exists some n such that

lo(f)) = e(F)l < I1fi = FillMa,, < @alT(fi) = T(£;))

for every i and j. This shows that (¢(f;)) is a Cauchy sequence,
and therefore we can define ¢ on B by ¢(g) = lim ; ,00(fi). It
is easy to see that 1 is well defined and it is a complex homomor-
phism with ¢ ¢ T = ¢,
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Since T(A) is dense in B, the definition of ¢ implies that
[¥(g)| < gn(g), for all g € B. So ¢ € Mp.
The above argument also shows that

(3) T (Ma,)C Mg, ={ € Mp: |$(g)| < an(9). 9 € B}.

So if K C M4 is compact then the closed subset T*  (K) of Mg
is contained in Mp_ for some n. Hence it is a compact subset of
Mp and T* is a proper map.

Conversely suppose that T* is a surjective and proper map.
Then for each m, T*WI(M A,.) 18 compact and so there exists n
with T* (M4, ) C Mp, . This implies the desired inequality.

REMARKS. (i) When (2) holds we say that M4 = Mp as sets.
Since in this case T™* is a proper map, (3) implies that the restric-
tion of T* ' to each My, is continuous. In other words T*  is
sequentially continuous. So if (2) holds and M4 is a k-space, then
T* is a homeomorphism.

(ii) In Theorem 1.3, if A and B are Banach function algebras
on M, and Mp respectively, with A regular, then T* is always
surjective [6, Theorem 3.7.5]. This is not true in Fréchet algebra
case, even if A is a regular Banach function algebra on M 4. For
example let X be a hemicompact, noncompact space and let A be
the Banach algebra ( Lip (X, a),||.]|a), and let B be the Fréchet
algebra ( FLip (X, ), (pk)) which will be defined in Section 2.
Then the (continuous) identity map ¢ : A — B has a dense
range and Mg = X ( Theorem 2.1), while X is dense in M4 [8].

Let (A, (pn)) be a Fréchet algebra. Then A is semisimple if
each A, is semisimple. The converse statement is not true [7].
But it is well known that each uniform Fréchet algebra is the
projective limit of a sequence of uniform (Banach) algebras [3].
In the following we obtain a similar result for Fréchet function
algebras with additional assumptions.

Let ¢(n) > n be the smallest integer such that

1 llkcn < WFliMa,, < Piw)(f)

holds for all f € A (Lemma 1.3). Then we have the following
theorem :



Relations between Banach and Fréchet Function Algebras 83

THEOREM 1.4. Let (K,) be an admissible exhaustion of X.
Then for each Fréchet function algebra (A, (p,)) on X there ex-
ists a sequence (Ag,) of Banach algebras in which Ak, con-
tains Alg, C C(K,) as a dense subalgebra and A is dense in
projlim Ay, . If (p,) is such that for each f € A, flk, = 0
implies p;,)(f) = 0 then A = projlim Ag, (topologically and
algebraically).

Proof. Define p;, on A|k, by

Pp(flk,) = inf{pin)(9) : 9lk, = flk.,9 € A}.

If pl,(flk,) = 0O, then for each ¢ > 0 there exists ¢ € A with
9lk, = flk, and piny(g) < e. So [|fllk, = llgllk, < Pign)(9) <€
and hence f|g, = 0. This shows that p;, is a norm on Ak, .

Let Ak, be the completion of A|g, with respect to p,. Then
Ak, is a Banach algebra and A|g, is dense in Ak, , and we have

Pulflin) € Prpi(flkas)  (f € A).

It is easy to see that p), can be extended to Ak, while preserving
the same properties as on A|g,. Let m, : A — Ak ; f — flx,,
and for n > m, let m,m : Ax, — Ak, be the extension of
flkx, — flk,, to Ak, . Consider 9, = T,41,n, then (Ak, ,¥n) is
a dense projective system of Banach algebras. So projlim Ag,
is a Fréchet algebra with the family of seminorms

Pil(fa)n) =pi(fi) (kK E€N).

Define T : A — projlim Ag, by T(f) = (f|k,)n. For each
f € A, we have

pi(T(f)) =p(flc) S piy(f)  (LE€N).

So T is continuous. Clearly T is injective, and it is not difficult
to see that T has a dense range.

For the second part, we follow the method which is used for
uniform Fréchet algebras. Let (f,), € projlim Ag, . For each
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integer k there exists gx € A with p}(fi — 7k(gx)) < 1/k. So for
k>n

P (fr = mnlgk)) = Pr(Tkn(fx) — Trn(mi(ge)))
< pi(fie — melgn)) < 1/k.

Fix m € N and let £ > | > m. By the assumption p|(f|k,) =
piy(f), for each f € A. As in the proof of Theorem 3.3.7 in
[3] we can conclude that (g,) is a Cauchy sequence in A and for
each k, p}(T(g) — (fn)n) = 0, in which g = limg,. Therefore
T(g9) = (fn)n. This shows that T is surjective and hence a home-
omorphism, by the open mapping theorem.

REMARK. In the above theorem if for each n, (A|k,,p),) is
complete or if its completion Ag, can be considered as a sub-
algebra of C(K,), then (Ak,) is a sequence of Banach function
algebras. Examples of these situations are given in the next sec-
tion.

2. Examples

Let (X, d) be a metric space, and let o € (0,1]. Consider the
Banach algebra

. _ , |f (=) - fW)l
Lip (X,a)——{fEC'b(X).::.% & z.7) < oo}

under the norm
Iflla = Ifllx +pa(f) (f € Lip (X,0)),
where pa (f) = sup,, , LEZH and ||f|lx = sup sex|f(2)]-

It is well known that for compact metric space X, Lip (X, ) is
a natural, regular, Banach function algebra on X. For a € (0,1)

lip (X,a) = {f € Cy(X) : -‘f—(%éiy()ﬁn

is a closed subalgebra of Lip (X, o), which is also a natural, reg-
ular Banach function algebra on X when X is compact [8].

— 0, as d(z,y) — 0}
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Now consider an arbitrary metric space (X,d), and for each
compact subset K of X define

(4) pr(f) = Ifllk + palflk)

for all f € C(X) for which po(f|x) < 0o. Let 7 be the topology
defined on Lip (X, o) by the family (px) of seminorms. Clearly
( Lip (X, a), ) is an LMC-algebra which is metrizable when X is
a hemicompact space. But if X is a hemicompact and noncompact
space, then by using the Carpenter’s theorem ( uniquness of topol-
ogy for commutative semisimple Fréchet algebras) and the regu-
larity of ( Lip (X, @), ||.]la) on its spectrum [8], one can prove that
Lip (X, ) is not complete with respect to 7. Take FLip (X, a)
to be the completion of Lip (X, @) with respect to 7. The follow-
ing theorem characterizes the elements of FLip (X, ).

THEOREM 2.1. Let (X,d) be an arbitrary metric space. Con-
sider

A={feC(X): flk € Lip (K,a),K C X is compact }.

with the topology defined by the family of seminorms (py) as in
(4). Then

(i) Lip (X, ) is dense in A with respect to this topology.

(ii) (A, (px)) is a Fréchet algebra if and only if X is hemicom-
pact.

(iii) If X is a hemicompact space with admissible exhaustion
(K,), then A = projlim Lip (K, ) and Mg = X.

(iv) (A, (pk)) is a Banach algebra if and only if X is compact.

Proof. (i) This is a consequence of the definition of the topology
and proposition 1.4 in [8].

(ii) First assume that X is hemicompact. Let (f,,) be a Cauchy
sequence in A, i.e. f,|k, is a Cauchy sequence in Lip (Kp, @),
for each m. Let f,|k,, — f:n in Lip (K,,, @), and define f on
X by f(z) = f;,,(x), whenever x € K,,. Since X is a k-space,
feC(X). Sofe Aand f, — f in A

Conversely suppose that A is a Fréchet algebra. Since it is
metrizable there exist a sequence (K,) of compact subsets and
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a sequence of positive numbers (c,), such that U, = {f € A :
Ifllk, +pa(flk.) < cn} is a local base. We show that (K,,) is
an admissible exhaustion of X. Let K C X be compact. Then
V={feA:||fllk +pa(flx) < 1} is an open set. So there exists
some n with U, C V. Ifz € K\ K, then f(t) = d(t, K,)/d(z, K,)
is an element of A, so that f € U, but f ¢ V and this is a
contradiction. Without loss of generality we can assume that (K,)
is an increasing sequence.

(ili) By proposition 1.4 in [8] we have A|g, = Lip (Kj,,a).
Since for each n, f|k, = 0 implies p, (f) = 0, Theorem 1.4 shows
that A = projlim Lip (Kn,a). So Mg = UM vip (kn,a) =
UK, = X (as sets).

For each zg € X, and f1, fa, -, fn € A, it is clear that V =
{x € X : |filz) - filzo)] < €,1 < i < n} is an open set in the
metric topology. Converesely if S C X is d—closed, so that p ¢ S,
then f(z) = 1 — d(z,S)/d(p,S) is in A and f(p) = 0. Since
fls=1,{y e X :|f(y) — f(p)| < 1/2} is a neighbourhood of p in
the Gelfand topology, which dose not intesect S. So § is closed in
the Gelfand topology.

(iv) Suppose that A is a Banach algebra. Then clearly M4 is
compact. (ii) implies that X is hemicompact, and by (iii) M4 =
X. So X is compact.

The converse is immediate.

REMARKS. (i) In the sequel we assume that X is a hemicom-
pact space and (K,) is an admissible exhaustion of X. We also
use p, for p, . Theorem 2.1 shows that

FLip (X,a) = {f € C(X): f|k, € Lip (K,,a),n € N}.

Here it is not necessary to assume that f € C(X). Because the
second condition implies that the restriction of f to each compact
subset is continuous and since X is a k-space, f is continuous on
X.

(ii) By using the fact that FLip (X,a)|k, = Lip (Kn,«) and
Lip (K,, ) is dense in C(K,), we can conclude that FLip (X, &)
is dense in C(X) with respect to the compact-open topology.
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DEFINITION 2.2. For a, 0 < a < 1, consider the subalgebra
Flip (X,a) = {f € C(X) : f|k, € lip (Ks, a)}

of FLip (X, a). It is easy to see that Flip (X, a) is a closed sub-
algebra of FLip (X, a), which is also a Fréchet function algebra
on X.

THEOREM 2.3. For each o, 0 < o < 1, Lip (X,1) ( and so
FLip (X,1)) is dense in Flip (X, a).

Proof. Clearly Lip (X,1) C Flip (X,a). Let f € Flip (X, a)
and let V = {g : p,(9 — f) < 1/n} be a neighbourhood of f in
Flip (X,a). Then f|g, € lip (Kn,a) = Lip (Ka,1) [1]. So
there exists g € Lip (Kp,1) with [lg~ flk, |k, +Pal9— flk,) <
1/n. Now g can be extended to a § € Lip (X,1) C FLip (X, 1).
Therefore g € V.

COROLLARY 2.4. M pyip (x,a) iS homeomorphic with X.

Proof. Since M pr;p (x,1) is homeomorphic with X, it is a k-
space. A straightforward calculation shows that inequality (2) of
Theorem 1.3 holds for m = n, and hence M gy, (x,o) = X.

THEOREM 2.5. Let 9, : lip (Kp41,) — lip (K,,a) be the
restriction map. Then ( lip (Kn,<),¥n) is a dense projective system
of Banach function algebras, and Flip (X,a) = projlim lip (Kn,a).

Proof. By Theorem 1.4 it is enough to show that the com-
pletion of Flip (X, a)|k, with respect to p, is lip (K,, ). Let
f € lip(K,,a)andlet V = {g € lip (K,,a) : |lg — fllk, +
Pa(g — f) < 1/n} be a neighbourhood of f. Then there exists
g € Lip (K,,1)NnV. Let § € Lip (X,1) be an extension of
gon X. So g € Flip (X,a) and §|x, € V. This shows that
Flip (X, o)|k, is dense in lip (K,, a).
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