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Abstract In this paper, we consider properties of Dedekind eta-function,
modular discrimiant, thata-series and Weierstrass p-function. We prove the
integrablities of A(7) and n(r). Also, we give explicit formilae about A{7)
and 7(n).

1. Preliminaries

Let A, = Z + Z7 C C be a lattice, where 7 € C and Im7 > 0.
The Eisenstein series of weight 2k(for A, ) is the series Gox(A;) =

szAr w—-Zk'
w#0

It is standard notation to set g2(A;) = g2(7) = 60G,4 and
93(A;) = g3(r) = 140G¢. The the modular discriminant is the
function A(7) = ga(7)% — 27g3(7)2.

The Weierstrass p-function(relative to A ) is defined by the

series 1
o *Zh% -3
w;‘:O
ProposITION 1.1. ([5])
(a)
II (er+w)—p(r+v)) = " g (nr)" 1A (r) B

u,vG%Ar/Ar
uF v
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(b)

¢ 2_ n?-1)(n%-3

IT wvein./n, (p(w) = p(v)) = £n~ 20 =D A(r) =2
uFv(mod A,)
u,v#£0(mod A;)

Let p= €™ and f(r) = [Tow,(1 = p*™)(1 + p*»~1)2. Then

A(r) =16r2f(1)°f(r + D*{f(1)* ~ F(r + 1)*}%. (1))

The Dedekind n-function n(7) is defined by the product
. m .
n(r) = e(2mir)/24 H(l ~q") forrehg= e2miT
n=1

Let z and y be relatively prime integers with y > 0.
The Dedekind sum s(x,y) is defined to be

wn-£5(8-[2]-1)

(The square bracket denotes the greatest integer function {3].)

PROPOSITION 1.2. ([3])
(a) The Dedekind n-function satiesfies the identities

or+ 1) = eFon(r), andn(~1) = vTirn(o)

Here we take the branch of Ve which is positive on the
positive real axis.
(b)
A(r) = (2m)2n(r)*.
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PROPOSITION 1.3. (Dedekind,[3]) Let v = (CCL 3) € SLy(Z)

with ¢ > 0. The Dedekind n-function satisfies the transformation
formula

n(yr) = EmFN/2/—i(er + d)n(r),

where /" is the branch of the square root which is positive on the
positive real axis, ®(vy) is given by the formula

1 d
&(y) = -+~ —12s(d ),

and s(x,y) is Dedekind sum defined above.

2. The relation of eta-function and other functions
We consider the Dedekind n(7)-function and theta-series.

PROPOSITION 2.1. ([2])

oy ()2
_ -ﬁ’?( )
T)=¢e
£r) ()
By Proposition 2.1, we obtain

_n"?(Tzl)z _mn(rzz)z
T) = €7 17—l T+1)=e 12 .
fr) n(r) fr+h) n(r +1)

Let p = e3 and —p = e*# . Taking f(r) and f(7 + 1) replacing
to n-equations,

A(r) = 16m2f(1)*f(r + 1)*{f(r)* = f(r + 1)*}

T41\16,,( T+2116 r r 2
= 16m12(p) 12 ,1([)75,42 ) (Fﬁ)n( Tl n( *’2>8> -
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PROPOSITION 2.2. ([1]) Let A(r) = {e2(7)}3, where e = 1,p
or p.

(@) ()% = 5= [2n(5)n(z5)

+n(3)on(=5)1e ( (T4 +n(3)* )]

(b) Q(r)° “%Q( QT2 Q) | F) + s H)
+Q(%) (ﬂ(lﬂ-) + ﬁﬂ(-’-))}-

(c) n(r)* = ﬁf(f)sf(T-F 1)3(f(m)* ~ f(r + 1)%)%

THEOREM 2.3.

1

6 + 1
A" = T57ra16

[393216A(

)
- 2304A(r)2A(-T-)2 (T + 1)2 +2A(5 )BA(T ;L 1)3

oy (T“’”1>2+A< )W”‘)].

Proof. By Proposition 2.2,

256A(r)2 = +1

)+4(3)E

1
(a4 a3)? .
2 2
Thus we have

256A(7)? — 2A(5)A(E) 2

= | pA(ZE)E +5A(D)E ).
:(%)%:(12l1)§ pA( 3 ) P (2)3
Cubing both sides of the above equation,

2 T T4l 3 3
(25%2()1)%2?!(_1;),?;( 2 )) = (pA(%l)h'ﬁA(-;-)%)
2 2
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= A(3)2+A(ZH )2 +3A(5) A (=) (pA(f—%—l-)%wA(g—)%).

Multiplying A(Z)2A(Z#:)? on both sides of the above equa-
tion,

16777216A()® — 3932164 (7)4A(3)A(TE)

+3072A(r)?A(5)2A(TEL)? - SAGPACE)?

=A(‘§)4A(I:§l) +A(F)PA(H)

+3A(3)* A1) A(%)“(%ﬁ(pm%ﬁ +5A<~;-)%)
= AGIAEE) + A AT
+3A(%5)2A(HL)? (256A(7’) - 2A(§)A(—:§l)).

Thus,

16777216 A(7)% — 393216A(7) 4A( )A(~i—)

+2304A(7‘)2A( )2A(—i——)2 2A( )BA( 1)3
= A(5)A(H)? + A(F)? (~‘—*:l)4

Thus, we have the conclusxon

THEOREM 2.4.
(a) A(r) is a integral over Q[A(3), A(TH)].
(b) n(r) is a integral over Q[n(%), n(=5+)].
(c) Ifn > 2 is any integer, A(7) is a integral over

Qlo(#) p(Z), (T, -+, p(=EB=1y],

Proof. (a) By Theorem 2.3.
(b) By Proposition 2.2.(a).

(c)
1112“1!!112—-32 - 2_
A" =T ean,a, (0(u) - p(v)).
ugv(mod A,)
u,vE0(mod A,)

But for u,v € %AT/AT , p(u) — p(v) € Qlp ( ), (%), -,
p(FEE=1)].

n

More explicitly, when n = 2,
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H (p(u) - p(v)) = ﬂ:2“2(22*3)A(T)Q-2:-1)§(ﬁ;§1

u,vEEA /A,
ugv(mod A,;)
u,v¥0(mod A, )

= +272A(r)}
and

2 2
(p(w) - p(v)) = (p(ZE2) - (D)) (p(}) - p(5)
u)vegr/Ar ( 2 2 ) ( 2 2 )
uZv(mod A,)
u,v#0(mod A,)

T+1 1.\?
(5 -0h)
Therefore,

am =2 (o - o)) (ph) - o)) (L) - o(3)"

Similarly, when n = 3,

A("')S = £312 H u,vE$A, /A, (p(u) - p(v))
uZv(mod A, )
u,vE0(mod A,)

=23 (1) =05)) (o) -5 () -5’
2

(oG- =Eh) (5 - 22’ (ot - o TE2)

3. 92 and Ramanujan number 7(n)
By definition,

A(7) = ga(7)® — 27g5(r)*
is the discriminant of the cubic polynomial

4p° — g2(m)p — g3(7) = (p — e1)(pp — €2)(p ~ e3).
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But we know the roots of this polynomial from [4. V1.3.6.], namely

6128’-7(-21->, 62=@(%), €3=@(T;1)~

Since p(3), p(%), p(TFL) are three distinct roots of the equation

4p(7)% — gap(7) — g3 = 0,

we have ) , 1
e(5) +e(5) + o 2 ) =0,
0(3)0(5) + pl(3)p(Tit) + =2,
o(3)p(3 )p(”")w?f,
 while A(r) = 16(6(3)~6(5))*(6(52)-p(5) () -p(4)"
ow
o) + pl3)* + o5 =2 ((3) =)

-2 (oo + et +edle 1)
=2(-%)=%

hence (p(3) — p(3))* + (g )»p(%«l))%(mz) (L))
(m(L)2 +p(£)? +p(—i-)2) —2(9( )o(§) +e(5)e(HEL) +p(2)p(HEL))

Hl ”

2-3 "2( ) 292’ 50

5 =5 (e -03) + (sth-pTEH) + (o) - ).
Thus
J(r) = 22(7)° g2(7)°

A(r)
_ (B - (307 + () = o(=£2))” + (o(=42) - p(5))?)’
- 16(p(3) ~ 0(£))*(p(ZF) — p(5))2(p(2) - p(THL))?
1 (0 = 0(5)” + (0(3) = (=1)” + (o) - 0(5)*)’
54 (0(3) = p(F)2(p(H) - p(5)2(p(L) - p(T))?
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Taking the Weierstrass p-function replacing to f(r) and f (T+1)-
functions,

S 1 (7r4f(7')8+7r4f(7'+1)8+7r4 (f(7')4~f(7-f-1)”‘)2)3
R e T G 7 D
1 (PO s 0+ (1) - s 1))

54 f(rRf(r+1)8(f(r)4 — f(r +1)4)?

By Proposition 2.1, we obtain

- :e-ﬁi’?(zﬂ)z - — o5 ﬂ(%‘z‘)z
Jo) =B, Sy =B

Taking f(7) and f(r + 1) replacing to n-equations,

s (2 +0(5)%)° - 3n(z:2t:1)8,7(z)s>3

2
J(r)= —
e R+ )

Thus we have the theorem.

THEOREM 3.1. J(7) or g3(7) is zero if and only if 63(7)* =
wB3(T +1)4 if and only if p(T$)8 = wn(f)® with w? —w+1=0.

The modular discriminant has the Fourier expansion

A(r) = @m)2 Y r(n)g",

n>1

where 7(1) = 1 and 7(n) € Z for all n. The arithmetic function
n + 7(n) is called the Ramanujan T-function.
By Theorem 2.3, we obtain the long equation of Ramanujan

number 7(n),
1

(anl "'(“)pzn)s - 16777216
. [393216 (anl T(n)pzn) (Zn?_l 'r(n);p") (ZnZI T(n)(—p)”)
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2304 (En>1 7(n)p®" ) (Zn>l T(n )Pn)2 (2"21 ‘r'(rz)(«~p)")2
3

+2 ( ">1 T(n n) ( n>1 7 ")(”P)")

# (S 7) (et

+ (ZnZl T(n)pn)z (ZnZI T(n)(——p)”) 4] .

Acknowledgment : The first author would like to express

deep appreciation to Professor Ja Kyung Koo and Hwasin Park
for their warm encouragement and invaluable suggestions.

(1]

References

D. Kim, A note on the Dedekind eta-function, Journal of Ramanujan(Sub-
mitted).

H. Park and D. Kim, A remark of the Dedekind n{r)-function and 03-series,
FIMS 5. no. 4 (1997), 611-622, Pushpa Publishing House, India.

J. Silvermann, Advanced Topics in the Arithmetic of Elhptic Curves,
Springer-Verlag, New York, 1994.

, The Arithmetic of Elliptic Curves, Springer -Verlag, New York,

1986.

H. Stark, The Coates- Wiles theorem revisted, In Number Theory related
to Fermat’s Last Theorem N. Koblitz, ed. Birkhiuser, Boston (1982),
349-362.



