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Free Vibration Analysis of Horizontally Curved I-Girder Bridges
using the Finite Element Method
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ABSTRACT : The behavior of horizontally curved I-girder bridges is complex
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because the flexural and torsional behavior of curved girders are coupled due
to their initial curvature. Also, the behavior is affected by cross beams. To
investigate the behavior of horizontally curved I-girder bridges, it is necessary
to consider curved girders with cross beams. In order to perform free vibration
analyses of horizontally curved I-girder bridges, a finite element formulation
is presented here and a finite element analysis program is developed. The
formulation that is presented here consists of curved and straight beam
elements, including the warping degree of freedom. Based on the theory of
thin-walled curved beams, the shape functions of the curved beam elements
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are derived from homogeneous solutions of the static equilibrium equations.

Third-order hermite polynomials are used to form the shape functions of the

straight beam elements. In the finite element analysis program, global

stiffness and mass matrix are composed, based on the Cartesian coordinate

system. The Gupta method is used to efficiently solve the eigenvalue problem.

Comparing the results of several examples here with those of previous studies,

the formulation presented is verified. The validity of the program developed is

shown by comparing results with those analyzed by the shell element.
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g9uel JEe 22 ey 2o AME 482 8ol thste] xzHRA 9

S A B I A= HA7] A& y& L FHoE 502
relo 1 0 o o 0 olne 1 o o o o o BE 3A3e A 08 o83t AN A
O T P A} AR A A go] SHeeE FAEATH
T ] To 00 [) L) [] 1 [ [] ] ] [ o 1 :g 52} é‘% _‘_‘-;- }}.Eﬂ]oﬂ;ﬁ é@\a_?.]_g] ;’_}ﬂ]

12=Ty = (5B) X

, Z22E FFAPYPI L P o 2o
017]/%]' C,‘= 00801, S,’= sinﬁ;, C,'= COS0,,'

|

.= g .0 =
S} sin 0} ]t} (:;:gly (7’5‘7) (721) (54)
9, AR 829 APole 6,9 6,7 B2
B USSAY Heatol “}L ciel Mol FRcle| TIRIUSST
. Present Yoo & Fhrenbach Culver Shore & Chaudhuri
?1;‘::; R(ai:u)ls W W) Difference ) Difference W) Difference
) (rad/sec) | (rad/sec) ; (%) (rad/sec) (%) (rad/sec) (%)
10 1155.5 201.3 204.7 |, 1.7 202.5 0.6 203.3 1.0
20 577.8 183.2 1902 |' 3.8 184.3 0.6 186.3 1.7
30 385.2 160.9 165.8 3.0 162.2 0.8 164.7 2.4
40 288.9 139.5 141.7 1.6 140.0 0.4 142.8 2.4
50 231.1 120.1 121.3 1.0 120.9 0.7 122.8 2.2
60 192.6 103.0 103.9 0.9 103.8 0.8 105.2 2.1
70 165.1 88.3 89.3 1.5 88.9 0.7 90.0 1.9
80 144.4 75.4 76.8 1.9 76.0 0.8 76.8 1.9
90 128.4 64.1 64.0 1.6 64.6 0.8 65.2 1.7
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A7NM, d% dg, = AAFHA ML AARE
FAMe Ao, Ty AFUYYPHo|).
d=[4, d, 4, 6 § 6 3] (55a)

y
dum=[d_ 4, 4 6,_ 6 6_ 7] (550)

Tekew 0 0
(3x3)
T =| 0 T, 0|,T,.,-=
(Ix7) (;',‘(‘3‘;’ (;‘;‘3‘;'
0 0 1

-s
J (55¢)

wmw o N
(= e~

0
C
o714, C=cosd, S=sinéb°|t}.

43 FEARLHN Z23Y SES

e AL Folo AT FF8AEHY =
2oy 385w 13 63 #r}.

Input Data
Subroutine : MAIN

¥ . L]

Member Stiffness & Mass

t 1
l Member Stitfnees & Mass
Matrices of the Straight Beams

Matnices of the Curved Beams

Subroutine . INTGL
SCOEFX l
SCOEFY

MEMSTX
MEMSTY

Subroutine | SMS8
SMSBM

MEMATX
MEMATY

¥

Global Stiffness & Mzea
Matrix of the Horizontally
Curved |I-Girder Bridges
Subroutine | TRANS
SKEW l

ASMBL

¥
Evaluate the Eigenvalue

Subroutine : EASI

Output Results
Subroutine | MAIN
a8 6 Z20Y MR

5 FRIaH 4

2 Aol dE fEssdy 2o

H10A 1% 19984 38

B BedE S fAstd @Y AR
o] AR F RF 71Ee] ATFEFASS HE /T
848 T2 YA ABAQUSE | &3 X4
& H 2P ESA.

51 ¢t FME9 ZEUL XFHES

Culvers ¥ 79 Z& 2% U3 ddg #
t ZAHE g3 fFAREYE AEstd] FEY
9 B{FAFFE YR, Shore®t Chau-
dhuri, Yoo®} Fhrenbacht Culvere] 4=
dof dg] RIFeLYPE o83t FEHUS F
EH99 nR/AFTFE AT, 2Eu olE
€ Viasove] ZAAHI FHE o]l nupd3id
2y R/AEFE AR ®

201.68"

A=14.41 in’

12=273.2 '

12=93.0 in’

Ky =35.34 in’

142,070 in*

E=29x10° ksi
G=11.2x10° kst

€ =0.735x10°" k-sec’ /in’

2@l 7. Cuver2 siM2d

B HHnde gde] AR AAZAbIH,
Z£Z0o|lE& 201.68in.(5122.7mm)& YH3A
IFAA g1 FENEE QA JREFHAE
st B d7+2 99 g A7EAE E 19
Felsle vl w3

1S AvEY & d7rdge} g d32F AL
FS AAB/AE Holn YL ¢ F U @Y
ZARe ZFEUY DRAFFUE vz & ¢
Al e Viasove]l FHERo|&% Kangd Yoo
9] FABo|go] & Alolg Hol: UA Yot
AR oiF A 2 vy FH] AFF
g A7) Rggslojol & Aoz PTAT
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52 e [ME9 ZEHY XIRIE

Chaudhuriv I21¥8% Z& WyiEF4Z4 97,
8% 96in.(2438.4mm)9 <Fdo] H=x|x

slo] e fYolAdl W AFAFHANL &
P uigle Bdol il & 2P HNF
B9} 6AFE H84AE A3l ABAQUSE 3
Ng ARE ®20) syt ®

A=6.31 in*
Iz=15.51 in'
Ew30x10° ksi
C=11.3x10" ksi

B 2 ool [4=e JBYHY xRS

Present Chaudhuri ABAQUS
Mide Difference Difference
4 Hz Hz (%) Hz (%)
1 63.18 | 61.88 2.1 63.13 0.1
2 148.21]149.18 | 0.7 148.00f1 0.1
3 286.051307.85| 7.6 |285.86} 0.1

2dnel TEUY ASES 39Uy 24T 28
HRie £220) @ R0 A=
6] HE st o] RE ANAY Aole
o At

53 AXY FHMuel ARIS

JHE 849 BFHE AEH7 Astd 1Y
95t Ze veAAY ARy AAmo) et ¥
T2aU5 ABAQUSE o83 #4& Sz
% 30 FAagc. F¥93 l2ne 59
2 Agan eEALT Aryde gen 2

*

€ x0.735%10™ k-sac’ fin'

® 8 ®
CITTITITTII T ¥ 2
° ® o)
L L=1,200 inch J
I8 9 XY M
¥ 3 AXY NMdue XARIS
Present | Yoo & Fhrenbach Culver
MODE wy , Difference @) Difference
(rad/sec) | (rad/sec)| (%) |(rad/sec)| (%)
Vertical 1| 24.91 | 24.895( 0.06 [ 24.593 | 1.27
e 2| 99.07 199.360 | 0.29 | 94.150 | 4.97
Lateral 1| 26.07 | 26.188 | 0.45 | 25.947 | 0.47
2| 56.29 | 56.563 | 0.48 | 56.044 | 0.44
Torsional |1} 38.17 | 26.874 | 29.59 | 37.546 | 1.63

¥ 394 ABAQUS(Beam)< 6ARE B8
2&, ABAQUS(Shel)& 849 83HYE e
248 A3 AMF A folth. Vertical
E(x3 € FH2E2F PYRE)9 Lateral RE(y
22 FAo2F PRE)d tisA e zolst gl
Y, Torsional REAME & Aol Holexm
Aok, ole 6ARES] Besar FARAFEL 1}
2} ®317] wgo|t},

54 $YIM e KRS

ol e AAE B3 & AT FAHE &
zZte] 840 g elFAd] st wlzAFIANY
o & dAe 28 1084 2 deAE 9
4 1P e ] AfAFHNE St 5.3
Az e oz B 22y ALY g
A& Y453tax o,

A% 9o AlYe AzE HMmolre 2
or, dolg 3 sa WRFHZE 10.30, 60
o} 902 WZAIA #Asld E 49 HelsH).
71, FEHY ReE Of 113 2on, 27



€9 9¥os 3 FAlO ¥lEH] TYIE
ol AujAQ A f2k vlEHo] AupAHA B¢
s, =@ FE89UH 2= 19 129
Zo| ZEYAUAA S FR=F TP}

gy = 44

L=1,200 inch

a8 10, TE¥3Y 1"u

otseuacmem saaot ¢ itat b acTen -\
o O
g venaion: 841 BRI CL YT TR 8
=

(I 3 == (I vgd =

a8 1. WY VE2E

a# 12 J/HEY IERE

X103 1% 1998 3%

E 4. $£HIY |Hue XRIE (T rad/sec)

Mode | °

Present | ABAQUS (Beam) | ABAQUS (Shell)

Difference ® Difference

@ @ %) %)

10

23.36 [20.708] 11.35 [23.045| 1.35
97.05 |95.377| 1.72 [92.233| 4.96

30

17.45 (13.644| 21.81 (17.185( 1.52
87.74 [83.809| 4.48 (83.385( 4.96

60

10.83 | 7.848| 27.53 [10.647( 1.69
73.07 168.413| 6.37 (69.420( 5.00

90

o2 ooy

6.71 | 4.712] 29.78 | 6.616 | 1.40
60.20 |55.686] 7.50 |57.383| 4.68

10

40.5832.210| 20.63 [39.937( 1.58

30

52.98(47.704| 9.96 |52.159| 1.55

60

78.01|75.972| 2.61 |76.627| 1.77

90

106.21{107.10| 0.84 [103.82( 2.25

10

26.18126.310| 0.46 |25.923| 0.98

56.19|56.467| 0.49 (55.931| 0.46

26.45(25.581| 0.50 [25.706] 2.81
55.49155.783| 0.53 |55.136] 0.64

25.72125.872| 0.59 (24.819| 3.52
54.08154.406| 0.60 [53.526| 1.02

90

24.11(24.285{ 0.73 |23.427| 2.83
53.41(53.804f 0.74 |53.124| 0.54

STEE
SEEER

ZEo} g AFFE AvEdE, B
ABAQUS(Shell)el Axte Aol7}

1.4~5.0% A=2 vi$ & XS & F 3
. 28y ABAQUS(Beam)? Z3& 6AFE
o] Badvt §74E a3R REjmz & 3}
o] Ho|n U RF4Zgo] AAFLE 1 zlol7}
FHEE ¢ U ¥, FEAY 2= o
e ZE HNEY} o A XS & F

At ole

TETUW BEe WY A9 JE

B A FZo i YA #AE] HE

ot}
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Frequency (rad/sec)

120 = SHBHRA() - I WHRY() = IBHY
100 , :
80 - e e . . .
40 ¢ o
0
10 30 50 70 90
Angle (degree)

O 13 4 2y XES

3, Zt med A1Rse] AESLE Hedtd
a3 139 Jelidch 2¥ 1322%H Y3
Aztel @717} F7lgel wel FEHe] PR
AFse Zidla, ZEUS HEYR=S AT
Fe F714E & F Ut ol FEUY AT
BN AT HlE FHe AFH A4 W
Blol] 4L Wy ot & A7t uF F
AAe Holg dA3A dtm WEFTAHZe A7
g W3l AIZ] gEo] WE-FAzte] 27171 F
$+E WEFYo| Hole HAdY 4&FFY
Zole $713HA Eot. web WSz 27
7} F7Vetd e mFAA e APl Arle W
2 gov, WEFYe AFLS HidHn AL
Z71sle w2 o &Fye] AFe Frstan 7
AL Ay ¢H ZEWS AFRE F P2
EoMe ZAAEEWwgoz dHel A3,
HEPrcdye ZAHdeedg wadd
o2 do| 3AsA €. M WRFHZo)
Z7144 2 HEPREE ARG BYEA
Ho|, =9 AFye gastA €t

FERY 2o AFFE WEFAG 271
3ol mat Fadte Rez yehgd

6. & 2

2 dFM e Kang® Yood ZFAE o] &dj
A FHAE EFHFANE fxdia,
RE 3z AP zK FMEe A4
s fedtd AR FUAHA BFAE
AF3RT. =P FELLFNNHP L Fdlo
AAG 7A=Y FHAE 849 HHAH gi9
Z4%E 2 AFPE L P, FHIA
1¥we P BARAY daydd S sty
ARAFHNE FPE 5 e FF2LHY =
2a9E Esich

FAEA CAE FIt JEY AFEH &
d 842 JNF Ay} vudFTHoEN E
Told ALEE ZHR 829 UM 24 % A
gy §982dy 2oy g a8 S
43t

FHIM [due FEUY ASA FH vE
gol M2 dAHo TAI}ER 7|EY 62FE
HAAE AMRE AN AAEE 1edA X3t
3 FAHH A& L UFAIA R 3
F4 1¥n9 AFSAHE AR B3 & it
EF, A8AE AMET AN nF HAAF
A ZREIHE vlAE] o2l B olet U
T HH e FYsted AAME B AT =Y
o] Yadr HEHo|A Rejrt. whetA E AT
€ B3 /idE RP8LdN Zrafer 5
H3H 1Fne ARE 5498 F&stn d-3
o2 vet & £ g Holth,

E A7 B3 £33 13n9 A/3E
F9 A7le WRFAZe] Azje] NZ3HA
e AT ¢ F AT olgox
2o ARAF 54 7Y L 72y A, 2
7l g, AAZA 2 F¥7 st2Re A4
59 I AAtdl PSS Aoz AyHE
2 ojol Ui¥ B} FHAT A7 dadj} £
AT Ade FEHIA [Pay AFHE SR
olyet 54 A%E Hdste W & YA 49
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