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Abstract In this paper, we construct the uniformity of a BCl-algebra.

1. Introduction

By a BCl-algebra we mean an algebra (X;+,0) of type (2,0)
satisfying the following axioms:

(D) (cxy)* (z*2) < (z49),

(II) =+ (z xy) <,

(Il z < =,

(IV) z < y and y < z implies = y,
for all z,y,2 € X. We can defined a partial ordering < by z < Yy
if and only if r xy = 0.

In what follows, X would mean a BCI-algebra unless otherwise
specified. We first recall some definitions and properties.

DEFINITION 1.1. ([5]). Let A be a nonempty subset of X.
Then A is called to be an ideal of X if, for all z, ye X,

(i) 0 € A,

(i) z+y€ Aand y € A imply z € A.

DEFINITION 1.2. ([5]). Let A be a subset of X. Define the

ideal of X generated by A, denote < A >, to be the intersection
of all ideals of X which contain A.
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LeEMMA 1.3. ([5, 6]). Let A be a subset of X and there exists
some x € A satisfying x > 0. Then < A > can be described as
the set of all y € X such that (---((y*ay)*ag)*---)*a, =0 for
some ay,as, - ,a, € A.

DEFINITION 1.4. ([7]). Let M be any nonempty set and let U
and V be any subsets of M x M. Define

UoV = {(z,y) € M x M| for some z € M,(z,z) € U and
(z,y) € V},

U1 = {(&,y) € M x M|(y,2) € U},

A ={(z,z) e M x M|z € M}.

By a uniformity on M we mean a nonempty collection K of subsets
of M x M which satisfies the following conditions:
(U1) AcCUforany U € K,
(U)ifUe K,then Ut € K,
(Uz) if U € K, then there exists a V € K such that VoV C U,
(Ug) if U,V € K,thenUNV € K,
Us)if Ue KandU CV CMx M, thenV € K.
The pair (M, K) is called a uniform structure.

LEMMA 1.5. ([2]). For any z,y € X and any positive integer
n, we have 0 % (z * y)™ = (0 % z™) * (0 * y™), where z » y" denote
the element (--- ((z*y) *y) *---) *y (y occurs n times ).

In this paper, we construct the uniformity of BCl-algebras
which is a generalization of one in the sense of Alo and Deeba

((1]).
2. Main Results

THEOREM 2.1. Let A be an ideal of X. For every natural
number n, we define

Us={(z,y) e X x X|0x(z*y)" € Aand 0% (y *z)" € A}
and let

K*={Uy4| A is an ideal of X }.
Then K* satisfies the conditions (Uy) — (Uy).

Proof. Let (z,z) € A. Since 0 (z*xz)" =0%0" =0 € A for
any ideal A, it follows that (z,z) € Uy for every Uy € K*, which
proves that (U;) holds.
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For any U4 € K*, (z,y) € Uy if and only if 0x(z*y)" € A
and 0 % (y x )" € A if and only if (y,z) € U4~ if and only if
(z,y) € U4~ . Hence Us '=Uy e K*, which is (U;).

Assume that Uy € K*. Let A = {I,|a € A} be a collection of
ideals of X which is contained in A. B is a subcollection of A such
that at least one member of B contains an element z > 0. Let
J be the ideal generated by %IB, where Iy € B. Now, we show

that A’ = U; is such that Uy o U; C Uy. Let (z,y) € Uy o Uy.
The definition of U; o U; implies that for some 2 € X , (z,2) €
Us and (z,y) € U;. Thatis, 0% (z * 2)",0% (zxz)" € J and
0% (z*y)",0x(y*2)" € J. Thus we have

(0% (y*z)™) * (0% (y* 2)")

= ((0%y™) % (0% 2")) % ((0 % y™) x (0% 2™))
< (0% 2™) % (0% z™)

=0x(z*xz)"

Since J is an ideal, 0 * (y * z)" € J. Similarly we can show that
0 (x*y)™ € J. Since J is the minimal ideal containing %Iﬂ and

since LﬁJIﬁ C A, it follows that J C A. Hence 0x(z*y)", Ox(y*z)"™ €

A. Thus (z,y) € U4 and so Uy o Uy C Uy, which is (Us).

Finally we prove (U). This will follow from the observation
that Us NUy4 = Uana'. Let (:L‘,y) e UsNUy:. Then (m,y) e Uy
and (z,y) € Uy/. This implies that

Ox(z*xy)",0*x(y*xz)" € A and O*(z*xy)", 0% (y*z)" c A

Hence 0 * (z * y)",0 % (y x z)® € AN A’ and this implies that
(z,9) € Uana. So UsNUar C Uanar. Likewise we can show
that Usna CU4ANUy. Thus UsNUy = Uanar and this proves
requirement (Uy).

THEOREM 2.2. Let K = {U C X x X|U D Uy, for some Uy €
K*} where K* = {U4|A is an ideal of X}. Then K satisfies a
uniformity on X. The pair (X, K) is a uniform structure.

Proof. Using Theorem 2.1, we can show that K satisfies the
conditions (U;) — (Us). To prove (Us),let U e K and U c V C
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X x X. Then there exists a Uy € K* suchthat Uy C U C V,
which implies that V' € K. This completes the proof.

DEFINITION 2.3. For z € X and U € K, we define

Ulz] = {y € X|(z,y) € U}.

THEOREM 2.4. For each z € X, the collectionU, = {U[z}|U €
K} forms a neighborhood base at x, making X a topological space.

Proof. First note that = € Ulz] for each . Second,
Ur[z] N Uslz] = (U1 N W),

which means that the intersection of neighborhoods is a neighbor-
hood. Finally, if U[z] € U, then by (Us) there exists a F € K
such that Eo E C U. Then for any y € E[z], E[y] C Ulz], so this
propery of neighborhoods is satisfied.
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