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1. Introduction

For an odd prime p , let x be a multiplicative character of the
Galois field Fy, of order p where p = 5f + 1 (f ; even) and let the
order of x be 5. Define Jacobi sum J(x*),i=1,2,3,4, by

—1

(1.1) Zx’(c (1-¢)
=0

—Zx( 1~c)
c=0

Let g be a primitive element of F,, B a primitive fifth root of
unity and [k, h] the number of sets of values of t and z, each chosen
from 0,1,---, f — 1, for which the congruence relation

1+ ¢%*t* =g¢**" (mod p), 0<h<4, 0<z<f-1,
holds where we consider h (as well as k) fixed.

In 1935, Dickson [2, p396] express the Jacobi sum J(x') using
B and [k, h|, that is,

2 4 4
(12) I =2> 8% g7k, A+ Y B0, 4
k=1 =0 h=0
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and show the property

(1.3) JO)I (x*) = J(x*)I(x®) = p.
And, he [2, p402] show that

(1.4)  4J(x) = z + 5wv/5 + vi\/50 — 10v/5 + uiy/50 + 10v5

where z, w, u and v are integers such that
(1.5) 16p = 2% + 125w? + 500% + 50u?, zw = v? — u® — 4w

and z = 1(mod 5) and a solution (z, w,v, u) to (1.5) is “essentially
unique” in that there is a simple prescription for obtaining the
other solutions from it.

Using Dickson’s method, we can obtain the Jacobi sums J(x*),
1= 2,3,4, as following :

4J(x*) =z — 5wv/5 — uiy/ 50 — 10v/5 + vi1/50 + 10v/5
(16)  4J(x®) =2 — 5wv/5 + uiy/50 — 10v/5 — viy/50 + 10v5
4J(x*) =z + 5wv/5 — viy/50 — 10v/5 — uiy/50 + 10/5.

In this paper, we present the irreducible quintic polynomial of
Gauss sum G5 over the rational number field using the Jacobi
sums J(x*), i = 1,2,3,4.

2. Preliminaries

Let us recall some definitions and properties, which are neces-
sary for development of the paper.

Let x be a multiplicative character of F,, where p is a odd
prime such that p = 5f +1, (f ; even). Define two kinds of Gauss
sums G(x*) and G5 of order 5

p—1

(2.1) G) = 3 (e)ermierr
c=1



On the Irreducible Quintic Polynomial 23

and

p—1
(2.2) Gs =Y emic'/r
c=1

Both of them are intimately linked by the equality [1, p107].

4
(2.3) Gs = ) G(x)-
=1

It is easily verified by direct multiplication that

(2.4) G(x)G(x*) = G(xHG(xX®) =p

There is a very important relation between Jacobi sums and Gauss
sums [4, p207]

2
(2.5) J(x) = g((’;;

Some combination of Jacobi sums J(x*), i = 1,2, 3,4 can be eval-
uated in terms of the parameters =, w,u and v in (1.5);

T00 + T = ;<x+5wx/‘>
(2.6) J(xX) + I = (a: — 5wv/5)
4
D) =2

Let t; be the real part of J(x)J(x?) and let ¢t be the real
part of J(x)J(x?). Since J(x)J(x?) and J(x*)J(x?) is complex
conjugate and so is J(x)J(x®) and J(x*)J(x?),

Jx)I(E) + I(xHI () =2ty

&1) J0I0E) + T T () =2
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By (1.3) and (2.7), we get four relations of Jacobi sums in terms
of t1, t; and p,

J2()JI (x?) =2t1J (x) — I (x°),
T2 (x*) =2t2J (x*) - pJ (),
T2 (x) =2t2J (x®) — pI(x*),
J(xHI(P) =207 (x*) - pJ (xP).

(2.8)

Then, we get the following relation by addition both sides of (2.8),
respectively, and using (2.6)

4
}: T2 (NI =2t1{J (x) + J(xH)} + 2t2{T () + T ()}

—p{J() + JOP) + TP + ()}
=t1(z + 5wv5) + ta(x — 5wv/5) —

From (1.4), (1.5) and (1.6), we get the values of ¢, and t5:

1
t1 = lﬁ{m —125w? — 20v5(v? — u +uv)}

_ 12 2 2 _ 2
to =16 {m 125w? + 20v/5(v? — u? + uv)}.
Hence we get the values of 3+, J2(x*)J(x?), that is,

: 1
(2.9) Z X)) = 5 {2* - 625(° — w?)w} - pa.
By (2.1) and (2.2), we get

(210)  {J00 + IAOHIOA) + IO} = 7(27 - 125u?).
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3. The Irreducible Polynomial of G’

Using (1.3), (2.4), (2.5), (4,6), (2.9) and (2.10). Some com-
binations of Gauss sums G(x'), i = 1,2,3,4 can be evaluated in
terms of parameters z,w,u,v and p in (1.5).

LEMMA 1. ' ‘ ’
G*(x') = pI* (X' ) (x*)
fori=1,2,3,4.
Proof. By (2,5) and (2,4),
; NG GPXY)
FONT () =g .
61 BT =Gt G0
__G0&)
G(x*)G(x*)
Since G(x*)G(x*) = p, then

G®(x*) = pJ* (') I (x*).

THEOREM 2.

4
36 = E{xf* — 625(v? — u)w — pr}.
i=1 8

Proof. By (2.9) and Lemma 1, it is true.

LEMMA 3. .
Y G(x)G(X¥) = pz
i=1
Proof. By (2.5) and (2.6)
G*(x) G
G0 " G
_GPG0A) + G OAGH)
p

J(X) +J(xY =
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From (2.6), we have

(32)  G*IGH) + G (MG = 2z + 5uvE).

(33) GG + GG = E(a - swvE).
Therefore,

4
> G (x)G(x*) = pz.
i=1

LEMMA 4.

4 |
> G 0AIGH) = B(e? - 12507,

Proof. Producing both sides of (3.1) and (3.2), respectively,
and using (2.6), we have

)
(3.4) pZG3 NG (x*) = %—(ac2 - 125w?).

Hence,

U'M»

3xHG(x®) = 2(:::2 ~ 125w?).

To obtain the irreducible polynomial of G5 over the rational
number field, We replace G5 by Zf‘___l G(x') and expand the fifth
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4 .
power of > -, G(x*),

4

=(>e0)”

4 4
:Zas(xi) +52fG4(xi)G(X2i) +5ZG4(Xi)G(X31?)
=1 i=x]

i=1

4 4
+10 ZGB(Xi)Gz(X%) + 102 G3(Xi)G2(X3i)

i=1 i==1

+25pZG3 +50p§:G2 NG (x*)

=1 i=1

4 4
+50p ) G*(x')G(x*) +100p* 3~ G(x')

i=1 i=1

In above equation, if we consider p as second degree, all terms
of last part of above relation are five degree of G(x'), i = 1,2, 3, 4.
So, we make the relations in Lemma 3 and 4 to five degree by
producting GZ and Gs, respectively, and p by G3

p262 ={ 3 G160 }{fja<x‘)}2

1

-
= GG + ZGS(X )G*(x*)
i=1 i=1

4

(3.5) +2§:G3 (x")G(x*) +2pZG3(X

=1 i=1

+4pZGz(x )G (x*) +3sz2 NG

i=1

+ 3p? ZGz(x

1=1
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(3.6)
2

I;(a: - 125w?%)Gs = {iG’3 2‘)}{2@(){ }

1 =1

=D _G¥( x)G(x2‘)+ZG3(x )G (x*)

i=1 t=1

4
+p Z G} (x) +p)_ GA(xX)G ().
=1 i==1
and

PG} =p{ iG(xi)}a

(3.7) ~pZG3 ) + 3pZG2(x x*)

i=1

- 3pZ G*(x")G(x*) + 9p* }:G

LS

THEOREM 5. Let z, w, u and v be integers satisfying the re-
lation (1.5) and let p be an odd prime such that p = 5f + 1 (f ;

even). The irreducible polynomial of G5 over the rational number
field is

p(z) = 2° — 10p2% + Zp(flp — 2% + 125w?)z
+ g{Spa: — 2% + 625w(v? — u?)}.
Proof Using (3.4), (3.5), (3.6), (3.7) and Theorem 2

G: = G5 ) + 10pG2 + 5pzGE + ~5—pz(:z:2 ~ 125w?)Gs — 5p*Gs
>l g

-10st + 5pr5 + Zp (z? 125w2)05 ~ 5p%Gs

+ g{xa ~ 625(v* — u?)w — 8pz}
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So, the irreducible polynomial of Gy is

5
p(z) =2° — 10p2® — 5pz2? + 2(4302 — 2% 4+ 125w?)2

+ g{pr — 2% + 625w(v? — u?)}.
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