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THE FILTERS OF THE ORDERED I'-SEMIGROUPS

Young IN KwoN

ABSTRACT. We give the relation between the semilattice congruence NV and the set
of prime ideals of the ordered [-semigroup M.

1. Introduction.

In 1986, Sen and Saha([3],[4]) introduced the concept of a I'-semigroup and ob-
tained some interesting results. In 1987, Kehayopulu[l] introduced the concept of
a filter in poe-semigroups. Later Kehayopulu[2] defined the relation A" on a po-
semigroup S as follows:

aNb <> N(a) = N(b),
where N(a) is the filter of S generated by a(a € S) and obtained the Proposition.

Proposition [2]. Let S be a po-semigroup. The following statements hold true:
(1) NV is a semilattice congruence on S.
(2) N =orlI € Z(8)} where Z(S) is the set of prime ideals of S.

In this paper we proved the same result in a po-I'-semigroups.
A po-T'-semigroup (: ordered I'-semigroup)[5] is an ordered set M at the same
time a I’-semigroup such that

a<b=ayz<byr and zupa <zub

for all a,b,z € M and for all v, €T.
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II. Main results.

We recall some definitions.

Definition 2.1 [3]. Let M = {a,b,¢,---} and I = {a, 5,7, - - } be two nonempty
sets. M is called a I'-semigroup if
(1) aabe M fora €T and a,b € M and

(2) (aab)Be = aa(bBc),
for all a,b,c € M and for all o, € T.

Example 2.2 [3]. Let A and B be two non-empty sets, M the set of all mappings
from A to B, and T a set of some mappings from B to A. The usual mapping
product of two elements of M cannot be defined. But if we take f,g from M and
o from T' then the usual mapping product fag can be defined. Also we find that
fag € M and (fag)Bh = fa(gph) for f,g,h € M and o, B €T

Example 2.3 [3]. Let M be a set of m X n matrices and I a set of some n x m
matrices. If we define Ay, n0n.mBm,n the usual product of matrices, then

(Am,n0n,mBm,n)Bn,mCmmn = Amntn,m(BmnfnmCm,n)

where A, 5, Byny Cmyn € M and @n m, Bn,m € I'. Therefore M is a I'-semigroup.

Let M be a po-I'-semigroup. An equivalence relation ® on M is called congruence
if

(a,b) € R = (aye,byc) € R, (cya,cyb) €R

forallyeTI and c € M.

A congruence R on M is called semilattice congruence if

(aya,a) € R and (ayb,brya) € R

forall y e I' and a,b € M.

Definition 2.4. Let M be a po-I-semigroup and F a sub-I'-semigroup. Then F'
is called a filter of M if

(1) a,b€e M,avbe F(yeTl')=>a€ F and bEF.

(2) ae F,a<clce M)=>c€F.

For A, B C M, let AT'B := {avbla € A,be B,yeT}.
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Definition 2.5. Let M be a po-I'-semigroup and A a nonempty subset of M. A is
called a right(resp.left) ideal of M if
(1) ATM C A(resp. MT'A C A).
(2) aecAb<Laforbe M =be A
A is called an ideal of M if it is a right and left ideal of M.

Definition 2.6. Let M be a po-I'-semigroup and T an ideal of M. T is called prime
ifABCMAIBCT=ACT or BCT.
Equivalent Definition:

a,be MavbeT(yeTl)=a€T or beT.

Throughout this paper, we denote by M\ F the complement of F' to M.

Lemma. Let M be a po-I'-semigroup and let § # F C M. The following are
equivalent:

(1) F is a filter of M.

(2) M\F =0 or M\F is a prime ideal of M.

Proof. (1) = (2). Let M\F # (. Then M\F is a prime ideal of M. In fact: Since
M\F # 0, we take a € M,b € M\F. If ayb € F for some 7 € I', then,since F is a
filter of M, we have a € F and b € F. It is impossible. Thus we have aya € M\F
for all v € T, i.e. MT(M\F) C M\F. Similarly we get (M\F)['M C M\F. Let
a € M\F and b < a,be M.If b€ F then, since b<a and b € F, F is a filter of
M, we have a € F. It is impossible. Thus we get b € M\ F. Moreover, let a,b € M
and avb € M\F(y€T). Ifa € F and b € F then,since F is a sub-I-semigroup of
M, avb € F. It is impossible. Hence we have a € M\F or b € M\F.

(2) = (1). Let M\F = 0. Since M = F, F is a filter of M. Suppose that M\F
is a prime ideal of M. Then F is a sub-I-semigroup of M. In fact: Let a,b € F. If
ayb € M\F(y € T'), since M\F is prime, a € M\F or b € M\F. It is impossible.
Thus we have ayb € F for all vy € I'. Let a,b € M and ayb € F for any v € I'.
If a € M\F then, since M\F is an ideal of M, ayb € M\F for all y € I". It is
impossible. If b € M\F, similarly, avb € M\F for all v € I. It is impossible. Thus
we have a € F and b€ F. Let a € F and a < b,b € M. If b € M\F then, since
a < b be M\F and M\F is an ideal of M, we get a € M\F. It is impossible. Thus
we have b € F. Therefore F is a filter of M.
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Let M be a po-I'-semigroup and I a prime ideal of M. We define a relation R;
on M as follows:
Rr = {(a,b)|a,be I or a,b¢I}.

Then R; is a semilattice congruence on M. We denote by N(a) the filter of M
generated by a(a € M). We denote by N the equivalence relation on M defined by

N = {(a,b)|N(a) = N(b)}

Theorem 2.7. Let M be a po-I'-semigroup . The following statements hold true:
(1) N is a semilattice congruence on M.
(2) N =N{RI € Z(M)}
where Z(M) 1is the set of prime ideals of M.

Proof. (1). Let (a,b) € N,c € M. For all y¥ € T, since cya € N(cya), we have
¢,a € N(cva). Since a € N(cya), N(a) C N(cya) and thus b € N(cya) for all
v € T. Since ¢,b € N(cya), we have cub € N(cya) for all 4,4 € T' and thus
N(cub) C N(cya) for all y,u €T

By symmetry, N(cya) C N(cubd) for all v,u € I'. Thus N(cya) = N(cybd), i.e.
(cva,cyb) € N. Similarly, (a7yc, cyb) € N for all ¢ € M, « € T. Similarly,(avyc, bye) €
Nforallce M,y€eT.

Let a € M. Since aya € N(ava) for all ¥ € " we have a € N(avya),and N(a) C
N(a~a) for all 4 € T. Since a € N(a), we have aya € N(a), and N(aya) C N(a).
Then (ava,a) € N for all v € T.

Let a,b € M. Since ayb € N(anb) for all v € T', we have a,b € N(avb) and
bya € N(ayb) for all v € I'. Thus we get N(bya) C N(avb) for all v € T. By
symmetry, N(ayb) C N(bya). Thus we have (avb, brya) € N.

(2). Let (a,b) € N and I € Z(M). Let (a,b) ¢ R;. Thena ¢ I and b € I
orac€landb¢ I. Leta¢ Iandbe I. Then ) # M\I C M and a € M\I.
Since M\(M\I) = I, M\(M\I) is a prime ideal of M. By the Lemma, M\I is
a filter of M. Since a € M\I, we have N(a) C M\I and thus b € M\I. It is
impossible. Similarly, from a ¢ I and b € I, we get a contradiction. Thus we have
NC ﬂIez(M) Ry

Conversely, let (a,b) € Ry for all I € Z(M). If (a,b) ¢ N, then a ¢ N(b) or
b ¢ N(a). In fact, if a € N(b) and b € N(a), then N(a) C N(b) and N(b) C N(a)
and so (a,b) ¢ N. Let a ¢ N(b). Then a € M\N(b) and thus M\N(b) # 0. Since
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N(b) is a filter of M, by the Lemma, M\N(}) is a prime ideal of M. Therefore
we have M\N(b) € Z(M),a € M\N(b) and b ¢ M\N(b), i.e. M\N(b) € Z(M)
and (a,b) ¢ Rar\n(p)- We get a contradiction. Similarly, from b ¢ N(a), we have a
contradiction.
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