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MAPPING THEOREMS ON X; & X,

JAE WOON KM

ABSTRACT. We show that if f; : X; — Y is strongly continuous(resp. weakly con-
tinuous, set connected, compact, feebly continuous, almost-continuous, strongly 6-
continuous, f-continuous, g-continuous, V-map), then F : X1 @ X2 — Y is strongly
continuous(resp.weakly continuous, set connected, compact, feebly continuous, almost-
continuous, strongly 6-continuous, §-continuous, g-continuous, V-map).

1. Introduction

Let {X.|s € S} be a family of disjoint topological spaces, i.e., let X, N X, =0
for s # s'. Let us consider the set X = Uz;cs5X, and let us assume that sets U C X,
such that the intersection U N X, is open in X, for every s € S, are open in X. The
open sets defined in this manner satisfy the conditions for a topology. The set X
with this topology is called the sum of spaces {X,|s € S} [3], and is denoted by the
symbol @;ecsXs or X1 @+ - Xi if S ={1,2,---,k}. It is well known that V C X
is closed iff V' N X, is closed in X, for all s € S [3).

In this paper, we restrict S to {1,2}. The author obtained the hints of this paper
from following: '

Theorem [3]. F: @;c5Xs — Y is continuous iff for everys € S, fo: Xs =Y is
continuous.

We shall show that
if fi: Xi — Y is strongly continuous(resp. weakly continuous, set connected, com-
pact, feebly continuous, almost-continuous, strongly 6-continuous, 8-continuous, g-
continuous, V-map), then F : X; & Xo — Y is strongly continuous(resp.weakly
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continuous, set connected, compact, feebly continuous, almost-continuous, strongly
0-continuous, 0-continuous, g-continuous, V-map).

2. Preliminaries

F: X, ®X; —Y is defined by F(z) = fi(x) if x € X;, where f; : X; - Y, i =
1,2. Let A be a subset of a topological space X. We shall denote the closure of A
and interior of A in X by A and Int(A) respectively. By f : X — Y we denote a
function f from a topological space X into a topological space Y. No separation
axioms on a topological space is assumed unless stated.

AUB = AU B and Int(A) UInt(B) C Int(A U B) are very useful in this paper.
Sets X, Y and X, are topological spaces.

3. Definitions

Definition 1 [5]. X is said to be connected between A and B if there exists no
closed-open set F of X such that AC Fand FNB =0.

Definition 2 [2]. B C X is g-closed if B C G, whenever B C G and G is open.
A function f: X — Y is said to be

Definition 3 [7]. strongly-continuous if for every subset A C X, f(A) C f(A4).

Definition 4 [8]. weakly-continuous if for each x € X, and each open set H
containing f(z), there is an open set G containing z such that f(G) C H.

Definition 5 [6]. set-connected provided that if X is connected between A and
B, then f(X) is connected between f(A) and f(B) with respect to the relative
topology.

Definition 6 [1]. compact if the inverse image of every compact subset of Y is
compact subset of X.

Definition 7 [10]. feebly-continuous if for each open set U of Y, f~1(U) # 0
implies Int(f~1(U)) # 0.



MAPPING THEOREMS ON X; & X, 117

Definition 8 [11]. almost-continuous(resp. strongly 6-continuous, 0-continuous)
if for each z € X and each open set V containing f(z), there exists an open set U
containing « such that f(U) C Int(V) (resp. f(U) CV, f({U) C V).

Definition 9 [2]. g-continuous if the inverse image of closed set in Y is g-closed in
X.

Definition 10 [4]. V-mapifit satisfies: Given any open cover 8 of Y, {Int(f~1(U))|
U € B} is an open cover of X.

4. Theorems

Lemma 1 [1]. f:X — Y is strongly continuous iff f~'(y) is open in X for each
yey.

Lemma 2 [8]. f: X — Y is weakly continuous iff for each open set V C Y,
f~HV) C Int(f~1(V)).

Theorm 3. If f; are weakly continuous, so is F.

Proof. Let V C Y be open. Then F~Y(V) = ff{(V)U f;1(V) € Int(f{ (V) U
Int(f;1(V)) ¢ Int(f71(V) U £;1(V)) = Int(F~1(V)). Hence by Lemma 2, F is
weakly-continuous.

Lemma 4 [9]. If a surjection f : X — Y is weakly-continuous, then f is set-
connected.

Corollary 5. If F is surjective, and f; are weakly-continuous, then F' is set con-
nected.

Proof. Use Theorem 3 and Lemma 4.
Theorem 6. If f; are compact, so is F.

Proof. Let V be a compact subset of Y. Then f;(V) are compact. Hence
F-Y(V) = Uf7}(V) is compact.

Theorem 7. If f; are feebly continuous, so is F'.

Proof. Let V be an open set in Y. Then f;}(V) # @ implies Int(f;}(V)) # 0.
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Let F~1(V) # . Then § # Ulnt(f71(V)) c Int(Uf71(V)) = Int(F-1(V)).

Hence F is feebly continuous.
Theorem 8. If f; are almost-continuous, so is F'.

Proof. If x € X; & X5, then we have ¢ € X; or ¢ € X;. Let x € X;. Since f;
is almost-continuous, for each open set V containing F(z) = f;(z), there exists
a neighborhood U of z in X; such that F(U) = f;(U) C Int(V). In the case of
x € X3, the proof is similar to that of € X;. This completes the proof.

The proofs of the following Theorems 9 and 10 are similar to that of Theorem 8.
Hence we omit the proofs.

Theorem 9. If f; are strongly 6-continuous, so is F.
Theorem 10. If f; are 0-continuous, so is F.
Theorem 11. If f; are g-continuous, so if F'.

Proof. Let C be closed in Y. Let G be a neighborhood of F~1(C) = Uf}(C) in
X; ®X,. Since GNX; is a neighborhood of f;1(C) in X;, we have f; }(C) c GNX,.
Thus we have F-1(C) = Uf }(C) = Uf;{}(C) c UGN X;) = GN (UX;) = G.
Hence F is g-continuous.

Theorem 12. If f; are V-maps, so is F.

Proof. Let 3 be an open cover of Y. Then {Int(f;*(U))|U € B8} is an open cover
of X;. Since Int(F~1(U)) = Int(Uf; }(U)) D Ulnt(f; 1 (U)), {Int(F~1(V))|U € 8}
is an open cover of X; @ X5. Hence F is a V-map.

Theorem 13. If f; are strongly continuous, so is F.

Proof. Since f'(y) is open in X; for each y € Y by Lemma 1, F~(y) = Uf; ()
is open in X; & X,. Hence F is strongly continuous.
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