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Estimation of the parameters in an Exponential Distribution
with Type-II Censoring

Suk-Bok Kang!), Young-Soo Suh2) and Young-Suk Cho®

Abstract

In this paper, we propose the minimum risk estimator (MRE) and the approximate maximum
likelihood estimator (AMLE) of the location and the scale parameters of the two-parameter
exponential distribution with Type-II censoring. The MRE's can be derived by minimizing the
mean squared error among the class of estimators which include some estimators as special
cases. We show that the MRE's are more efficient than the other estimators of the scale and
the location parameter in the terms of the mean squared error.

1. Introduction

The random variable X has an exponential distribution if it has a probability density
function (pdf) of the forms

fxi, 0 =L exp(—LE=8), 0¢ w2 0 <o, (LD
where p# and o are the location and the scale parameters, respectively.

Lloyd (1952) described a method of obtaining the best linear unbiased estimators (BLUEs)
of the parameters of exponential distribution, using order statistics. Gupta (1952) proposed the
estimation of the mean and standard deviation of a normal population from a censored sample.
Balakrishnan (1990) studied the maximum likelihood estimation of the parameters in
exponential distribution based on multiplying Type-II censored sample.

The approximate maximum likelihood estimation method was first developed by
Balakrishnan (1989a, b) for the purpose of providing the explicit estimators of the scale
parameter in the Rayleigh distribution and the mean and standard deviation in the normal
distribution with censoring. For the extreme value distribution with censoring and the
half-logistic distribution with Type-II right censoring, Balakrishnan and Varadan (1990) and
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Balakrishnan and Wong (1991) provided a method of deriving explicit estimators by
approximating the likelihood equation, respectively. They also studied the biases and the
variances of the proposed estimators and showed that these estimators are almost as efficient
as the MLEs and just as efficient as the BLUEs. . -

Some historical remarks and a good summafy of the approximate maximum likelihood
estimation may be found in Balakrishnan and Cohen (1991). Recently Kang (1996) obtained
the AMLE for the scale parameter of the double exponential distribution based on Type-II
censored samples and he showed that the proposed estimator is generally more efficient than
the BLUE and the optimum unbiased absolute estimator.

2. Estimation of Two Parameters

Consider two-parameter exponential = distribution with density function (1.1) and
cumulative distribution function (cdf) v :
eXD(:‘(xo___E)‘), x >

F(x)=
1, x < u.

(21

Let us consider an experiment in which # exponential components are put to test
simultaneously at time x=(), and the failure times of there components are recorded. Suppose
some initial observations are censored (possibly because of some failures during the time
when some checks and adjustments are being made on the devices) and some final
observations are also censored (possibly because the experimenter terminates the experiment
before all components have failed). Then let '

Xr+1:nSXr+2:ns"'SXn—s:n (2.2)

be the available Type-II censored sample from the exponential distribution with density
function (1.1), where the first » and the last s observations are censored.

It is well known that the expectation, the variance, and the covariance of the i-th order
statistic X ;, from the two-parameter exponential distribution with density function (1.1) are
given by

E(X,-:,.)=;4+a,g(n—j+ D! ©23)

and

VaI'(Xi:n)= J;;(n—k'f'l)—z
= Cov(Xin, X, <. (2.4)
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The expectation and the variance of thei-th order statistic Z,, from the standard

exponential distribution are

E(Zi:n)=ai:n= 2 1/1 (lszsn)

Imp—i+1

and

Cov(Zin Zid=Bia=,_ 2, LUE (1<i<j<n).

—i+1

Lloyd (1952) derive the BLUEs of ¢ and ¢ as follows;

% pLop= ‘Z:IG;X,-;,, (2.5
.and
O pLuE= i;:.':lbiX ins (2.6)
where
I+ Gl 5y Bt s
a;= "ml_g_rl, for r+2<i<n—s—1
and
— nz;:—s——l , for i=r+1
b= n—:;l_—;jl— for r+2<i<n—s—1
l-;:—sril_s_—l for i=mn—s.

The variances of the BLUEs (see Balakrishnan and Cohen (1991)) are given by

Var (o) =0 5527 (2 0%+ | 2 ()] @7
and
Var (0pLus) = ;‘_’;9_'2‘5__—1 . (2.8)

Gupta (1952) proposed the simplified linear estimators (SLE) for g and ¢ obtained from
the BLUEs of ¢ and o simply by replacing the variance-covariance matrix by an identity
matrix. Even though this method appears to be crude, it gives surprisingly good results in the
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case of the normal distribution.
The SLE of p is given by (see Balakrishnan and Cohen (1991))

2‘ SLE= 2 )X; ny (29)

j=r+1

where

2 s 5 as,

i=r+1l i=r+1
(n—r—ys) l__glﬂ(aa.— @)’
1 dai,—a)
PTETS XY (@ie— )

(=r+1

C;i=

, r+1<j<n—s

with @ as defined in .
-1 &

‘ P — .--Zﬂ"""'
Similarly, the SLE of ¢ is given by

el

IbSLE= d;'Xj:n. (210)

j=r+1

where

(n—r—9sa;,— ._;Es Ain

r+1
(n—r—ys) ‘,;2:1(0.3.—5)2

Qig— @ )
= Lo r+1<j<n—s.

S (@in—?

(=r+1

dj=

The variances of these simplified linear estimators may be obtained as

Var(uge)=o* 2:“25 ciCiBi jn. (2.1D)
V'a-r(O'SI..E)—O;2 Yl]§+1Cdjﬂi'j:n' (2.12)

Now, we obtain the AMLEs of the parameters in two-parameter exponential distribution
with Type-1I censoring. The likelihood function based on the Type-II censored sample In
(2.2) is given by

L= IFX it OV 1= FX i) JT | AX i),

Xr+1:n2/1

(2.13)
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which upon denoting Z;,= (X ;,—#)/0, can be written as

L= [AZ 1t )V 1= FZ pei i,V I1 | AZisin.0),

Z yi1:220, (2.14)

r!s!

where A=n—7—s is the size of the censored sample (2.2), and A2) and F(2) are the pdf
and the cdf of the standard exponential distribution, respectively.
So we can obtain the AMLE of the location parameter as follows;
#ae=X riyn.
Now, we will obtain the AMLE of the scale parameter. First, we differentiate the logarithm
of the likelihood function (2.14) for ¢ as follows;

dinL ___1_ j(Zr+1:n) _ : ﬂzvhs:n)
o0 = p [A+ rZ,+1;,, Hzr+1:n) SZn—s:n l_F(Z”_Sm)
&, f(Z:w (2.15)
i A Zzm)
=0.
. . . . ﬂZ n—Ss: ’l)
Equation (2.15) does not admit an explict solution for o¢. But I—RZ._..) =] and
j;((ZZ' '5) —1, and we can expand the function 'ﬁ—zz—'tll"n)-)- appearing in (2.15) to Taylor

series around the point &,41=F "{(#,+1)=— In(g,+;) and then approximate it by

ﬂz r+1:n) .
F(Z r.{.]_;.) ga_'BZ r+1l:n . (2.16)

where ;= m 2;=1-9,,a=——"— f(fru) [1+$r+1+ ﬂerﬂ) 5r+1] and

ﬂer-{-l)
tr+

Now making use of the approximate expression in (2.16), we obtain the approximate
likelihood equation of (2.15) as follows;

B=—3"—=[p 1+ A&,

Ol _ dInL"

"~ s  do _
= % [A+ rZ r+l:u(a—ﬁz r+1:u)_sz n—sn_ - Zi:n] @17)

f=yr+]
=0.
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Upon solving equation (2.17) for ¢, we derive the AMLE of ¢ as follows;
Gmas= [ K psa— (0= DX it 5 Xl (2.18)
Now from equation (2.3), we can obtain the means of the AMLEs as follows;
EGi )= X o) =0 2a(n—j+1) @19
and
E(3) = [ sEX i) = (1= DEX o1+ 3T E(X )]

=-:% sh(n—s)—(n-—r)h(r+1)+iglh(z')], ‘ (2.20)

where A(»)= )Zl(n—— j+1) "!. From equation (2.4), we can also obtain the variances of

sagr and O g as follows;

Var( 2 gpge) =0 g(n—i+ D2 (2.21)

and

Z
A2

+2,35 (n—s— ()~ (n= N 'alr+1)],

Var (0 apig) = [szg(n—s)+(25+1)i§::lg(i)

(2.22)

where g(7)= gl(n—j+1) -2,

Also we propose the minimum risk estimator (MRE) of the location parameter. The MRE
can be derived by minimizing the mean squared error among the class of estimators of the

. =S
form 1 X, 11,1t ¢ _EHX in Where c¢; and c¢; are constants.
=r

We can obtain the MRE of u as follows;

U me= 1. X yi1:nt C2 ig::lX,-;,,, (2.23)
where | |
AR(r+D—hr+D 5 KD
cy= B .
a= 1—-Aqg,

and
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B= 3 gd+2 3 (n—s—de()—24h(r+1) 2 i)
—s 2
+( 20, WD) A%H(r+ 1P = APg(r+ 1),

Then the mean and the variance of the MRE of u are given by

§

ECi i) = (er+ Acu+{eblr+ D+ 2

—+

M z'))a (2.24)

and

Var (2 \ge) = oz[cfg(r+ 1) +2c,c,Ag(r+1) +c i;z:jlg(i)
y (2.25)
+2¢% i_zﬂ(n—s—‘ z')g(t')].

Similarly, we propose the minimum risk estimator (MRE) of the scale parameter. The MRE
can be derived by minimizing the mean squared error among the class of estimators of the

=5
form cpX p—sat X i1:nt ey '2+1X“” where ¢);, C¢», and ¢y are constants.
=y

We can obtain the MRE of ¢ as follows;

A =
OMRE™ CIIX n—-s:n+ CﬂX r+1:n+ 145 ] ‘.2+ IX i (2.23)
where

D(h(r+1)-—h(n—s))-—-B( ig::lh(z)—Ah(n-s))

%= CD—BE '
r+1)—h(n—s)—Ccxy

sz= B ’

ey = —cp—Acg,

B= g(n—s)—glr+1)+ h(r+1)2=28(r+ Dh(n—s) + h(n—s)?,
C= Ag(n—9— 3 gD+hr+D) 2 K- Ah(r+Dh(n—s)
—h(n—ys) igjlh(z')-}-Ah(n—s)z,

D= Ag(n—s)— igjlg(i)+ r+1) ig:lh(z)—h(n—s) if;:lh(z')
— Ah(r+ Dh(n—s) + Ah(n—s)*

and
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E= A%(n—9)+ 2 g(0+2 3 (n—s=De(D—24 32

2—-2A(n—9)
)

+( 2, 1) = h(D)+(Ah(n—9)".

=y
We can obtain the mean and the variance of the MRE of ¢ as follows;
E( ,&MRE) = (Cu + Cw + A033)# +( cuh(n— S) + C2 h( r+ 1) + (651 i§+ 1h( l))O’

and

Var (oyge) = az[cflg(n ~s)+che(r+1) +ck i_E:lg(i)
+2c% .__g;(n—- s—10)g(1) +2cpcneg(r+1)

+2cpcnAg(r+1) +2ci 05 i-g:lg(-i)].

(2.24)

(2.25)

We calculate the numerical values of the variances and the relative mean squared errors of

estimators for sample size 72=3(1)9 and various choices of censoring. These values are

given in Table 1.1 and 1.2,

From Table 1.1 and 1.2, we can obtain the following results; The MRE 1,z is generally

more efficient than the other estimators in the sense of MSE. The AMLE G445 is more

efficient and simple than the other estimators O g yz and Ogy in the sense of MSE. The

AMLE Gaqr is the same as the MRE 't\rm of the scale parameter. So the proposed

AMLE o auie of the scale parameter is not only very simple estimator but also very good

estimator in the sense of the MSE.
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Table 1.1.

The relative mean squared errors for the estimators of the location parameter g.
n 4 S /I\‘BLUE 715M 71AMLI; //\IMRE
3 0 0 .16667 .25850 22222 14815
4 0 0 08333 17911 07813 07813

0 1 09375 11877 12500 08361

1 0 34375 48724 51389 28704

1 1 51389 51389 51389 34375

5 0 0 ,05000 13915 08000 04800
0 1 05323 08491 08000 02020

1 0 17100 30792 .30500 15312

1 1 20375 .24193 .30500 17091

6 0 0 03333 11483 05356 03241
0 1 03472 06782 05556 03346

0 2 03704 .05263 ' 05556 .03499

1 0 10139 22274 .20222 09467

1 1 11259 15697 20222 10205

1 2 .13500 15075 20222 11377

B 0 25704 43503 51056 20535

2 1 .32042 39167 51056 25875

2 2 51056 51056 51056 32042

7 0 0 02381 09831 04082 02332
0 1 02449 05734 .04082 02389

0 2 02551 04339 04082 02467

1 0 06735 17379 .14399 06415

1 1 07214 11620 .14399 06778

1 2 08012 .10160 .14399 07308

2 0 .15309 .30598 34780 14011

2 1 17472 23181 .34780 15437

2 2 21799 .23890 .34780 17700
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Table 1.1.(continued)

o~

o~

n 4 s M BLUE MSLE HAMLE M MRE

8 0 0 01786 08630 03125 01758
0 1 01823 05015 03125 01791
0 2 01875 03763 03125 01835
1 0 04789 14229 10728 04628
1 1 .05038 09245 10728 04827
1 2 05397 07743 10728 05103
2 0 10157 23257 25262 09528
2 1 11101 16597 .25262 10242
2 2 12675 15418 25262 11287

9 0 0 01389 07712 02469 01372
0 1 01411 .04486 02469 01392
0 2 01440 .03361 02469 01419
0 3 01481 02731 02469 01454
1 0 .03593 12043 08372 03494
1 1 03726 07697 08372 03612
1 2 03912 06302 08372 03771
1 3 04191 05662 08372 03981
2 0 07231 18615 19200 .06890
2 1 07710 .12833 19200 07287
2 2 .08428 11337 19200 07840
2 3 09625 11221 .19200 08618
3 0 13570 .29066 37387 12578
3 1 15059 21624 37387 12578
3 2 17540 .20874 37387 16351
3 3 .22502 .23821 37387 .17886
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Table 1.2.
The relative mean squared errors for the estimators of the scale parameter ¢
n r s “OBLUE Oss “GAmLE “Oure
3 0 0 .50000 59184 33333 33333
0 0 33333 42911 .25000 .25000
0 1 50000 53463 33333 33333
1 0 .50000 59184 33333 33333
1 1 1.00000 1.00000 50000 .50000
5 0 0 .25000 33915 .20000 .20000
0 1 33333 37269 25000 .25000
1 0 33333 42911 .25000 25000
1 1 .50000 53463 33333 33333
6 0 0 .20000 28149 .16667 .16667
0 1 .25000 28875 .20000 .20000
0 2 33333 35710 | 25000 25000
1 0 .25000 33915 .20000 .20000
1 1 33333 37269 .25000 .25000
1 2 50000 51790 33333 33333
2 0 33333 42911 25000 .25000
2 1 50000 53463 33333 33333
2 2 1.00000 1.00000 .50000 50000
7 0 0 .16667 24117 .14286 .14286
0 1 .20000 23690 .16667 16667
0 2 .25000 27526 .20000 .20000
1 0 .20000 28149 .16667 16667
1 1 .25000 28875 .20000 .20000
1 2 33333 35710 .25000 .25000
2 0 .25000 33915 .20000 .20000
2 1 33333 37269 .25000 .25000
2 2 50000 51790 33333 33333
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Table 1.2(continued)

n I 4 S /&BLUE IB'SLE AOAMLE %MRE
8 0 0 14286 21130 12500 12500
0 1 16667 20150 14286 14286

0 2 20000 22517 16667 16667

1 0 16667 24117 14286 14286

1 1 20000 23690 16667 16667

1 2 25000 27526 220000 20000

2 0 220000 28149 16667 16667

2 1 25000 28875 20000 20000

2 2 33333 35710 25000 25000

9 0 0 12500 18823 11111 11111
0 1 14282 17570 12500 12500

0 2 16667 19114 14286 14286

0 3 20000 22019 16667 16667

1 0 14286 21130 12500 12500

1 1 16667 20150 14286 14286

1 2 20000 22517 16667 16667

1 3 25000 26958 20000 20000

2 0 16667 24117 14286 14286

2 1 20000 23690 16667 16667

2 2 25000 27526 20000 220000

2 3 33333 35057 25000 25000

3 0 20000 28149 16667 16667

3 1 25000 28875 20000 20000

3 2 33333 35710 25000 25000

3 3 50000 51088 33333 33333
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