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A Theory on the Construction of Binary
Sequences with |deal Autocorrelation

Jong-Seon No, Kyeong-Cheol Yang, Ha-Bong Chung, and Hong-Yeop Song

Abstract

In this paper, we present a closed-form expression of binary sequences of longer period with ideal autocorrelation property in a trace

representation, if a given binary sequence with ideal autocorrelation property is described using the trace function. We also enumerate the

number of cyclically distinct binary sequences of a longer period with ideal autocorrelation property, which are extended. from a given

binary sequence with ideal autocorrelation property.

I. Introduction

A binary (0 or 1) sequence {b(#),t=0,1,...,N—1} of period
N=2"—1 is called balanced if the number of 1’s is one more
than the number of 0’s. It is said to haye the ideal autocorrela-

tion property if its periodic autocorrelation function R(7) is given

by

_ [N, for =0 modN,
R = (2] (¥ 20 mod,

where R(r) is defined as
R(D)= El(_l) b+ 2) +b(1)
=0

and ¢+r is computed mod N. Note that R(7) is the number of
agreements between {b()} and {&(t+7)} minus the number of
disagreements for any r # 0 ( modN ) as ¢ runs from O to N-1
[2, 3, 16].

Balanced binary sequences of period 2"-1 having the ideal
autocorrelation function find many applications in spread spectrum
communication systems[2, 3, 10, 12, 13, 15, 16, 17]. Some of the
well-known -binary sequences of period 2"-1 include m-sequences,
GMW sequences, Legendre sequences, etc.

Let {b(t)} and {c(r)} be two binary sequences of period N.
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Two sequences {b(f)} and {c()} are defined to be cyclically
equivalent if there exists an integer r such that c®=b+r1)
for all . Otherwise, they are said to be cyclically distinct. For an
integer r, the sequence {c(?)} is called the decimation by r of the
sequence {b(#)) if c(t) =b(rt) for any integer ¢ It is easily
checked that the period of {c(z) =b(rr)} is given by N divided
by gcd(r, N). Two sequences {b(t)} and {c(#)} are said to be
inequivalent if there are no integers r and zsuch that ¢(f) =b
(r[t+ 1) for all ¢

In this paper, we present a generalization method of extending
binary sequences with ideal autocorrelation property as a
closed-form expression. We also enumerate the number of cycli-
cally distinct binary sequences of a longer period with ideal
autocorrelation property, which are extended from a given binary
sequence with ideal autocorrelation property.

This paper is organized as follows. In Section II, we present
the main theorems to extend binary sequences with ideal
autocorrelation property. We also enumerate the number of
cyclically distinct extensions of a given binary sequence with
ideal autocorrelation property. We mention an important question
on linear span of the extended sequences in Concluding Remarks.

II. Extension of Binary Sequences with Ideal
Autocorrelation

It has been known that binary sequences of longer period with
ideal autocorrelation property can be constructed from a binary
sequence of shorter period with ideal autocorrelation property, but
an explicit construction method has not been well described
except for the GMW sequences. Our main result is to give a
closed-form expression of binary sequences of longer period with
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ideal autocorrelation property in their trace representation.

The new binary sequences of longer period constructed in this

method will be referred to as extensions of a given sequence.
Let g be a prime power and let F,; be the finite field with g

elements. Let n=em > 1 for some positive integers ¢ and m. Then

the trace function #7(-) is a mapping from F,. to its subfield

F,. given by A
e-1 w
()= Zoxz .

It is easy to check that the trace function satisfies the following:
(1) tri(ax+by)y=atri(x)+btrn(y), for all a,beF ., x, yEF,..
(i) tr(x®)=trp(x), for all xeF,..

(i) () =t7(trh (), for all x&F,.,

See[6, 7] for the detailed properties of the trace function.

For the remaining, we are interested in the case where n=em
for integers m > 1 and e > 1. We use the following notation:

© N=2"-1,M=2"~1and T=4f = 5=

O @, : primitive elements of F o, F 5., respectively.

o {6(t), 4=0,1,...,M—1}

) = a binary sequence of period M with ideal

autocorrelation property.

o {c(9), t=0,1,..,N—-1}

= binary sequence of period N as an extension of
{b(4)}.

It is well-known that the ideal autocorrelation property of a
sequence of period N is invariant under the decimation by r, if r
is an integer relatively prime to N. The statement is restated in
the following proposition.

Proposition 1 : Let r, 1 < r < N-1, be an integer relatively prime
to N. If a sequence {c(¢), t=0, 1,.., N-1} of period N has the
ideal autocorrelation property, so does its decimation {c(r?), t =0,
1,.., N-1}

Theorem 2 : Let m and n be positive integers such that m|n.
Let B be a primitive element of F,. and set a=pf T where T=

(™1)/(2"-1). Assume that for an index set I, the sequence
{6(ty £,=0,1,...M—1) of period M=2"-1 given by

)= 3 ia™)

has the ideal autocorrelation property. For an integer r, 1 <r <
M-1, relatively prime to M, the sequence {c(t), t=0, 1,..., N-1}
of period N=2"-1 defined by

oAy= 2 {47, (807

also has the ideal autocorrelation property.

Proof : Consider an m-sequence {v()=tr{(8"), t=0,1,...,.N—1},
of period N=2"-1. Arrange it in the MXT rectangular amay
Xo=[x{"] such that x=u(#T+s), where #=0,1,..,2"-2,

and $,=0,1,...,T—1. Since

(8) =v(ti74s)
=t {tra(B T}
=" tri(B™)},

the #-th column {x{}, #=0,1,...,M~1} of Xo is either a cyclic
shift of an m-sequence (#"(a"), t=¢l1.....M~1} of period M=

2"-1 or the all-zero sequence. That is,

NEN e ey ot i
) if (B %zg’, M

If

_ l i (a
i 0 it (8"

where [, 0 </ < M-1, is an integer. Similarly, if we arrange
{o(t+7), t=0,1,...,N—1} for 7 20(mod N) in the M X T rectan-
gular array X .=(x{}] such that x{?=u(t,T+5+1), where
4=0,1,...,M-1, and ¢,=0,1,...,7—1, then the f-th column
x4, £,=0,1,..,M—1) of Xo is also either a cyclic shift of an
m-sequence {#7(a"), 4=0,1,...,M—1} of period M or the all-

zero sequence. That is,

<-)___[ e iR ) =4, @

0 ifri(8%)=0,

where t+7=1"T+8’, 0 <’ < M-1, 0 <1’ < T-1. Expressing

7 into
r=nT+r, 0=<nsM-1, 0s0,<T-—1,
it is easy to check that

tz’ = t2+ Ty mod T (3)
tl‘ = tl +T1+ (t2+ To— tz’)/ T. (4)

Since {v(f)} has the ideal autocorrelation property, we have

=

y_l( -1 () +e(t+2)

) %)

PR Wexid
[;(—1)"- ]

-0 1=n

[
M

_1'

Il
N

for any integer- r 20(mod N). Note that the inner sum can yield
the value 27-1 when both {x{, 0s<M~-1) and (x{7,
0<y<M-1) are identical as an m-sequence of the same phase or
as the all-zero sequence, and the value -1 when either of them is
the all-zero sequence or both are the distinct cyclic shifts of an
m-sequence. In order to satisfy Equation (5), the inner sum gives
the value 2™-1 with (7-1) /2™ times, and the value -1 with T-(7-1)
/2" times as t; runs from O to T-1.
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Now consider the sequence {c(?), t=0, 1,..., N-1} and arrange
-it in the MXT rectangular array Y,=[y 7] in the same manner

as the previous case. Since

) =ctyT+t)
= 3 el (8"

= 3 o7l 8 ),

we know that the f-th column {y{, £,=0,1,...M—1) of Yo is
either a decimation {s(+{#;,+1), t,=0.1,...,M—1} by r of {b(t)}

!

when #7(8%)=¢', or the all-zero sequence when #%(5")=0.

That is,

(m_{ A H+1) iftrﬁ,(/.?[!)zg/, ©

e 0 ifrn(8")

where /, 0 < [ < M-1, is an integer. Similarly, if we arrange {c(z
+7),t=0,1,..., N-1} for r 20(mod N) in the MXT rectan-
gular array ¥ .=[y{7] such that y{?=c(4T+t,+7), where 1, =0,
l,.., M-l and =0, 1,..., M-, then the f,-th column {y),
t=0,1,...,M—1} of Yp is also either a cyclic shift of the deci-
mation {&(rt,), 1=0,1,...,M—1} by r of {s(t), ,=0,1,...,.M—1}

of period M or the all-zero sequence. That is,

it (") =2,
if (8" ) =0,

o _ | AL+

V= 0 (7)

where 7, and #’ are defined in Eq. (3) and (4), respectively.
Since {4(¢)), ,=0,1,...M—1) has the ideal autocorrelation pro-
perty, so does {&(»t,)} by Proposition 1. Comparing Eq. (1) and
(2) with Eg. (6) and (7), we observe that the all-zero sequence
and an m-sequence {#7(«")) in the array Xo and X, are replaced
by the all-zero sequence and a decimation {&(7¢)} by r of a
given sequence {4(#)} in the array Yo and X, with the same
phases, respectively. This implies that the sum

7=

2 v as
-0

will yield the values 2"-1 and -1 with the same number of times

as the m-sequence, respectively. Therefore, we have

272

o

g _ &S s
(_l)c(f)+c(l+,) — 20 20(_1) LY

=@ -0 L -y - (7-I5)
—-1

t=0

for any integer r =0(mod N).

In order to extend the binary sequences with ideal autocorrela-
tion property using Theorem 2, we need to express them in a
trace representation. On the other hand, it is easily shown that

any binary sequence of period M =2"-1 can be expressed using the
trace function over F,. Hence, Theorem 2 may be very powerful
in extending binary sequences with ideal autocorrelation property.
We will prove another generalization method in the following.

Theorem 3 : Let m, n and k be positive integers such that m|n
lk. Let ¥ be a primitive element of F,. and set g=y @D/,
Let », 1<r<M-1, be an integer relatively prime to M, and let
s, 1<s<N-1, be an integer relatively prime to N =2"-1. Assume
that for an index set I, the sequence (4(t), #,=0,1,...,M—1} of
period M =2"-1 given by

B(t) = aze/rm“")

has the ideal autocorrelation property. Then the sequence {d(s),
t=0,1,..,K—1) of period K =2"-1 defined by

d(H= uielltri”{[trfn{[trﬁ(y’)]s}] “)
also has the ideal autocorrelation property.

Proof : Note that the sequence {g(#), t=0.1,...,K—1)} defined by
gD =tr7{{trh (¥} 8

is a GMW sequence of period K =2%1. It is well-known that it
has the ideal autocorrelation property. Obviously, it is also easily
checked by applying Theorem 2 to an m-sequence. Applying
Theorem 2 to the sequence {b(t;)}, it can be extended to a
sequence {c(#), £=0,1,..,N—1} of period N=2"1 with ideal
autocorrelation property defined by

)= T o8 ) ®

where g=y @ V@0 et T=(2*~1)/(2"—1) and let ¢=#T+14,,
t,=0,1,...,N—1;, =0,1,...,T—1.

The same arguments as in the proof of Theorem 2 complete
the proof, except that the m-sequence {w(?)}, {b(t1)}, and {c(d)}
are replaced by the GMW sequence {g(f)} in Eq. (8), {c(t2)} in
Eq. (9), and {d(r)]}, respectively.

Remark 4 : Extending further as in Theorem 3 is essentially the
same as applying Theorem 2 successively. It can be inductively
shown by proving that the sequence {d(¢)} in Theorem 3 can be
obtained by applying Theorem 2 to {b(#;)} consecutively. Consi-
der the sequence {&(#), #,=0,1,...M—1) of period M=2"-1
with ideal autocorrelation property, given by [s(t)= ”ZE]ltr;"(a”")]
for an index set I. It can be extended to a sequence {c(1,), H=0,

1....N—1) of period N=2"-1 with ideal autocorrelation property,
defined by
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Aty= T (58] 7}

where g=7 @Y=V and » 1<y<M—1, is an integer relatively
prime to M. Writing each trace term in c¢(¢,) as

oT{rn (B = 3 (8™ ‘ (10)
j€la) ;
for some index set J(a), the sequence {c(z)} can be expressed as
— n ity
At)= HZE”EZJE“)trl(B ).

Applying Theorem 2 to {c(t;)}, we have an extension {d (),
t=0,1,..,K—1} of period K=2%-1 with ideal autocorrelation
property, given by

d()=3 5 itk (r9%)

for an integer s, 1<s<N—1, relatively prime to N. On the other
hand, d(f) can be expressed as

A = Z L L (OIN )
=2 l_ga)tri’{([trﬁ(r')]f)"}
using the relation in Eq. (10). Hence, d(z) is exactly the same as
da(r).

It is interesting to find the number of cyclically distinct binary
sequences of longer period with ideal autocorrelation property
obtained by using Theorem-2. It is easily counted by considering
cyclotomic cosets.

For an integer M =2"-1, define the cyclotomic coset C» of an
integer :, 0<i<M—1, by C;={| 0<j<M—1, andj = 72’ mod M
for some integer />0}.

For the sake of convenience, the cyclotomic coset representative
of C; is often defined as the least integer of C,. It is easily
checked that either C,=C; or C, C,=¢. Hence the set
0,1,....M—1) 1is partitioned into pairwise disjoint cyclotomic
cosets, that is, ’

{0.1,...M—1}="U C;

where A is the set of all the cyclotomic coset representatives.
Note that

(') = tr7(x")

for any integer j=C,.

For an integer r and an index set I define r/ as

rl={j| 0<j<M—1,and j =» modM for il},

and define the set T; of cyclotomic cosets associated with I as
T={C.| as]).

Let N; be the number of r’s relatively prime to M such that
T#T,, ie.,

Ni=| {r| ged(r,M)=1,and T T 4} |. an

Theorem 4 : Let m and n be positive integers such that m|n.
Let @« and 8 be primitive elements of F,. and F,., respec-
tively. Assume that for an index set I, the sequence {&(#),

£=0,1,....,M—1) of period M=2"-1 given by
W)= 3 oia™)

has the ideal autocorrelation property. Let N o, be the number of
cyclically distinct extensions {c(#,t=0,1,...,N—1) of period N =
2"-1 with ideal autocorrelation property, given by

(0= T o7 (89,

where », 1<»<M~1, is relatively prime to M. Then we have

Nw=N; _e(N)

n

,

where ¢ ( - ) is the Euler’s phi function and N; is given in Eq.
.

Proof : In order to evaluate the number of cyclically distinct
extensions of period 2”-1 constructed from {b(t;)}, we need to
count the number of choices for y and r. The number of choices
for 7 is ¢ (N)/n, since y?and 7' give the same extension for
any j in the cyclotomic coset mod N containing i. If 7 7= 1,
then the extension associated with »=# is exactly the same as
the extension associated with »=»,. Thus the number of choices
for r is N, given by Eq. (11). Therefore, the number of cyclically
distinct extensions of period N constructed from |{b(t))} is given
by Nu=N; o(N)/n.

Concluding Remarks : It is very important to find the linear
span of a binary sequence in both theory and practice. So we
have a very natural question: What is the exact linear span of an
extension of period N = 2"-1 with ideal autocorrelation property, if
a binary sequence of period M =2"-1 with ideal autocorrelation
property has linear span L? There is an answer for the
m-sequences and the GMW sequences [14], but no others to the
best knowledge of the authors.
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