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CONDITION OF PSEUDOHYPERBOLIC STRUCTURE
JONGHEON KIM, GEORGE OSIPENKO

ABSTRACT. The paper presents results on the perturbation problem
of invariant manifolds of differential equations. It is well-known that
if there is a pseudohyperbolic structure on an invariant manifold then
one is strongly indestructible. The set of strongly indestructible invari-
ant manifolds is wider than the set of persistent (normally hyperbolic)
manifolds. The following theorem is main result of the paper: if the con-
dition of transversality holds on an invariant manifold, except, possibly,
for the non-degenerate strong sources and non-degenerate strong sinks,
then there is the pseudohyperbolic structure on the invariant manifold.
From this it follows the conditions for the indestructibility of locally
non-unique invariant manifolds. An example is considered.

1. Introduction
Let us consider a system of autonomous differential equations
(1) uw=Fy(u), ueR"

where Fj is a smooth vector field. Hereafter “smooth” means C! smooth.
We suppose My to be a compact connected C! submanifold invariant
for the flow system (1), k = codimM,. In the space of smooth bounded
vector fields {F} we introduce a topology generated by the C! norm
13

IFll = sup [F)l,  0F(w)] = max |F(u)el,
ugR" lvj=1

|OF|| = sup. |OF(w)l, [IF]ly = |Fll + [|OF].
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In order to introduce a topology in the space of smooth compact mani-
folds {M} C! close to M, we consider a construction of a tubular neigh-
borhood of M. Let E = {E(z): z € My} be a smooth field of planes
such that dimFE(z) = codimM, and E(z) is transversal to M, at x.
Thus, we have a vector bundle E with M, as a base.

LEMMA 1 [2]. For any vector bundle E there exists a vector bundle
E, such that the direct sum E® Ey = E* is diffeomorphic to My x R*t!,
€., E* is trivial,

THEOREM 1. A normally hyperbolic compact invariant manifold is
indestructible.

THEOREM 2. A persistent invariant manifold is normally hyperbolic.

In the condition of Theorem 1, a perturbed invariant manifold M
possesses the property of local uniqueness. Thus Theorems 1,2 give nec-
essary and sufficient conditions for a manifold to be persistent. However
there are equations for which indestructible manifolds are locally non-
unique, and hence, they are not persistent. For example, the equilibrium
point z = 0 of the equation z = 23, z € R, is indestructible and is not
locally unique by Mane [6]. In the paper we will consider a set of inde-
structible manifolds without the supposition of their local uniqueness.

2. Pseudohyperbolic structure

In order to state sufficient conditions of the strong indestructibility we
have to introduce the following notions. Stable and unstable subspaces
at a point € My are defined as

E’(z) ={y € T.N :|0U(t, J:)yl — 0,

10U (t, 2)y[|(0U) ' (t, 2)| — 0, ast — +oo},
E*(z)={y € TN : |6U(t,;r)y| — 0,

10U (, 2)yl|(8U0) " (¢, z)| — 0, ast — —oc},

We say that the condition of transversality is valid at * € My if

T.N = T, My + E*(z) + E*(x).
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The dimensions of stable and unstable subspaces may depend on z and
dimE*(z) + dimE"(z) > codimM,. It should be noted that if the
transversality condition holds on the whole manifold M, and the sum is
direct, i.e.,

TMy+E'+ E"=TM,® E®* ¢ B,

then Mj is normally hyperbolic. It is clear that the normal hyperbolicity
condition implies the transversality condition. As th example from (8]
show, the converse is not true, in general.

Let V be a trajectorically convex set of (1) contained in Mo, i.e., V
is such that the intersection of each orbit J of (1) and V is an interval
A(J) = {u = z(t) : t € (a,3)}, where z(t) is a solution corresponding
to J (the cases @ = —o0, = oo are not excluded). Points E, =
z(«), —o0 < @ and E, = z(3), # < oo are named an entrance and an
exit, respectively, § — a = |A(J)| is called a length of the arc A(J).
Henceforth, we will only consider closed trajectorically convex sets V,
for which the disposition of J and the boundary &V of V satisfies one of
the following conditions:

(i) JNOV = ¢,
(i) J N AV is formed by one or two points - the entrance and the
exit,

(iil) JNOV =JNV = A.
The set P(V) = {UA(J): JNAV = TNV = A(J)} is called a lateral
manifold of V. Then the equation (1) may be considered as a perturba-
tion of the linearized system defined on the vector bundle E:

(2) = f(z) + Dyfo(x,0)y,
¥ = o(x)y,

where D, fy stands for the partial derivative of fy with respective to y.
If system (2) has an invariant bundle E|y, V C Mj, then the invariance
of Ely yields Dyfo(x,0) = 0, i.e., system (2) on E|y takes the form

(3) i = f(r),
g = ola)y.

Let (X(t,z) + C(t,x)y, A(t,2)y) be a solution of system (2), where the
sum 1s realized by the exponential map on M. Obviously, a solution of
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system (3) is of the form (X(¢,z), A(t. z)y).

DEFINITION 1. System (2) is called pseudohyperbolic on the manifold
My if there exists an open covering = = {V; : ¢ =--1,0,1,--- .k, k + 1}

of My such that

(1)

(i)

(iii)

(iv)
(a)

each V; is a regular trajectorically convex set with respect to
system (2), V_, is a sufficiently small neighborhood of strong
non-degenerate sources and Vi, is a sufficiently small neighbor-
hood of strong non-degenerate sinks at which the transversality

condition is violated,

for each i, there exists an invariant continuous decomposition

of the bundle E|y; = E; into a direct sum E;, = E? ¢ E* and

i=dimEif —1<i<h=1,
if p € Vi, U(t,p) € V;\V;, then

DU(t,p)E(p) C E;(U(t,p)) as t>0,
DU(t,p)E!(p) C E}(U(t,p)) as <0;

there exist a, A\ > 0 such that
ifpeV,t>0 Ut p) eV, then for each i

|DU(t, p)I(DU°(t,p)) | < aexp(--At)
and

DUt p)| < aexp(~M) as i# -1,
if pe Vi, t <0, U(t,p) € Vi, then for each i

DUt p)I[(DU(t, p)) ™| < aexp(At)
and

[DU(t,p)| < aexp(M) as i #k+1,

where DU{ = DU|g:, DU} = DU

gr, DU® = DU|ry,.
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The sets V;,0 < ¢ < k, are called sets of hyperbolicity. The covering
= {V:} and decompositions {E; = Ef @ E*}, for which conditions
) — (2v) are satisfled, are called a pseudohyperbolic structure.

(2

The following theorem was proved in the work [15].

THEOREM 3. If there is a psecudohyperbolic structure on My then M,
is strongly indestructible.

Our goal is to prove :

THEOREM 4. If the transversality condition holds on the invariant
manifold My of (1) except, possibly, for strong sinks and strong sources
with nonzero indices, then the equation (1) on My possesses the pseudo-
hyperbolic structure. In addition, if strong sinks and strong sources are
non-degenerate, then the pseudohyperbolic structure is non-degenerate.

From Theorems 3 and 4 it follows

THEOREM 5. If the transversality condition holds on the compact
manifold My of (1) except, possibly, for non-degenerate strong sinks and
non-degenerate strong sources My is strong indestructible.

To make the proof transparent, we proceed with a summary of its
main fragments using the following example.

EXAMPLE. Normally nonhyperbolic invariant manifold on which the
transversality condition holds.

In R?, consider a differential equation, leaving. in the plane {z; = 0},
the unit circle § = M, invariant. On My, there are three equilibrium
points: A(0,0,1), B(0,1,0) and C(0,0,~1). The linearized equation at
A is of the form

.'1.31:217], i'2:;1‘2, Ii3=2$3.

Thus, the Lyapunov exponent along My is 1 and those along the subspace
normal to M, are 2. The linearized equation at B is of the form

Ty = -2, ITz=x2, z3=10
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and is of the form 3 = —22 in a neighborhood of B on Mj;. Thus,
the system is hyperbolic on the normal subspace at B. The linearized
equation at C is of the form

1 = -—21‘1, Iy — —I29, I3 = —2173.

We have that the stable E* and unstable E* subspaces at A, B and C
are the following:

(1) E*(A) is the plane {x2 = 0} normal to M,, E°(A) = {0},

(i1) E*(B) is the straight line {z; = 0,z; = 0}, E*(B) = {z3 =

0, Iy — 0}.,

(iii) E*(C) = {0}, E*(C) = {x, = 0}.
Thus, the transversality condition holds at A, B and C. The stable
subspace is defined by the behavior of the differential DU (t,p) as t —
+oo and the unstable subspace is defined by the behavior of DU(¢,p)
as t — —oo. Hence, for a point p € M, between A and B, E"(p) 1s
defined by B. Consequently, E*(p) is 2-dimensional disk transversal
to My and E*(p) is a straight line. Thus, E°(p) + E*(p) + TM,(p) =
R® and the transversality condition holds at each point of M,. The
covering X1 consists of Vp, Vi, V,, which are neighborhoods of A, B and
C, respectively. The set V}; has two points of exit and has no point of
entrance, V7 has a point of entrance and a point of exit, V; has two points
of entrance. The stable and unstable subbundles E?, E¥, (: = 1,2)
are the extensions of the stable and the unstable subspaces of A, B,C,
respectively. We may choose E{, E¥ so that the inclusion E} C E{ holds
on Vy N Vy and the inclusion EY C E3 holds on Vo N V.

3. The proof of theorem 4

The proof of theorem 4 is based on a sequence of lemmas stated
below. Previously, we need to give a notation of the chain-recurrent set
of equation (1) on Mj [1]. The set of all chain-recurrent points is called
the chain-recurrent set of equation (1) on M, and is denoted by CR.

LEMMA 2[3]. Let the transversality condition hold on an invariant
closed set @ C My. Then

(i) theset A={p€ Q: E,+E; = E;®E,} is invariant and closed,
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(i1) the decomposition TR"|y = TM|s + E®|5 + E¥|5 is continuous
on A,

(iii) each set A; = {p € A:dmE; =i}.(: =0.1,--- ,k = codim M)
is invariant and closed,

(iv) every chain-recurrent orbit contained in @) is contained in \,z.e..
Q NCR C A,

(v) if there exists an orbit ¢ such that ¢ € A, ¢(t) — A;, fort — —oc
and ¢(t) —» A,;, fort — +oc then iy > 1.

LEMMA 3[14]. Let the transversality condition hold on an invariant
closed set ) C M,. For cach A; there exist a and A > 0 such that for

D € /\i’

|DU(t,p)| < aexp(—At),
[ DU*(t. p)(DU°(t. p)) ™' | < aexp(—At),
fort > 0, and
[DU"(t,p)| < aexp(At),
DUt p)I(DU°(£,p)) 7| < aexp(At),
fort < 0.

LEMMA 4[4]. Let the transversality condition hold on an invariant
closed set Q C M,. If an orbit ¥ is contained in a sufficiently small
neighborhood of A; then the transversality condition holds on ~, E*(p)+
E'(p) = E*(p) ©® E*(p) for p € y, and dim E*(p) = i, i.e.. 7 C A;.

We obtained the following lemma from lemma 2[14].

LEMMA 5[14]. If the neighborhood V; of A; is sufficiently small then
there exists

(1) an invariant decomposition
TRn’vi = Tﬂf()lv,. & Ef e E‘lu ,

where E? |y, = E°|5, and E

A= EY]a,.
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(11) constants a and A > 0 such that

IDU(t, p)| < aexp(—At),

[DU(t, p)||(DU°(t,p)) | < aexp(—At),
fort >0,pe V,,U(t,p) eV,

|1DU™(t.p)| < aexp(At),

DUt p)|[(DU°(£,p1)~"| < aexp(A),
fort < 0,peV;, Ult,p)e V.

COMPLETION OF THE PROOF OF THEOREM 4. The constructed fam-
ily {V;} form a covering of M;. Conditions (i)—(iv) of the pseudohyper-
bolic structure hold by construction. As for condition (iv), notice that
for each initial neighborhood V; this condition holds by Lemma 3. Since
a new neighborhood is obtained as an extension of V; at a finite time 7,
the inequalities involved in condition (iv) also hold on this new neigh-
borhood with the same constant A, while a constant a may increase.
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