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APPROXIMATE JORDAN MAPPINGS ON
NONCOMMUTATIVE BANACH ALGEBRAS

YOUNG WHAN LEE AND GwaNG Hul KM

ABSTRACT. We show that if T is an e—approximate Jordan functional
such that T(a) = 0 implies T(a?) = 0 (a € A) then T is continuous and
[IT]} € 1+ ¢e. Also we prove that every e—near Jordan mapping is an
g(e)—approximate Jordan mapping where g(¢) — 0 as ¢ — 0 and for
every € > 0 there is an integer m such that if T is an -~ —approximate
Jordan mapping on a finite dimensional Banach algebra then 7' is an
e—near Jordan mapping.

1. Introduction

A Jordan functional on a Banach algebra A is a nonzero linear func-
tional ¢ such that ¢(a?) = ¢(a)?. Every Jordan functional ¢ on A is
multiplicative[l]. A linear map T from A into a Banach algebra B is an
¢—homomorphism if for every a,bin A

[T(ab) = T(a)T(b)|| < ellalll|].

In [2, Proposition 5.5 |, Jarosz proved that every ¢ —homomorphism from
a Banach algebra into a continuous function space C(X) is necessarily
continuous. In[3], Johnson proved that other theorems about continuity
of homomorphisms extend to generalized homomorphisms.

DEFINITION 1. A linear mapping 7 from a Banach algebra A into a
Banach algebra B is an ¢ —approximate Jordan nmapping if for all a in A

IT(a®) — T(a)?|| < ellall®.

If B is the complex field, then T is called the s—approximate Jordan
functional. Note that if T is an approximate Jordan functional on a
commutative Banach algebra, then T is an approximate homomorphism.
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THEOREM 2. Let T be an e—approximate Jordan functional on Ba-
nach algebra A such that T(a) = 0 implies T(a?) = 0 for all a in A.
Then |T|| <1+e.

PROOF. Let A be a Banach algebra and T a generalized Jordan func-
tional on A. If A does not posses a unit, then we can extend T to
A @ {)e} by putting T(a + Ae) = T(a) + A and the extended T is still a
generalized Jordan functional. Thus without loss of generality we may
assume that A has a unit.

Suppose that T is discontinuous. Then Ker(T) is a dense subset of
A . Since the unit element 1 is in the closure of Ker(T), we can choose

¢ € Ker(T) such that ||c — 1]| < 1. Then c is invertible, and ¢~' =

1432, (1—=¢)™ Andso fle™!|| € 7=i—=7 < 3. Let b = 7er € Wer(T).

e =
Then b~! = ||c|/[c™! and ||p7 ]| < 2. Put | T(b7!) |= aand | T(b7%) |= 3.
Note that for every z,y in A,

| T ((z+y)*) — (T(z +y))* | =| T(zy + yz) — 2T(2)T(y) |
< e(llzl® + 2l iyl + v ll?)

If 5! is not in Ker(T) , then for every a in A with ||a|| = 1,

| T(a) | = 5 [ 2T(@)T(b™) |

< (| 27(@)T(b™") = T(ab™" +b™'a) |
LY

+ | T(bb‘lab—] + b—lab"lb) — 2T(b_lab_l)T(b) )
< 1—75.
«

Thus T is bounded and it is a contradiction. Therefore b=! is in Ker(T).
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By assumption, b=2 is in Ker(T). Then for every a in A with [|a|| = 1,
| T(@) 1<3( T(a+ b~"ab) | + | T(a+ bab™") |
4| T(b"ab+ bab™") |)
:%u T(a+ b~'ab) — 2T(b~"a\T(b) |

+ | T(a+ bab™') — 2T(ab™ "} T(b) |
+ | T(b~ ab + bab™') — 2T (bab)T (%) |)

Thus T is continuous.
Now let = be any element of 4 with |[z|| < 1. We have

| T(2?) - T(z)* |< e.
Thus
| () | - € <| T(2?) |< |IT)|
and so
IT|I* — e < |IT)-
This proves ||T|| <1+e¢.

COROLLARY 3. Let X be a compact Hausdorff space and C(X) the
set of all continuous complex valued functions. If T is an e— approximate
Jordan mapping from a Banach algebra A into C(X ) such that T(a)(z) =
0 implies T(a®)(z) = 0 (a € A, z € X), then T is continuous and
IT|| <1+e.

Proor. For every z in X we define a linear mapping T, : A — C by
T:(a) = T(a)(x). Then for every a in A,

| Ta(a?) = (Tx(a))? |< |IT(a?) = (T(a))"] < ¢]lal|”
and if T;(a) = 0 then T;(a?) = 0.
By Theorem 2, ||T,|| < 1+4¢. Thus
| Te|l = sup [[T(a)(@)|| = sup |Tz(a)l| < (1+¢)lz]|
zeX reX

and so ||T)| < 1+e.
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DEFINITION 4. A continuous linear map T between Banach algebras
is an e—near Jordan mapping if ||T — J|| < ¢ for some Jordan mapping

J.

PROPOSITION 5. Every e—near Jordan mapping between Banach al-
gebras is a g(¢)—approximate Jordan mapping where g(e) — 0 ase — 0.

ProoF. If T is an e—near Jordan mapping from a Banach algebra A
into a Banach algebra B. Then there exists a Jordan mapping J such
that |7 — J|| < . Then for every a in A

IT(a*)~(Ta)?|| < | T(a®) = J(a®)l| + [(Ta)® — (Ja)?|
< ellall® + | T(a) = J@IT (@) + | T T(a) = I(a)]
< (e + el Tl + el D) all*.

THEOREM 6.. For every ¢ > 0 there exists an integer m such that
every —=—approximate Jordan mapping on a finite dimensional Banach
algebra is an ¢—near Jordan mapping.

PROOF. Let J(A) be the set of all Jordan mapping on a finite dimen-
sional Banach algebra A, BL(A) the set of all bounded linear mappings
on A, and let for each J in BL(A)

J(J) = if{|| T — J||: T € J(A)},
C={JeBL(A):j(J) 2 ¢},

and

Gn={J € BL(A): sup ||J(a?) - J(a)?|| > %}.

lali<t

Since C is a closed subset of a finite dimensional space BL(A), C is com-
pact. Suppose that there is a sequence {J,} in G,° such that J,, — J.

Let ¢’ > 0 be given. We can choose n such that ||J — J,|| < a—m
Then
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sup [|J(a®) = J(a)’|

llali<1

< ”Sﬁgl(lu — Talllall® + 17 (@17 = Tullllall + [ 7a(a)I[]]

— Tallllall + | Tn(a®) = Jn(a)*|)
S+ I+ I IDIT = Tull + e, 1Ta(a®) = Tn(a)?|

<e' +ne

Since &' was arbitrary, sup ||J(a®) — J(a)?|| < ne and so J € G,°.
llall <1
Therefore G,, is open. Note that

C c BL(A) \ J(4) C G G
n=1

Since C is compact there is m such that C C Gr. If T € G7, then
T € C°. That is, if T is an = —approximate Jordan mapping then T is
an ¢—near Jordan mapping.
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