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MULTIPLIERS IN THE FOURIER TRANSFORM
OF DISTRIBUTIONS OF RAPID GROWTH

DAE HYEON PAHK, BYUNG KEUN SOHN AND SUN Woo IM

ABSTRACT. Let K, be the space of distributions on R™ which grow no
faster than eM(52) for some k > 0 and an index function M(z) and K},
be the Fourier transform of K/,. We establish the characterizations of
the space Op (K, ; K),) of multipliers in K},

Let K',; be the space of distributions on R" which grow no faster
than eM(*%) for some k > 0 and an index function M(z) and K}, be
the Fourier transform of K';. In [4], we established the characteriza-
tions of the space On(K'y;Khy) of multipliers in K%, and introduced
the space Op(K'y; K';) of multipliers in K';. Therein we also investi-
gated the relation between O p( K'y,; K',) and the space Op (K'Y ; Kyy) of
convolution operators in K, by the Fourier transform. In this note, we
establish the characterizations of Oy (K ,; I}, . This is a continuation
of our works in [4].

Before presenting our theorems, we recall the basic facts about the
space Ky, and K. For further details we refer to [3].

The space K. Let u(€)(0 < § < oo) denote a continuous increasing
function such that u(0) = 0, u(o0) = co. For z 2> 0, we define

M) = [ et

The function M(z) is an increasing, convex and continuous function
with M(0) = 0, M(oc) = oo. For z < 0, we define M(x) to be M(~z)
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and for z = (z',2%,--- ,z") € R",n > 2, we define M(z) to be M(z')+
M(z?)+---+ M(z™). Now we list some properties of M(z) which will
be used in the proof,

(1) M(z)+M(y) <M(xr+y) forallz.y>0
(11) M(x+y) < M(22)+ M(2y) forall z,y >0

Let K be the space of all C*°-functions ¢ in R™ such that

Vi(¢) = sup eMk2) | Ded(ryl<oc, k=1,2,3,---
r€ERMT
lal<k

where D% = D{"* --- D% and D, = i“l(ailj). Provided with the topol-
ogy defined by the seminorms Vi, K is a Frechet space. The dual K,
of Ky is the space of all continous linear functionals on KKy 1s en-
dowed with the topology of uniform convergence on all bounded sets in

Kum.

The space K),. For ¢ € K, the Fourier transform

2 = / ¢TI<E> (2 ) da

can be continued in C™ as an entire function of ( = £ +in € C" such
that

Wk((;) = sup (14 | ¢ |)ke F) ] $(g) < oo, k=1,2--- (1)
¢ecn

where (y) is the dual of M () in the sense of Young. Q(y) has the same
properties with M(x). If Ky is the space of all entire functions with
the property (1) and the topology in K is defined by the seminorms
wg, then the Fourier transform is an isomorphism of K s onto ;. The
dual K}, of Kps is the space of the Fourier transform of distributions
in K. For u € K'Y, the Fourier transform  is defined by the Parseval
formula. We introduced the space of multipliers in ', by the following
in [4];
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DEFINITION 1. We denote by Op (K}, ; K}y) of all 9 € O extend-
able over C'™ as entire functions such that there exist by ¢ N and C; > 0
such that

| Q) < Ci(14 | ¢ e Hw)
where ( =&+ e C".

/e define on Op(K),; I},) the topology, 7, by the family of semi-
norms
oy (g) = sup (14 | (e @) |4 g |
cecn
where ¢ € Ky For o € Opy(Ky, IK(y,) and T € K, we define the
product $T by

<YPT,g >=< T, g > for g€ K.

We present the characterizations of the element of Opz(I),; KY,)
which correspond to that of the element of O (K',; K",) in [1] [4].

THEOREM 2. Let ¢ be an entire function. The following statements
are equivalent :

a) There exist an integer k, and a positive real number Cy such that
g P
| (0 IS Ca(14 | ¢ Phre™ ).
(b) The linear mapping ¢ — g from Ky into Ky is continous.
¢) The linear mapping T — T from K, into K, is continous.
pping M M

PROOF. This will follow the following implication (a) = (b) & (c¢) =

(a) = (b). This implication follows Theorem 7 in [4].

(b) = (c). For ¢ € Om(Ky,; Kyy), T is well-defined as a linear
functional on K by the definition of T. Since Kps is bornological in
[2] and K pis topologically isomorphic to Kps, ¥y is also bornological.
Hence to show the continuity of T as a map from K s to C, it suffices
to show that it is sequentially continuous. Let {¢;} be a sequence in Ky
which converges to 0. By hypothesis and the continuity of T € K,

<yYT,q; >=<T,1pg; >— 0
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Hence #T is a continuous linear functional on K. And by the hy-
pothesis, the map T' — 9T is sequentially continuous. But since Ky is
bornological in [2] and K}, is topologically isomorphics to /CM K, is
also bornological. Thus the map T — T from K’ u into K}, is contin-
uous.

(c) = (b). Define Ay : T —»< ¥T,g >=< T,¢g > for every g € K.
By the hypothesis, A, is continous. Hence A, € KY,. Since Ky is
reflexive in [2], Ky is also reflexive. Hence there exist ¢ € K so
that Ay(T) =< ¢T,g9 >=< T,¢pg >=< T,¢ > for all T € K}, ie.,
g = ¢ € Ky for all ¢ € Kypy. Since Ky is metrizable and reflexive
and YT € K, for all T € K}, the map g — g from Ly into K is
continuous.

(b) = (a). We remark that the condition (a) is implied by the follow-
ing condition ; there exist &y € N and L > 0 so that for ( = { +in € C™
with | [> L

[ 9 [ (1 [ e (2)
Indeed, if (2) holds, (a) is satisfied for C; = max{supqecn | ¥(C) ], 1}.

The proof will be by contradiction. Suppose (2) does not hold Hence
by induction, we can find a sequence {(;} in C™ with | (;4, |>| ¢, | +2
such that

(G 1> (1 [ ¢, [P

where (; = £; +in; € C™. Let v € CX(C™) be such that 0 < y <
1, suppy C B(0,1), the ball centered 0 with radius 1, and 4(0) = 1. For
¢=("+in', & +in’ - €7 +in") and {5 = (6] +in}, E+ink, -, €+
in}'), we define

where
C=G= W& +in") = (& + i) (€7 + ™) = (& +n}).

The sum is well-defined, since the support of the functions ~(¢ ~ ¢j)
are disjoint. Then ¢, is an entire function for all j = 1,2,3,---. Now we
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will prove that (¢;) converges to 0 in K'p as j — oo, but (¢;¢) does not
converges to 0 in K as j — oco. Here a sequence (¢;) converges to 0
in K as j — oo means that the norms of ¢; in Ky, wi(¢,), converges
to 0 as j — oo. Indeed, by the properties of Q(y) which is the same as
M (z) and the support of «,it follows that for any & € N,

wi(9;) =s12p(1+ ¢ DR | 65(0) |

Rl (Sl SYRETECY
A+ (Gl )
§S12p(1+ | ¢ =G DM =G+ ¢ k=T =R

=sup(1+ | ¢ |)Fe= 2B (
¢

<21+ ¢ D
—0 as j — oo

But since we have

(141 ¢ D53 | 6,(¢00(¢) |

> (L] ¢ P B (14 | ¢, yem 000
> (14 | ¢ |)k+jeﬂ((%—2—‘;)|ml)

— 00 as j — oo,

wi(¢;1) does not bounded. Hence ¢;1 does not converges to 0 in
K as j — oo. This contradicts the condition (b).

From the above theorem, we can provide Oy (K},; Iy, ) with two
more topologies. The first one, 7, is the topology induced on it by
the space of all continuous linear maps from Ky into Ip provided
with the topology of uniform convergence on bounded subsets of I{y;.
The second one, 7§, is the topology induced on it by the space of all
continuous linear maps from K}, into K, provided with the topology
of uniform convergence on bounded subset I\'ps. Moreover, we can also
provided Op(I},; K},) with 7,, the topology of pointwise convergence
on K. Since Kp(resp.I},) has the same topological properties with
Ku(resp.Kh,) and wi(vg) = ogx(v) for ¢ € Op(Lyy; Kyy) and g €
K py, we have the following theorem by the same method in {1].
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THEOREM 3. The topologies T, 1,, 7 and 7, on Op(K',; Kh,) are
equivalent.

THEOREM 4. We have the inclusions
Ky — Op(Kjy Kyp)

with continuous imbeddings. Moreover Ky is dense in Op(IK},; K.

PROOF. Let v € Op(K}y; K)y) and ¢,9 € Kpy. It is clear that
Ky € Opm(K)y;; KYy). Since Ky is a bornological space, it suffices to
show that the embedding is sequentially continuous. The inequality

oox(g) = s%p(1+ | ¢ ke 2B | 6()g(C) |
su le_ﬂ(fl’?) 3
< (sup(1+1¢1) (¢ 1)

X (s%p(l-k | ¢ )¥*e= 2G50 | 4(0) ‘)

= war(@)warlg)
< C¢w2k(g)

implies that the embedding is sequentially continuous. Now, we shall
prove the second assertion. For ¢ € Op(K),; K, since ¢ is also in
C* and CZ° is a dense subspace of C'®, there exist a sequence {v,,} in
C° such that ¥, — ¢ in C™. Sinceforalln € N, ¢y, € C®, ke N
and ¢ € Ky, there exist Cy j », which is dependent on ¢, & and n such
that

s%p(1+ ¢ DFe 8 | 6(O¥n(€) IS Cynn (3)

This inequality imply that given £ > 0, there exists M > 0 such that
for all n € N and ¢ with | |> M,

sup(L [ ¢ e [ 8(Cpn(() [< ¢ (4)
Indeed, suppose that (4) is false. Then for some two k¢ and ny in N,

there exist €9 > 0 and a sequence {(;} with | {; |— oo as j — oo such
that
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(14 1 ¢ R 2E) | 69(C10ms (C,) 12 o

where (; = &; +1m; € C". For ky > ko,

' —Ql{— ) /
I+ 1 ¢ DM 50 | @o({5)0no(¢5) |
> (14 ] ¢ reem@E) AT TRID

1 .
R

| d0(€)%ny (¢5)

> ep — 00 as j — 00,

which is contradict to (3). Now since ¢, — ¢ in C>,
sup(1+ ¢ )™ [ 60O 1< Coen

Hence by above process, for { with | ¢ |> M,

sup(14 | ¢ e | G(Ou () < e (5)

On the other hand, since ¢, — ¥ in C°°, ¥, converges uniformly to f
on the compact set {¢( € C" :| ¢ |[< M}. This implies that, given ¢ > 0,
there exists ng € N such that for all n > ng and ¢ with | { |< M,

sop(L+ | ¢ "™ | (O — w0 < e (6)

Our last three inequalities (4), (5) and (6) implies that given £ > 0,
there exist ny € N such that for all n > ny,

sup (14 [ ¢ ¥e 8 | (O (9 —¢)(C) |< €.
fecn

Thus ¢, — ¥ in Op (K Ky ).
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REMARK. We can show that ¢ € Op(L); I};) defines an clement
of I(},, i.e., Oy (K3 KYy) C K}y
Indeed, for ¢ € Ky and sufficiently large k,

<6 >|=| /¢<<)¢(<)d< |
< /<1+ | ¢ DR B [ w(¢) | (14 | ¢ re¥E | 4(¢) | d(| ¢ 1)
< wk(¢>/<1+ | ¢ TR () 1] ¢ )

< Cin(®) [ ¢ ke R g ¢ )
= Clw(4).

But we did not succeed to prove the continuity of the imbedding
Om(K},; Ky) — K,

THEOREM 5. Let g € Wy The map Ay from Op(K},; V), ) into
Onm (K45 KYyy) which maps ¥ to gy is continuous.

PROOF. Clearly the map A, is well-defined. Since Op(KY,; KY,) is
bornological by the similar method in [2] and [5], it suffices to show that
the map A, is sequentially continuous. Since wi(g-h) < wor(g)wai(h) for
g, h € Ky, g-h € Ky, Then the equality o x(g7)) = ogh k() h € Kp,
implies that the map A, is sequentially continuous.

REMARK. Since wi(vg) = o4x(¥) for ¢ € Op( K3 K),) and g €
K, the mapping ¢ — g from Opn(K),; K),) into K and hence
the mapping ¢ — ¢T from Oy (K}, K}),) into Ky, for T € K}, are
sequentially continuous. Hence since Op(K},; KY,) is bornological, we
have the following by combining with Theorem 2.

The bilinear mapping

Om(Khy; K') x Ky — Ky
(¥, g) +— g

and
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Om(Kiy; Khy) x Ky — K,
(v, T) r— 9T

are separately continuous.
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