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HOMOGENEOUS C*~-ALGEBRAS OVER A SPHERE
CHUN-GIL PARK

ABSTRACT. It is shown that for 44 .. a k-homogencous C*-algebra
over 5271 x S1 such that no non-trivial matrix algebra can be
factored out of Ak, and Ag ,, @ M;(C) has a non-trivial bun-
dle structure for any positive integer I, we construct an Ag m,-
C(8?" 1 x 8') ® Mi(C)-equivalence bimodule tc show that ev-
ery k-homogeneous C*-algebra over $2*~1 x S! is strongly Morita
equivalent to C(S°"~1 x S1). Moreover, we prove that the ten-
sor product of the k-homogeneous C*-algebra Ay ,, with a UHF-
algebra of type p°° has the trivial bundle structwe if and only if
the set of prime factors of k is a subset of the set of prime factors
of p.

1. Introduction

In [9], the authors showed that the group [S*", BPU (k)] of ho-
motopy classes of continuous maps of $?" into the classifying space
BPU (k) of PU(k) classifies k-homogeneous C*-algebras over 52", and
that the set [S?" ! xS, BPU (k)] classifies k-homcgeneous C*-algebras
over S?"~1x S, k-homogeneous ('*-algebras over S™ were constructed
in [5], and k-homogeneous C*-alzebras over 5% ! x S! were con-
structed in [7].

It is well-known that for M a finite dimensional CW-complex, the
Cech cohomology group H3(M, 7Z) classifies tensor products of k-homo-
geneous C*-algebras over M with the C*-algebra }2(H) of compact op-
erators on a separable Hilbert space #, and (cf. [1]) that the Cech
cohomology group H3(M,Z) is isomorphic to the singular cohomology
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group H3(M,Z) if M is triangularizable. The Cech(zsingular) coho-
mology group H3(S?",Z) = {0}, and the Cech(:singular) cohomology
group H3(§2n—1 x g1 Z) = {0} if n # 2. And the C‘ech(zsingular) co-
homology group H3(S5% x §1,7) =~ H3(83,Z) = 7, which corresponds
to the set of tensor products of K(#)-homogeneous C*-algebras over
S3 with C(S?) for H a separable Hilbert space. Thus the tensor prod-
ucts of k-homogeneous C*-algebras over S2* (resp. §27-1 x § 1Y with
K(#) are isomorphic to C(S%™) ® K(#) (resp. C(S5?" 1 x SHQK(H)).

In [3], the authors proved that A ® K(#) is isomorphic to B ®
K(#) if and only if there exists an A- B-equivalence bimodule defined
in the first section. In this case, we say that A and B are strongly
Morita equivalent. In [2], M. Brabanter constructed an An-C(T?)-
equivalence bimodule to prove that every rational rotation algebra is
strongly Morita equivalent to C/(T?2).

We are going to construct an equivalence bimodule to show that ev-
ery k-homogeneous C*-algebra over §2» (resp. S27~1 x S1) jg strongly
Morita equivalent to C(S*") (resp. C(S?"~1 x S1)).

Thomsen computed in (10] the homotopy group of equivalence classes
of maps of S™ into the classifying space of the automorphism group
of an infinite dimensional U H F-algebra: let U = Qo1 M, (C) be a
UH F-algebra where {p; | i € N} is a sequence of prime numbers. Let
P denote all the prime numbers. For each p € P, we define

fp)=#{i cN|p=p;]}.
Then for n even
[S™, B(Aut(U))] = HpeppZpsw,

where P = {pc P |0 < f(p) < oo} (interpreted to mean the trivial
group if Pp = @). For n odd, [S", B(Aut(U))] = {0}. This result
clarifies the bundle structure of k-homogeneous ("*-algebras over S™
with a U H F-algebra of type p*.

By a different trick, we are going to investigate the bundle structure
of k-homogeneous C*-algebras over S2" with a U A F-algebra of type
p>°. Furthermore, we are going to study the bundle structure of k-
homogeneous C*-algebras over §27~1 x §! with a [/ HF-algebra of

type p™°.
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2. Strong Morita equivalence for k-homogeneous C*-algebras
over S?" and S?"! x §t

For a separable Hilbert space H, [S™, BPU(H)| = [S™~!, PU(H)]
and PU(H) is a K(Z, 2)-space, so every K(H)-homogeneous C*-algebra
over S™ has the trivial bundle structure if n # 3. And Woodward [11]
proved that [S3, BPU(k)] injects to H%(S3, Zx) ® H*(S3,Z) = {0},
so every k-homogeneous C*-algebra over S3 is isomorphic to C(S%) ®
M (C). Thus every k-homogeneous C*-algebra over S™ is stably iso-
morphic to C(S™), i.e., every k-homogeneous C*-algebra over S™ is
strongly Morita equivalent to C(S™).

DEeFINITION 2.1 [8]. Let A and B be C*-algebras. By an A-B-
equivalence bimodule is meant an A-B-bimodule on which are defined
an A-valued and a B-valued inner product such that

(1) <~T,y>AZ:.’E<y,Z>3, \V/.'L‘,;f/,ZEX,

(2) the representation of A on X is a continuous *-representation
by operators which are defined for (-,-) g, and similarly for the
right representation of B,

(3) the linear span of (X, X}, which is an ideal in B, is dense in
B, and similarly for (X, X} 4.

We say that two C*-algebras A and B are strongly Morita equivalent
if there exists an A-B-equivalence bimodule. It is shown in [3] that if
they are separable, then they are strongly Morita equivalent if and only
if A® K(H) is isomorphic to B ® K(H).

Note that Brabanter constructed an An-C (T?i-equivalence bimod-
ule using the structure of the rational rotation algebra Am.

Since the condition over the boundaries S' on sections of a k-
homogeneous C*-algebra over S? is the same as the condition over the
boundaries S' on sections of a suitable k-homogensous C*-algebra over
T2, one can modify the construction given by Brabanter to construct
a Bn-C (S?)-equivalence bimodule. But we are going to construct a
B %—C(SQ)—equivalence bimodule using a slightly different trick.

For n a positive integer (n > 1), [S*", BPU (k)] = [S*"1, PU (k)] =
Z, which is a cyclic group. So the group has a generator, and there
is a unitary U(z) € PU(k) such that the generating k-homogeneous
C*-algebra over 5%" can be realized as the C*-algebra of sections of a
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locally trivial C*-algebra over S2" characterized by the inner automor-
phism of the unitary U(z) € PU(k) over the boundaries S2"-1. Here
PU(k) = Aut(M(C)) = Inn(My(C)). If (k,m) = p(|p| > 1), then we
consider the k-homogeneous C*-algebra over S?" as the tensor product
of M,(C) with a %—homogeneous C*-algebra over S?, which is char-
acterized by the inner automorphism of the unitary U (2)* e PU( %)
Consider U(z)™ as U(2)7 ® I, € PU(k). Then every k-homogeneous
C*-algebra over §?" can be realized as the C*-algebra of sections of a
locally trivial C*-algebra over S2" characterized by the inner automor-
phism of the unitary U(z)™ € PU(k) over the boundaries S2*~!. See
(5] for details.

Throughout this paper, we will denote the n-dimensional northern

hemisphere (resp. the n-dimensional southern hemisphere) by e’ (resp.
e").

PROPOSITION 2.2 [5]. Every k-homogeneous C*-algebra over S2"
is isomorphic to one of the following C *-algebras By, = C, (6_2[" I

™, My(C)), m € Z, given as follows: if f € Bk,m, then the following
condition is satisfied

f+(2) =U(z) ™ f()U(2)™

for all z € §%"~1, where U(z) € PU(k) = Inn(My(C)) is a suitable
projective unitary.

[S2" BPU(H)] = (8?71, PU(H)] = {0}, so every k-homogeneous
C*-algebra over S? is strongly Morita equivalent to C(S$?"). However,
we don’t have any equivalence bimodule constructed before.

THEOREM 2.3. The k—homogeneous C*-algebra B, over S?" jg
strongly Morita equivalent to C(S%").

Proof. We are going to construct a Bi,m-C(5%™)@ M, (C)-equivalence
bimodule.

Let X = {f € C(e2" L e, My(C)) | fo(2) = U(z)™f (o)),
where U(z) is given as above. The space X is a left By ,,-module if
module multiplication is defined by matrix multiplication F' - z, where
F = (fij)szl € Brm and z € X. If f € C(S5%") ® My(C) and z ¢ X,
then z - f defines a right C(5?") ® M}, (C)-module structure on X. We
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define By, and C(S?") ® My (C)-valued inner products (-, ) g, ,, and
{2 )orsmmeme(c) on X by

VB =2 ¥ & ZT,¥cisTeMc) =T Y

if z,y € X and we have matrix multiplication on the right. Equipped
with this structure, X becomes a Bk,m—C(SZ”) ¢ M(C)-equivalence
bimodule. So By ., is strongly Morita equivalent to C(S*") ® M (C),
which is strongly Morita equivalent to C(S?").

Therefore, By ., is strongly Morita equivalent to C(S%"). O

We have obtained that every k-homogeneous C “-algebra over S2" is
strongly Morita equivalent to C(5%").

In [7], the author showed that every k-homogeneous C*-algebra
over $?"~1 x §! is isomorphic to one of the following C*-algebras; k-
homogeneous C*-algebras whose restrictions to §?"~1 — §2n=1 x §1
are k’-homogeneous C*-algebras over §2"~! (k'|k), and which corre-
spond to k-homogeneous C*-algebras over S$?" with respect to the
boundaries S2"1 of $27~1 x [0,1] and e%" Il e*". See [7] for details.
It is well-known (cf. [5, T1) that for a k’-homogeneous C*-algebra
A over §?"" ! there is a matrix algebra M;(C) such that A ® M;(C)
has the trivial bundle structure. So for a k-homogeneous C*-algebra
A over §2"1 x S, there are a k-homogeneous C*-algebra Ag ,, over
§27=1 x S! and a matrix algebra M, (C) such that 4® M;(C) is isomor-
phic to Ak, ® M;(C), where Ag ., is a k-homogenecous C*-algebra over
§2n=1 % 81 whose restriction to $*~! has the trivial bundle structure.

From now on we will only consider the k-homogeneous C*-algebras
over 52771 5 §1 whose restrictions to $?*~! have the trivial bundle
structures.

PROPOSITION 2.4 [7]. Every k-homogeneous C" -algebra over S*" ! x
Sl whose restriction to S?"~! has a trivial bundle structure, is iso-
morphic to one of the following C*-algebras Ay, = C,, (S*"! x
0,1], M (C)), m € Z, given as follows: if f € A.,,, then the following
condition is satisfied
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for all z € S*"~1, where U(z) € PU(k) is given in the statement of
Proposition 2.2.

Since the condition over the boundaries S2*~' of §2n~1 x [0,1] on
sections of a k-homogeneous C*-algebra over $27-1 x §! ig the same
as the condition over the boundaries §2*~1 of ei” and e2” on sections
of a suitable k-homogeneous C*-algebra over S", one can modify the
construction given in the proof of Theorem 2.3 to construct an Ak m-
C(5%"1 x §Y) ® My(C)-equivalence bimodule, and one can show that

the unitaries U(2)™ represent the By .

THEOREM 2.5. The k-homogeneous C*-algebra Ay ,,, over §2n~1 x
S! is strongly Morita equivalent to C(§%-1 x §7).

We have obtained that every k-homogeneous C*-algebra over §27—1
xSt is strongly Morita equivalent to C(§2"~1 x 51),

3. The K-theory of k-homogeneous C*-algebras over a sphere

Since every k-homogeneous C*-algebra over S“7 ig strongly Morita
equivalent to C(5?"), the K -theory of a k-homogeneous C*-algebra,
By, m over 5?" is isomorphic to the K-theory of C'(§%"). Thus Ko(Bj. )
= 72 and Ky(Bgm) = {0} since Ko(C(S8?*")) =~ 72 and Ki(C(8™))
= {0}.

LEMMA 3.1. Let By be a k-homogeneous C* -algebra over S%" of
which no non-trivial matrix algebra can be factored out. Ko(By m) =
Ko(C(S?™)) = 72 and K1(Br,m) = Ki1(C(S*™), = {0}. The class
[1B,.,] of the unit 1p, , is a primitive element of Ko(By ).

Proof. We know that By, m is strongly Morita equivalent to (§27).

So Ko(Bkm) = Ko(C(5?")) ~ 72 and K1(Br,m) = Ki(C(S5%)) =
0}.

{ It is enough to show that the class [1B,...] € K¢(Bk.m) is primitive.
The C(5%") can be embedded into the By.m, and the embedding of
the C(S%*) into the By, induces an isomorphisia of Kq(C(5%)) to
Ko(Bk,m). By the isomorphism [Le(s2ny] maps to [1p, | ] or [Le(s2n)).
If [1¢(s2n)] maps to (14, ], then (1B, ..] is primitive, since Le(semy) €
Ko(C(8?")) is primitive (see [6]). If [1c(s2n)) maps to [1¢(s2n)], then
1B,,.] = k[lo(s2ny], and so there is a suitable metrix algebra M, (C)
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such that 1p, . ® Jp = lo(s2n) ® [k ® Jp in the By m ® M,(C), since
k[1¢(s2n)] can be represented by the projection 1¢(s2n)®1k € C(S>")®
M;.(C), where I denotes the k x k identity matrix and J, denotes the
p x p matrix with components 0 except for the (1,1)-component 1.
Then

(1Bk,m ® Jp)is2n~l = (i(;(son) I, ® Jp)lSTn—l.

But (1Bk<m®t]p)ls2n~1 = 1C(52n—1)®Jp, and (1C(S‘.’n)®]k®q]p)i5‘2nfl =
lo(szn-1) ® Iy ® Jp. However, Thomsen [10] computed

Ton-1{Aut(M,(C) @ Myeo)) = Z/(kpZ),

when kp and q are relatively prime. This means that By, ® M,(C) is
not isomorphic to C(S%")® My, since if it is, then 7o, 1 (Aut( M, (C)®
M,e)) is trivial. But the By ,, corresponds tc the A m with re-
spect to the conditions on sections over the boundaries S§27-1 and
A4k,m §2n—1 = C(S2n_l), since if Ak,rniS2"~1 = C(Szn‘l) ® Mk('C),
then Ay, is isomorphic to C(5?"71) ® C(S') ® My(C), which is a
contradiction. So By y|gen-1 = C(S?"~1). Thus

(:lBk_m @ Jp)'S?n—-l # (lC(SB”) ®I; ® .;rp)|52n»1.

Hence 1g, , € Ko(Bk,m) is primitive.
Therefore, Ko(Bim) = Z?, K1(Bk.m) = {0}, and the class [1p, ]
of the unit 1p, . is a primitive element of Ko(Bk.m)- O

COROLLARY 3.2. Let [ be a positive integer. By ., ® M;(C) is not
isomorphic to C(S*") ® Mg (C).

Proof. Assume Bj ., ® M;(C) is isomorphic to C(5%") ® M (C).
Then the unit 1p, . ® I; maps to the unit 1¢(s2n) ® Ixs. So

1B, ® L] = [Les2ny ® Tl

Thus there is a projection p € By ,,, such that I[1p, | = (kl)[p]. But
Ko(Bim) = Z? is torsion-free, so [1p, ] = k[p]. This is a contradic-
tion.

Therefore, B, ® Mi(C) is not isomorphic to C(S5%™) @ My, (C). O
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Let A,m be a k-homogeneous C*-algebra over $2"~! x S! of which
no non-trivial matrix algebra can be factored out, i.e., k and m are
relatively prime. The k-homogeneous C-algebras Ay ,, over S2n—1 x
S1 are strongly Morita equivalent to C(S?"~1 x 81, so Ko(Ak,m) =
Ko(C(8?7~1 x §1)) >~ 72 and K1(Akm) = K (C(8?71 x S1)) =72

We are going to show that the class la,..]€ Ko(Ag ) is primitive.

LEMMA 3.3. Let Ag,m be a k-homogeneous C*-algebra over S4"—1x
S given in the statement of Proposition 2.4 whose restriction to S2n—1
is isomorphic to C(S?"*~1). Then Ko(Arm) = K1 (Ak,m) = Z2. And
the class [1a, .| € Ko(Ag.m) is primitive.

Proof. We know that Ay, ,, is strongly Morita equivalent to C'(S527~1
xS1). So Ko(Apm) = Ko(C(58%"~1 x S1)) = 72 and K (Akm) =
K (C(S*~1 x §1)) > 72,

So it is enough to show that the class [La,..] € Ko(Ak,m) is prim-
itive. The C(S?™~! x §1) can be embedded into the Ak.m, and the
embedding of the C(52"~1 x §1) into the Ak, m induces an isomorphism
of Ko(C(S? 1 x 81)) to Ko(Ak,m). By the isomorphism Le(sn-15g1)
maps to [14, ] or [1C(Sznﬂxgl)fﬁ, If [lc(szn-xxm)} maps to [14, ],
then [14, | is primitive, since [},(;(Szn—lxsx)} € Ko(C(8%"1 x 1Y)
is primitive (see [6]). If [1(;(52717.)(51)} maps to [1(;(Sz7l—xxsn)], then
(Lax..] = k[lo(s2a-1)], and so there is a suitable matrix algebra M,(C)
such that 14, ®J, = lo(san-1xsy®@ Ik ®J, in the Ak, m®@Mp(C), since
k[1c(s2n-1x51)] can be represented by the projection 1¢(gzn-14g1) @
I € C(§°" 1 x S1) ® My (C). Then

(lAk,rn & Jp)lg2n~1 = (IC'ESZn——lxsl) @I ® Jp)lSZn-—l.

But (]‘Ak,m ® Jp),S2n-l = lc(gzn -1y ® Jp, and (:1(;(3211—1)(31) QL ®
Ip)|gen-1 = lo(szn-1y @ I, ® J,. However, Ag,m ® M,(C) has a non-
trivial bundle structure for M,(C) any matrix algebra, since if it has
not, then the same is true for the %’ -homogeneous C*-algebra Bi.m
over §%" corresponding to the Ay ,, with respect to the conditions on
sections. Thomsen result says that By.,m ® M,(C) is not isomorphic to
C(S%") ® My,. Thus

(1Ak,7n (03] Jp)fg'zn-] 75 (lc(‘i,'?n——l x$1) & I ® Jp)‘sznwl.
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Hence 1,4, ,, € Ko(Ak,m) is primitive.
Therefore, Ko(Ax,m) 22 Z?, K1(Ak,m) = Z?, and the class (1a,,,] of
the unit 14,  is a primitive element of Ko(A ). O

COROLLARY 3.4. Let [ be a positive integer. Agm ® M;(C) is not
isomorphic to C(S§?"~1 x §') ® M;,(C).

The proof is similar to the proof of Corollary 3.2.
We have obtained that the class [14, ] € Ko(Ax,n) and the class
1B, ..] € Ko(Bk m) are primitive.

4. The tensor product of a k-homogeneous C*-algebra over
§2n=1 x 8! and §%" with a UH F-algebra

In this section, we investigate the bundle structure of the tensor
product of a k-homogeneous C*-algebra By ,, over S?" with a UHF-
algebra My of type p> and the bundle structure of the tensor product
of a k-homogeneous C*-algebra Ay ,, over §271 x S! with Moo

The following is useful.

THEOREM 4.1 [4]. Suppose there exists an intertwining of the se-

quence of C*-algebra homomorphisms A} — Ay — --- and B; —
By — - ... Then the inductive limit C*-algebras lira A; and lim B; are
isomorphic.

Let By m be a k-homogeneous C*-algebra over S°" of which no non-
trivial matrix algebra can be factored out, i.e., k aad m are relatively
prime.

THEOREM 4.2. Let By, be a k-homogeneous ("*-algebra over S°"
with (k,m) = 1. Let My~ be a UHF-algebra of type p>. Then
By ® My is isomorphic to C(S*™) ® Mi(C) ® Mpe if and only if
the set of prime factors of k is a subset of the set ot prime factors of p.

Proof. Assume the set of prime factors of k is a subset of the set
of prime factors of p. To show that By ,, ® My is isomorphic to
C(S*) ® Mi(C) ® Mpe, it is encugh to show that By, ® My is
isomorphic to C(S?™)® M. But there exist the canonical C*-algebra
homomorphisms:

Bim — C(S*)@Mi(C) — B imn@Mi(C) — C(S**)@M2(C) — - - -
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The inductive limit of the odd terms
= Brm ® Mya(C) -» By m ® Myar (C) — ---
is Bi,m ® Mg, and the inductive limit of the even terms
-+ = C(58%") ® Mya(C) — C(5*™) @ My (C) — -

is C(8?") ® M. Thus by Theorem 4.1, Bim © My is isomorphic
to C(S?") ® My.

Conversely, assume By, ., ® M is isomorphic to C(S )@ Mi(C)®
M. Then the unit 1B, ., ®1M,0 maps to the unit Io(s2n)®1 Moo @1
So

And [lBk,m ® 1Mp°o] = []'Bk,m] ® [1Mp°°} and [10(5271) ® ].,1\/1]0(:,.3 ® I] =
k([lc(szn)] ® [lMpoo])' But Ko(Bk,m ® Mpoo) = [—;;](Ko(Bk,m)) and
Ko(C(5%™) ® Mpeo ® Mi(C) = k[%}(KO(C(SQ"))A If there is a prime
factor g of k such that ¢ { p, then [1a7 .| # g[po for peo a projection
in Mpe under the assumption that the unit 1 Bi.m ® 1M, maps to the
unit 1o(s2ny ® 11,00 ® . So there is a projection p; € By, such that
(1B,...] = q[p1]. This contradicts Theorem 3.3. Thus the set of prime
factors of k is a subset of the set of prime factors of p.

Therefore, By m ® Mpe is isomorphic to C(5%") ® Mi(C) ® My if
and only if the set of prime factors of k is a subset of the set of prime
factors of p. |

Next, let Ax,, be a k-homogeneous C*-algebra over S%7~1 x §1
whose restriction to $**~! is isomorphic to C(S?"~1), i.e., k and m
are relatively prime.

THEOREM 4.3. Let Ay ,, be a k-homogeneous C'*-algebra over §2!
xSt with (k,m) = 1. Let My be a UH F-algebra of type p®. Then
Ak,;m ® Mpe is isomorphic to C(5** 1 x §') ® My(C) ® My if and
only if the set of prime factors of k is a subset of the prime factors of
p.

The proof is similar to the proof of Theorem 4 2.
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We have obtained that Ay, ® M, has the trivial bundle structure
if and only if the set of prime factors of & is a subset of the set of prime
factors of p, and that By ,, ® Mpe. has a trivial bundle structure if
and only if the set of prime factors of k is a subset of the set of prime
factors of p.
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