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STRONG-EQUIASYMPTOTIC STABILITY

OF PERTURBED LINEAR DIFFERENTIAL

EQUATIONS WHEN THE PERTURBATION
IS LARGE AND DEPENDS ON TIME

BoNnGgsoo Ko*, YOUNHEE Ko**,
EunNsSOOK BANG AND DONGSHIK KANG

ABSTRACT. We consider a system of perturbed linear differential
equation z’ = A(t)z + f(t,x) and obtain conditions to ensure the
strong-equiasymptotic stability of the zero soluticn.

1. Introduction

The qualitative investigation of solutions of linear differential equa-
tions and their perturbed linear differential equations plays a very im-
portant role for handling various problems on mechanical, electronic,
control engineering, or economic, and other practical problems. In such
qualitative theory, Liapunov’s and Perron’s stability theorems are most
important and popular. Thus a number of authors have been studying
many problems concerned with them and presenting numerous prop-
erties [1,2,4,6,9, 10], etc.

Among such properties, the following theorems in [9] are considered
for the differential equation

(1.1) = A(t)z + f(t, ).
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THEOREM A. Let the following conditions hold for the differential
equation (1.1):

W) JfE 2 < al®)liz|

(ii) a(t) is a continuous nonnegative real-valued function on the in-
terval [0, 00) with [;° a(t)dt < oo.

If the zero solution of z' = A(t)x is uniformly asymptotically stable,
then the zero solution of (1.1) is also uniformly asyvmptotically stable.

THEOREM B. Let the following condition hold for the differential
equation (1.1): there exist a sufficiently small L > 0 and a w > 0 such
that

It 2)l| < Li|zl| for any z € By

where B,, is the open ball centered at the origin with the radius w.
If the zero solution of ' = A(t)x is uniformly asymptotically stable,
then the zero solution of (1,1) is also uniformly asvmptotically stable.

In a sense, it is natural that, for stable differential equations, the
perturbed linear differential equations by very small perturbations are
also stable. However, when linear differential equations are considered,
if large perturbations would be given, are their perturbed differential
equations stable? It is a very important and interesting problem under
what conditions the stability is ensured.

The purpose of this paper is to give answers for those questions if
the perturbed part satisfies the following hypotheses:

There exist a positive integer mg and a positive number r such that

(1.2) Nf (¢t 2)|| < mPa(t)|z]| 7+

for all t € [0,00), all z € B,, and all positive integers m > mg, where
—00 < p < 1 and a(t) is a continuous nonnegative real-valued function
on [0,0c) and

(1.3) /0 ~ a(t)dt < oo

The result is that the zero solution of (1.1) is uniformly stable (sta-
ble) if the zero solution of ' = A(t)« is uniformly stable (stable) and
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if the perturbed part f(t,z) of (1.1) satisfies the hypotheses (1.2) and
(1.3). In addition, if the function a(t) satisfies the following condition:

(1.4) /Ooo(t+ 1)a(t)dt < oo

for sufficiently small v > 0, then the zero solution of (1.1) is unformly
stable and quasi- strong- equiasymptotically stable when the zero so-
lution of ' = A(t)z is uniformly asymptotically stable.

We also introduce the definition of finitely uniform stability of zero
solution for the equation (1.1) and prove the stability if we replace the
condition (1.3) for the function a{t) by the following condition:

mp mm
(1.5) lim : / a(s)ds =0
m—oom+1 J,
and if the zero solution of 2 = A(t)z is uniformly stable.
The most important result of this paper is following: If the function
f satisfies that there are a positive integer mg and a positive number
~ such that

(1.6) 1£(E,2)|| < a(t)||]

for all t € [0,00), all z € B,, and all positive integers m > mg, where
a(t) is a bounded continuous function on [0, co) such that

m
m+1

) 1 m

(1.7) Tr%l_r’noo m/o a(s)ds = 0.
then the zero solution of (1.1) is strong- equiasymptotically stable when
the zero solution of z’ = A(t)z is uniformly asymptotically stable.
Comparing the above result with Theorem A in Section 1, one of the
main different points is the integrability conditon (1.3) for the function
a(t) on [0,00). We have a large class of bounded continuous functions
a(t) on {0, 00) which are not integrable but satisfy the condition (1.7).

To prove the main theorems which we preseat we use the family
of the solutions of the corresponding scalar differential equation to
the given differential equation (1.1), and the coinparision theorem of
integral inequalities.
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2. Definitions and preliminaries

Let R™ be the n—dimensional Euclidean space C'[X, Y] denotes
the set of all continuous functions from a topological space X into a
topological space Y. Set Bs = {r € R™ : ||z|| < é} for a positive
number § where || - || denotes the usual norm in R".

Throughout this paper we assume the following conditions :

o A(t) is a continuous n x n matrix function on [0, 0co),

o f(t,z) € C[[0,00) x R™, R™],

o f(¢,0) =0 for all ¢t € [0, 00).

We denote the solution z(t) = z(¢;tp,zo) of (1.1) with the initial
condition (g, xq).

DEFINITION 1. The zero solution of (1.1) is said to be

stable if for any € > 0 and any ¢, > 0, there exists a § = §(tp,¢) > 0
such that if ||zo]| < &, then ||z(¢; to, zo)|| < € for all ¢ > o,

uniformly stable if the § in the above definition is independent of

th

quast — equiasymptotically stable if given any ¢ > 0 and any tg >
0, there exist a 6 = 6(tp) > 0 and a T' = T(tg,¢) > 0 such that if
lzoll < &, then |jx(t;to, xo)|| < € for all t > to + T [cf. 10],

quasi — strong — equiasymptotically stable if the T in the above
definition is independent of g,

quasi — uniformly asymptotically stable if there exists a § > 0
and for any € > 0 there exists a T = T'(e) > 0 such that if ||z¢| < 6,
then ||z(t;tg, zo)|| < € for all t > tg + T and any tg > 0,

equiasymptotically stable if it is stable and quasi- equiasymptoti-
cally stable [cf. 10],

strong — equiasymptotically stable if it is stable and quasi- strong-
equiasymptotically stable,

uni formly asymptotically stable if it is uniformly stable and quasi-
uniformly asymptotically stable.

REMARK. From the above definitions first we note that the zero
solution of (1.1) is equiasymptotically stable if the zero solution of
(1.1) is strong- equiasymptotically stable. Secondly, we see that the
zero solution of (1.1) is strong- equiasymptotically stable if the zero
solution of (1.1) is uniformly asymptotically stable.
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DEFINITION 2. The zero solution of (1.1) is said to be

finitely uniformly stable if for any number t; and for any € > 0
there is a § = §(f1,¢) > 0 which depends only on € and #; such that
lzol| < é implies ||z(#;t9,z0)|| < ¢ for all tg and r with tg <t < ¢,.

At the end of this section, we present well known lemmas for integral
inequalities and Gronwall inequality.

LEMMA 1. [5] Let the following condition (a) or (b) hold for func-
tions f(t),g(t) € C[[to, 00),[0,00)], and F(t,u) € C|[to, oc) x [0, 00), [0,

00)]: f

, t

@ 0 = [ Fls.f)ds < o) = [ Flog(o)dst > to and
to to

F(s,u) is strictly increasing in u for each fixed s > 0,

t t

(b) f(t) - / F(s, f(s))ds < g(t) — / F(s,g(s))ds,t > to and
Jto t

F(s,u) is monotone nondecreasing in u for (zaach fixed s > 0.

If f(to) < g(to), then f(t) < g(t) for all t > ty

LEMMA 2. (Gronwall Inequality)(3] If u and «v are real valued con-
tinuous functions on [a, b], and 8 is a nonnegative real valued integrable
function on [a, b] with

fora <t <hb.

3. Main theorems

THEOREM 1. Let the differeatial equation (1.1) satisfy the con-
ditions (1.2) and (1.3). If the zero solution of ¥’ = A(t)x is uni-
formly stable(stable), then the zero solution of (1.1) is also uniformly
stable(stable), respectively.
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Proof. We only show that the zero solution of (1.1) is uniformly

stable. Let z(t) = z(t;t;,21) be a solution of (1.1) with the initial
value (t1,z;). Then, by the variation of constant formula, we have

r@)=CNUU“Wh%m4:[1NQU‘W@fwﬂ%ﬂM&

where U(t) is the fundamental n x n solution matrix of @’ = A(t)z.
Since the zero solution of 2’ = A(t)z is uniformly stable, there is a
constant K > 1 such that

IUBU(s)|ln < K, forall t>s >0,

where || - ||, is the n x n matrix norm. Thus we have

(3.1)
t
=@ < NUOU () Inllz | +/ ITU@OU (53 ||nll f (s, 2(s)) l|ds
t1
t
< Klleall + K [ 17.a(5) s
ty
Let € be an arbitrary positive number. We note that

PE [ a(s)d
lim EWTIJFT-—-I and lLim m fo a(s)ds

T~ 00 m-—00 m—+1

=0,

oo
since —oo < p < 1 and / a(s)ds < co. We also note that there is a
0
positive integer m.(> myg) so that
PR [ a(s)d
emeFT — (mo)PK [, a(s)ds >0
me + 1

and by the assumption (1.2), we can let

[ f(t,2)|| < (m.)Pa(t)||z|| =T

for all t € [0,00) and all = € B,.
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From (3.1), if ||z(¢)|| < r, then

(32)  fa®l - K(mo)? / a(3)|2(s)| 75 ds < K]

Let ym, (t) = ym.(t;t1,Ym. (t1)) be the solution of the scalar differ-
ential equation

(3.3) y = K(me)”a(t)ymm':‘ﬁ

with the initial value y,,, (¢1). By simple calculation

omelt) = {{y’"‘ ey + T /t:&(S)ds}m(H

< {{ym, (t)} vt + (nT;LE)PK /000 (I(S)ds}md-l_

Now we take 6y = dp(e) > 0 so that

pK o0 me+1
0 < 60 S {Em:'H —_ (—:7?%— A a(s)ds} .

If ym, (t1) < 6p we have

1 (m)PK [ , ™t
w0 < {6577+ I [T atoias)
(3.4) <e.

Now let us take K||z1|| < ym, (t1). From (3.2) and (3.3),

<Um(h) = ym, (1) = (m"K [ als){y(s)} 7T ds.
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Since the function (m()”a(t)H:EH'vfﬁ is monotone non-decreasing in
|||, if |#(¢)|| < r, by Lemma 1 in Section 2,

(3.5) 2@ < ym, (2)

for all t > t; > 0.

b
To show the uniform stability, we let § = 6(€) = }{[—). It follows from
(3.4) and (3.5) that if ||=z;]] < &, then

|Z()|] < Ym, (t) <<€, t>1t; > 0. -

THEOREM 2. Let the differential equation (1.1 satisfy the condi-
tions (1.2) and (1.4). If the zero solution of 2’ = A(t)x is uniformly
asymptotically stable, then the zero solution of (1.1) is uniformly stable
and quasi- strong- equiasymptotically stable.

Proof. The proof of the uniform stability of zero solution of (1.1)
follows from the proof of Theorem 1. Now we will show that the zero
solution of (1.1) is quasi- strong- equiasymptotically stable.

Let x(t) be a solution of (1.1), g(¢) = (¢ + 1)" for some v > 0, and
let z(t) = g(t)z(t). Then we have the differential equation

(3.6) 2 = (A(t) + i—) 2+ g(t)f (t, 9—(2‘5) .

t+1

Let U(t) be the fundamental solution matrix of the differential equa-
tion .
"= At -z,
z (t)z + P
If v > 0 is sufficiently small, by Theorem B in Section 1, the zero
solution of the above equation is uniformly asymptotically stable. Then
there is a constant K > 1 such that |[UH)U 1 (#)||, < K for t > ¢, >
0.
Let 2(t) = z(t;t1,21) be a solution of (3.6). Then, by the variation

of constant formula,
z(s)\ |
‘f <8,m> ‘[ ds.

37 ()] < Klla] + K / o(s)
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We can choose a positive integer m; > mg such that v > (my + 1)1
and

1-— > 0.

(m1)PK [5°{g(s)} 717 a(s)ds
. my+1

From (3.7) and by the assumption (1.2), if ||;E§§ | < r, then

my
mqy+1 dS.

(38) l2(t)]l < Kllz1]| + K / (1) {g(s)} ¥ a(s)|2(s)

Let Ym, (t) = Ym, (t;%1,Ym, (t1)) be a solution of the scalar differen-
tial equation

(3.9) y = K(m1)P{g(t)} 7 a(t)y =i

with the initial value (t1, ym, (1)) If K||z1]| < ym, (1), from (3.8) and
(3.9),

(3.10)
=0l = K [ (P o(s)) sy (o) Fa
< Kl
< Ym, (1) = ym, (t) — /t: K (m1)P{g(s)} M a(s){y(s)} ™17 ds.

From the monotonicity of (m;)?{g(t)} TR a(t)||z: P i |z, Lemma

1 in Section 2 and the inequality (3.10)

(3.11) 2O < ym, (1), t=t 20

if K|lz1]] < ym,(t1). Let us take ¢y = 6o(1) > 0 such that

oo 1 mi+1
(m1)"K [y {g(s)} ™7 ais)ds
my+1

0<6Q§{1-—
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and let y,,, (t1) < 8. Then we have

1 my+1
mj+1 m1+l
a8 < {77 + ST [ g6y a0}
(3.12) <1

Let K||z1|| < ym, (t1) < 8. Then, from (3.11) and (3.12),
lz@®ll <1, t>ti>0.

Now we note that for any € > 0 there is a T = T'(¢) > 0 such that
1 50
———— < €. Consider § =
T+17 < €. Consider K(l—f fl)
bo
Then ||z,|| < é implies that ||z, < 172 that is, Kl|z1|| < 8. Now we

may take Y, (t1) such that K{|z1|| < ym, (t1) < 8p. Thus we have

> 0, where 6 depends on t;.

lz(t)]| <e forany t>¢, +T

since
et < <t o L
A (t+1) = (t1+T+1) ~ (T+1)y 7

Hence, the zero solution of (1.1) is uniformly stable and quasi-
strong- equiasymptotically stable. O

THEOREM 3. Let the differential equation (1.1) satisfy the condi-
tions (1.2) and (1.5). If the zero solution of ' = A(t)z is uniformly
stable, then the zero solution of (1.1) is finitely uniformly stable.

Proof. Let us choose any two numbers #; and ¢, with 0 < t; < ¢,
and let z(t) = x(¢;t;,x,) be the solution of (1.1) with the initial value
(t1,71). Then, by the variation of constant formula, we have

(3.13) le@ll < Kllz | + K / f(s,2(s)) ds

for some constant K > 0.
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Let € be an arbitrary positive number. Since

PK [ a(s)d
lim eﬁ =1 and lim m fo (s)ds =

m—o0 M—00 m+

there is a positive integer m, with m, > mg so that

\ OPK [ d
6;;?_(m) Jo “als) 5o
me + 1

Without loss of generality we assume that

. mPK [ a(s)ds

6771+1 _—
m+1

>0 if m > me.

By the assumption (1.2) we can also let

It @)l < mPa(t) ||| =+
for all t € [0,00), all z € B,, and all positive integers m > m,.
From (3.13), if ||z(¢)]] < r, then
(M@|mn—ww/ s)||lz(s)||™+ds < Kllz1||  if m > m.

Let ym(t) = ym(t; t1,ym(t1)) be a solution of the scalar differential
equation

(3.15) y = KmPa(t)y=+1,

for m > m,. By simple calculation

mpK m m+1
ym(t) < {{ym(tl)}"'+l -+ —? a,(s)ds}
if t <m and m > m,.
We choose m so that to < m and m, < m, and we can take &y =
8o(€, t2) > 0 so that

0<bo< {— - a(s)dé} |
T8 o




418 B. Ko, Y. Ko, E. Bang and D. Kang

Let ym(t1) < 8. Then we have

p m m+1
ym(t) < {5’"“ + E% a(s)ds}

(3.16) <e

if t <m.
If K||z1|| < ym(t1) with m > m,, from (3.14) and (3.15),

l2(t) ||_mPK/ o)z (s)|| 7 ds

< K|y ||

< ym(t1) = ym(t mpK/ (s){y(s)}m+ids.

From the monotonicity of mPa(t)||z||=+ in ||| and Lemma 1 in
Section 2, if ||z(¢)|| < r,

(3.17) =N < ym (?),
for all t with t; <t < m.

Let § = 6(e,ta) = Sole,t2)
and (3.17),

and ||x;|| < 6. Then we have, from (3.16)

lz(®)] < e

for all ¢+ with ¢; < t < t,. Hence the zero solution of (1.1) is finitely
uniformly stable. a

THEOREM 4. Let the differential equation (1.1) satisfy the con-
ditions (1.6) and (1.7). If the zero solution of #' = A(t)r is uni-
formly asymptotically stable, then the zero solution of (1.1) is strong-
equiasymptotically stable.

Proof. Let x(t) be a solution of (1.1), and let Z(t) = g(t)z(t), where
g(t) = (t+1)7 for some v > 0 and all ¢ € [0,00). Then we have the
differential equation

(3.18) 7 = <A( ) + ———) Z +g()f ( g%) .
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Consider the differential equation

' Y
(3.19) 2= A2+ 2

Then there exists a 7, > 0 such that the zero solution of (3.19) is
uniformly asymptotically stable on [T’,, 0o} by Theorem B in Section
1. Therefore, there exist positive constants K and 8 such that

NUBU 2 (ty)l]n < Ke Pt

for all t > ¢; > T, where U(#) is the fundamental solution matrix of
(3.19).

Let Z(t) = Z(t;t1, Z;) be a solution of (3.18). Then, by the variation
of constant formula,

(3.20)

I2101 < Ke POz [0 oy|7 (8] o

t
< Ke Ptz 1 + K/ e BU=9)(1 4 5) 7T a(s)|| Z(s)]|| miTds
ty

forallt > s>t >T,, and all m > my.
Now we show that the zero solution of (3.18) is uniformly stable on
[Ty, oo). Taking m as oo on the inequality (3.20). we obtain

t
2] < Ke )+ K [ e a(s)]20s)ds
ty
forall t > s >t > T,. By the Gronwall’s inequality
1Z()]| < Ke Pt 2y

t t
+K26“ﬁ(t_tl)/ a(s)HZlHexp{K/ e'ﬁ(t_“)a(u)du}ds
tl 8

for all £ > s > t; > T,,. By the condition of boundedness for the
function a(t) on [0, 00) there exists a constant C' > 0 such that

12l < Cllz|
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for all t > t, > T.,, where Z; = Z(t;). Therefore, the zero solution of
(3.18) is uniformly stable on [T, o)
Also we note that
=] = |2 ()]l

on [T, o), where z(t) is a solution of (1.1) and Z(t) is a solution of
(3.18). That is, the zero solution of (1.1) is stable on [T, o).

Since the zero solution of (1.1} is finitely uniformly stable from the
condition (1.7) and the Theorem 3, the zero solut:on of (1.1) is stable
on [0, c0).

Finally we show that the zero solution of (1.1) is quasi- strong-
equiasymptotically stable. Let ¢ > 0 be given. Sir.ce the zero solution
of (3.18) is uniformly stable on [T}, o), for € = 1 there exists a g > 0
such that ||Z(T,)|| < p implies ||Z(t)|| < 1 for all £ > T.,. From the
finite uniform stability of the zero solution of (1.1) there exists a é; > 0
such that 0 < tg <t < T, and ||a(tp)|| < 61 imply ||z(t)|| <

Let ||z(to)|| < 61 with () < tp <T, Then

e
T+

w
r(T.
(M < o
that is, || Z(T5)|| < p. Thus
1
i <
Il < 375

for all t > T,.
Now we can take T' = T'(e) > 0 such that
6, with 0 <ty <T,. Then

(1+r ; < e Let ||lz(to)|| <

(@)} < e

forallt >ty +7T.

Consider the case of tg > T,. Since the zero solution of (3.18) is
uniformly stable on [T),, oc), for e = 1 there exists §p > 0 such that
to > T, and ||Z(to)|| < b0 imply ||Z(t)]] < 1 for all t > #9. Let
6o = ﬁ-fﬁ— and let |z(to)|| < &2 with to > T,. Then || Z(to)|| < o,
and so

1
TEDE

(&I <
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if T, < tg <t. Thus we have

lz(t)]] < (1—+T—)7

for all t > to + T if ||x(t0)|| < 62 and T, < to.
If we take 6 = min{é;, 62}, the aboxe results complete the proof. [J

THEOREM 5. Let the following conditions hold for the differential
equation (1.1):
(i) There is a positive integer mg such that

1F ()] <t a(t)]|z]| 7o+t

for all t € [0,00) and all x € R™, where a(t) is continuous on [0, oc).

(ii) im0 (1 + t)™0FT a(t) = O for some y > 0.
If the zero solution of x' = A(tix is uniformly asymptotically stable,
then any solution of (1.1) approaches to zero ast — oo.

Proof. Let x(t) be a solution of (1.1), and let Z'(¢) = g(#)z(t), where
g(t) = (t + 1)" for some v > 0 and all ¢ € [0,00). Then, as before, we
have the differential equation

- v 2z
(3.21) Z _(A(f)+f+ >Z+g( )f(t’g(t))'
Consider the equation

3. Z = 1z
(3.22) At Z+t+1

Then there exists a T, > 0 such that the zero solution of (3.22) is
uniformly asymptotically stable [T, oc) by Theorem B in Section 1.
Therefore, there exist positive constants K and & such that

U (U (tg)]ln < KeBUt0)

for all t > T, where U(t) is the fundamental solution matrix of (3.22).
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Let Z(t) = Z(t; to, Zo) be a solution of (3.21). Then, by the variation
of constant formula,
Z(s)
o)l

(3.23)
120 < Ke =) Zg]| + K [ & P41+ 5)7 Ufes,

< Ke 20 7))+ K [ P01 1 )0 ae) | 2G| 0T ds

to

f()

forallt>s >ty >T,.

Now we show that all solution of (3.21) are bounded on [T}, co).
Suppose not. Then there exist a solution Z(t) of (3.21) and an increas-
ing sequence {t, } in [T, co)such that lim,_,co t, == 00, lim, oo || Z(t,)|
= oo and || Z(s)|| < ||Z(tn)]| for all s € [th—1, tn] with n =2,3,4,....

Dividing the inequality (3.23) by ||z(¢»)|| on the both sides, we have

1 < Ke_rg(tn"‘t()) ”ZOH
B 1 Z ()l
t m!
" Bt~ Z(s)||mo*T
+ K [ et (1 4 gymima(s) ] ds.
to 1Z ()|l
and so, by the condition (ii),
1< lim Ke—#tn—to) 120l | Zo||
e 1Z(tn)]]
tn oo
+lim K [ e Ptn=9)(] 4 )T q(s )“Z_(SM__”__dS
T 1Z ()l
=0,

which implies contradiction. Hence any solution of (3.21) on [T, 00)
is bounded.

Let z(t) be a solution of (1.1). Since the solution Z(t) = g(t)z(t) is
bounded on [T, o0), so

Jim J(e)] = Jim 121

Hence the proof is completed. ]
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4. Applications

Consider a model equation described from the nonlinear oscillation
of a material around the equilibrium (z,z’) = (0.0):

(4.1) " +a(t)g(z, 2" )z" + b(t)xr =0,

where the functions g : R2 — R',a : [0,00) — R!, and b : [0,00) —
(0, 00), are continuous.

By a classical theorem of A. M. Liapunov [7] the equilibrium of (4.1)
is stable if b(t) is bounded for ¢ € [0, 00) and

v'(t)

(4.2) 2a(t)g(-7:a:“"/) + b(t)

>0

for all |z| < p,|2'| < p,t > 0. Here p is a positive constant.

From the theorem of L. Hatvani [4], we know that, without the
boundness of the function b but with the conditicn (4.2) and with that
the damping coeflicient a(t) majorizes coefficient b(¢), the equilibrium
of (4.1) is stable if the following conditions hold;

(i) for every vp # 0, |vg| < p there is an 7 = n(vg) > 0 such that
lu] < n implies g(u,vp) # 0;

(ii) 2a(t)b(t)g(u,v) +b'(t) > 0 for all t € [0, <), |u| < p, |v| < p;

(iii) there is a @ > 0 such that a(t) > 6b(¢) holds for all ¢t € [0, 00).

If tl_l_)r& a(t) = 0 and ¥ (t) < 0 for all t € [0,00), then the result of

Hatvani could not apply to the problem (4.1) because the inequalities
(ii) and (iii) may not be true for all ¢ € [0, 00). In this case, with some
additional conditions on the functions a and b and with some order
condition for the function g, but without the conditions (ii) and (iii),
our stability result shows that the equilibrium of (4.1) is uniformly
stable.

We state the result for the following system

(4.1) o +a(t)f(e,2") +b(t)x =0

The equation (4.1) is the special case of f(x,2') = g(x,x")x’.
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THEOREM 6. Suppose that the following conditions are satisfied :

(i)’ there are a positive integer mg and a positive number r such
that

|f(z1,22)| < m'(af + o) T

for all (xz,,22) € B, and all positive integers m > myg, where —oo <
p<l;

( ) 0 <a<b(t)andb/(t) <0 forallt € [0,00) where a is constant;

(iti)’ [ la(t)|dt < oo.

Then the equilibrium, x = ' = 0 of (4.1)" is uniformly stable.

Proof. To prove the theorem, we convert the equation (4.1) to the
system. Let r; = x and zo = z’. Then

(4.3) (;é) = <_[?(t) (1)> (;;) + <-a(t)f%flfl’-”52)>

First, we solve the linear part of (4.3)

(4.4) (2>=( t)é><2>

()

and let v(t, xy,z9) =
of (4.3).

Since b(t) > a > 0 and b'(t) < 0 for all ¢t € [J,00), v is positive
definite and decrescent. From the condition &'(¢) < 0 for all ¢ € [0, c0),
the derivative v’ along the solution,

1
3+ 2$2 which is the total mechanical energy

b (¢t
V' (t, 1, T9) = é ):r% <0

for all + € [0,00). This means that ¢’ is negative semidefinite. Hence
the equilibrium of (4.4) is uniformly stable [7].

From the condition (i)', there are a positive number r and a positive
integer mg so that

a(t)f(x1,x)| < mP(a? + 23) 27070 |a(t
L1 T T (

for all (z1,73) € By, all t € [0,00), and all positive integers m > my.
With the condition (iii)’ and our stablity result of Theorem 1, the
equilibrium (0,0) of (4.1)’ is uniformly stable. O
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THEOREM 7. Assume the hypotheses (i)' and (ii)’ in Theorem 6.
We also assume that
(ii))” lim -ﬂp——/mja(s)ms—o
m—ocom + 1 J o
Then the equilibrium, x = ' = 0 of (4.1) is finitely uniformly
stable.

Proof. We note from Theorem 6 that the zero solution of (4.4) is
uniformly stable.

From the condition (i)’ and the condition (iii)”, our stablity result
of Theorem 3 implies that the equilibrium (0,0) of (4.1)’ is finitely
unifomly stable. 0

!
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