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THE INDEX OF THE CORESTRICTION
OF A VALUED DIVISION ALGEBRA

YOON SUNG HwANG

ABSTRACT. Let L/F be a finite separable extension of Henselian
valued fields with same residue fields L = F. Let D be an inertially
split division algebra over L, and let D be the underlying division
algebra of the corestriction cory, yF(D) of D. We show that the

index ind(°D) of °D divides [Z(D) : Z(<D)]- ind(D), where Z(D)
is the center of the residue division ring D.

For any finite separable extension L/F of fields and any central
simple algebra A over L, the corestriction of A is a central simple F-
algebra obtained as the fixed point algebra under a Galois group action
(cf.[Ri]). This induces the map from the Brauer group Br(L) to Br(F)
corresponding to the homological corestriction. Though this algebraic
corestriction is an important tool in the theory of division algebras,
1t is actually very hard to work with. To gain a better insight into
the behavior of the corestriction, we analyze here the corestriction for
valued division algebras over Henselian valued fields, for which there
is a well-developed structure theory.

For any ring R we write Z(R) and R* for the center of R and
the group of units of R, respectively. We will consider only central
simple algebras A finite-dimensional over a field F. By Wedderburn’s
theorem, A = M, (D), a matrix ring over a division algebra D, which
is called the underlying division algebra of A.

A valued field (F,v) is called Henselian if v extends uniquely to each
field algebraic over F. For a nice account for several other characteriza-
tions of Henselian valuations, see Ribenboim’s paper[Rb]. Recall (e.g.
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from[W]) that if D is a central division algebra over a Henselian valued
field (F,v), there exists one and only one valuation on D extending v
on F.

For a central L-division algebra D, °D denote the underlying divi-
sion algebra of the corestriction coryp (D) of D. The index ind(°D)

of °D divides ind(D)ILF1. ([D, Lemma 7, p. 54]) We will show that
when D is inertially split over L and L/F is a finite separable exten-
sion of Henselian valued fields with same residue fields L=F, the index
ind(°D) of °D divides [Z(D): Z(D)|-ind(D), where Z(D) is the center
of the residue division ring D. ( See below for terminology. )

We now fix most of the basic terminology and notation that we will
employ throughout this paper.

Let (L,v) 2 (F,v) be a finite separable extension of Henselian fields.
We say that L is inertial (or unramified) over F if [L: F] = [L: F] and
L is separable over F.

Let (F,v) be a Henselian valued field. Let D be a central division F-
algebra (with a unique valuation extending v on F). We say D is tame
and totally ramified over F if char (F) t[D: F}and I'p: Tg| = [D: F).
D is said to be inertially split over F if D is split by F,, where F,,,
is the maximal unramified extension in some algebraic closure of F.
Also, D is said to be tame if char (F) = 0 or char (F) = ¢ # 0 and
the ¢-primary component of D is split by F,,. (See [JW, Lemma 5.1]
and [JW, Lemma 6.1] for other characterizations of inertially split and
tame division algebras.) Recall also that D is said to be inertial over F
if [D: F)=[D: F] and Z(D) = F. D is said to be nicely semiramified
over F'if D has a maximal subfield L which is irertial over F, and
another maximal subfield K which is totally ramified of radical type
over F. (Then, D =L.T'p =T and [D: F| = |T)>: Ig| = ind(D). )
(See [JW, Sec. 4].) Let

D(F) = {D|D is a central division F-algebra with [D: F] < o}
Dy = {D € D(F) | D is tame and totally ram.fied over F}
Di(F) ={D € D(F)| D is inertial over F}
Dis(F) = {D € D(F)| D is inertially split over F'} and
Di(F) ={D € D(F)| D is tame over F}.
It is clear that D;(F) C Dis(F) C D((F) and Dy, (5) C Dy(F).
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(K/F,0,a), is the cyclic F-algebra generated over K by a single
element z with defining relations zcx™! = o(c) for all ¢ € K and
" = a € F*, where K is a Galois extension of F' with cyclic Galois
group generated by o and n = [K : F).

Now, we give a lemma to compute the corestriction cory (D) of
D of a NSR cyclic division algebra D over L when L/F is a finite
separable extension of Henselian valued fields with L = F.

LEMMA 1. Let L/F be a finite separable extension of Henselian
valued fields with same residue fields L=F. Let D = (M'/L,o,a)y be
a NSR cyclic division algebra over L. (So, M' /L is inertial with cyclic
Galois group generated by o.) Let M be the inertial lift of M’ over F.
Then,

cory . (D) ~ (M/F,0,Np p(a))y,

where Ny, is the norm map from L to F.

Proof. Let Lgep, = Fep be the separable closure of L and F. Let
G = Gal(Fsep / F) and H = Gal (Lysep / L)

Since M/F' is Galois and LNM = F, L and M are linearly disjoint
over Fland L ®@p M is the field .- M = M'. Let N = Gal(Fyep /| M).
Then since M/F is Galois and LN M = F, N is normal in G and
G = HN. Also, Gal(M /F) = G/N =< ¢ > and Gal(M’ /L) =
H/(HNN) =< o> Since L ®r M is the field M’, by [D, p. 56, Ex.
1] cory (D) @F M ~ corpp yp (D@L M') ~ corp jpy(M') ~ M in
Br(M).

Since D = (M'/L,o,a)y € Br(M'/L) = H*(H/(H N N), M),
D is represented by infl,;nn (f) Wheref € H2(H/(H N N), M™)
is given by (0%,07) — 1if 0 < i+ j < n—1 and (0,09) > «
if i+ j > n. Since the algebraic corestriction corresponds to the
homological corestriction, in Br(F), [cor, P (D)] is represented by

COfg(ian/(HnN) (f)). But, by [H, Th. 5] Corrg(infg/(ﬁmv) (f) =
inf& N (NG n(f))  where N« H2(H/(HNN), M) — HX(G/N, M*)
1s induced by the norm map from M* to M. Hence, cory (D) ~
(M/F,0.Np,r(a))y in Br(F). 0

We now can prove our theorem.
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THEOREM 2. Let L/F be a finite separable extension of Henselian
valued fields with same residue fields L=F. If D is s inertially split over
L, then the index ind(°D) of °D divides [Z(D): Z(<D)]-ind(D =I'p:
I'ep|-ind(D), where Z(D) is the center of the reSJdue d1v1szon ring D,
and I'p is the value group of D.

Proof. Since D is inertially split over L, by [JW, Lemma 5. 14]
there exist I’,N' € D(L) with I’ inertial over L and N’ NSR over
L, such that D ~ I’ ®, N’ in Br(L). Then by [JW, Th. 4. 4],

N' = (M /L,0i, ;) where M]/L is inertial cyclic Galois with
GaI(M’/L) =< 0; >.
k.
By Lemma 1 above, cory . (N') ~ @ (Mi/F,0;. Npjp(a:))s; where
=1 ’
M; is the inertial lift of —]\7[17 over F
Let a; = Np,r(a;) and let v(¢;) map to an element of I'rp/t;'r
of order t;. So, t;v(a;) = tiv(p;) for some p; € F*, and a; = u;p}’
where s; = t,/t; and u; is a v-unit of F. Let K, be an extension of

F of degree t; with F C K; C M, and Gal(K,/F) =< &; > where
o; is the restriction of o; to K. Then by [R, Th. 30. 10, p. 262]

cory (N') ~ ® (M;/F,0i,u:)y ®p( (K /F,55,pi)t,). Also, by
[H, Lemma 4] e D;i(F) and o7 ~ CI'®[ in Br(F
Let I be the underlying division algebra OfCI/®p (M JF.0i,u:)4)

and let N = ® (Ki/F,57,pi)t,- Then °D ~ I ®= N in Br(F) with
=1

I inertial over F and N NSR over F. So, by [JW, Th. 5. 15 (a)]

ind(D) = ind(I's7) - [T : Tr| = ind(T'7) - H t,, and ind(°D) =

k ————
ind(I5) - |Tn: Tr| = ind(I5 H . But ind(I) divides ind(°I'5) -

ko e . - =®[LF) .
Hl ind((M;/F,0:,%)y, ®%FN). Since I’ ~ T , by [P, Prop. 13. 4]
and [D, Th. 12,p. 67] ind(°*I'5) | ind(I's) and ind(J") | ind(I'w)-[N':
NJ.

Note that Gal (M;N /N) = Gal(M, / K;) =< 7" > as M\;NN =
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Ki. So, by [R, Th. 30. 8., p. 261] (A /F, 01, 0:)y @5 N ~ (M;N /N, ot
%)s,, whence ind((M; /F, 0y, )y ®p N) divides s;. Therefore, ind(¢D)
divides [N": N|-ind(I'37)- ] sit, = [N': N]-ind'D). Since Z(D) = N’
i=1

and Z(°D) = N by [JW, Th. 5.15 (a)], ind(°D) divides [Z(D)

Z(¢D)]-ind(D). Note that [Z(D): Z(¢D)] = |Tp: Tep| since I'p = I‘Nf
and I'ep =T'x by [JW, Th. 5. 15 (a)] and [N’: N] = [T n/: T n] as N’
is NSR over L and N is NSR over F. O

This theorem gives us a best relation between ind(D) and ind(°D)
when D is inertially split over 1. and L/F is a finite separable exten-
sion of Henselian valued fields with same residue fields L=F, as the
following examples illustrare.

EXAMPLE 3. Let L/F be as above and let D be inertial over L.
Then by [H, Lemma 4] °D is inertial over F and <D ~ D i
Br(F). So Z(D) = L = F = Z(°D), and ind(°D) = ind(D) =
ind(DEFy = d(D®[L'F])bv [JW. Th. 2.8 (b1]. So, by [P, Prop. 13.

4] ind(°D) |1nd . Suppose ged (ind(D), [L: F]) = 1, D ~ D®WFIr
in Br(L) for Some integer 7, as ged (exp(D),[L: F]) = 1. So by [P,
Prop. 13. 4] again, ind(D) | ind(D®EF)) = ind(‘ D). Hence ind(°D) =
ind(D) = [Z(D: Z(¢D)] - ind(D).

ExXAMPLE 4. Let (F,v) be a Henselian field with T'p = Z and 7 € F

with v(m) = 1. Let L = F({/7). (So L = Fande——Z) Let t > 1

with ged (n,t) = 1 and D = (M'/L,0,7); be a NSR d1v1510n algebra
over L, where M'/L isinertial with Gal(M /L) ==< ¢ > and [M": L] =

t. Then by Lemma 1, °D ~ corp . (D) ~ (M/F,o,7"); in Br(F),
where M is the inertial lift of M’ over F. But since (M/F,o,7"), is
a NSR division algebra over F' as shown in [JW, Ex. 4. 3], ind(°D) =
t = ind(D) = [Z(D: Z(¢D)] - ind(D).
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