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EXISTENCE OF SUBPOLYNOMIAL
ALGEBRAS IN H*(BG,Z/p)

HYANG-S00K LEE AND DONG-SUN SHIN

1. Introduction

Let G be a finite group. We denote BG a classifying space of G,
which has a contractible universal principal G bundle EG. The stable
type of BG does not determine G up to isomorphism. A simple example
[due to N. Minami] is given by Qup x Z/2 and Dy, x Z/4 where p is
an odd prime, Qy, is the generalized quarternion group of order 4p
and Doy, is the dihedral group of order 2p. However the paper (6] gives
us a necessary and sufficient condition for BG; and BG, to be stably
equivalent localized at p. The local stable type of BG depends on the
conjugacy classes of homomorphisms from the p-groups @ into G. This
classification theorem simplifies if G has a normal sylow p-subgroup.
Then the stable homotopy type depends on the Weyl group of the
sylow p-subgroup.

DEFINITION 1.1. Two subgroups H, K < G are called pointwise
conjugate in G if there is a bijection of sets H — K such that a(h) =
9n Yhgy for g, € G depending on h € H.

If we assume G has a normal Sylow p-subgroup P, we set G = P x H
for p’-group H by Zassenhouse theorem, and G = P-H, HN P = {1}.
Let W (P) denote the Weyl group of P < G, i.e. Wg(P) = Ng(P)/P-
Ci(P) where N¢(P) is the normalizer and C¢(°) is the centralizer.
Then W (P) < Out(P).

Received November 2, 1995.

1991 AMS Subject Classification: 55R35, 20J06.

Key words and phrases: classifying spaces, cohomology groups, polynomial al-
gebras, Poincaré series.

The authors were supported by Ewha Women’s University Research fund.



Hyang-Sook Lee and Dong-Sun Shin

THEOREM 1.2. [6] Let G1 and G be finite groups with normal
Sylow p-subgroups Py and P». Then BG; and BG. have the same
stable homotopy type, localized at p, if and only if Py = Py (say P)
and W¢, (P) is pointwise conjugate to Wg, (P) in Out(P).

By using this theorem, the first author found two groups G1,Go such
that H*(BG1, Z/p) is isomorphic to H*(BGs, Z/p) in U, the category
of unstable modules over the Steenrod algebras A, but not isomorphic
as graded algebras over Z/p.

EXAMPLE 1.3. [5] Let p,! be different odd primes such that p =1
(mod ). We set P be an elementary abelian p-group of rank 2, ie.
P = (Z/p)". Then Out(P) = GL;2(F,). We take Hy = (Z/l)* and
H, = Us(F}) (3 x 3 upper triangular matrices over F}) so that Hj is
not isomorphic to Hy in GL;2(F,). The groups H; and Hz act on P
by matrics multiplication. Now we set G; = P % H;(i = 1,2). Then
WGz(P) = P Hz/P CG,»(P) = Hz:/Hi ﬂCGi(P) = H;. Pointwise
conjugacy is an immediate consequence from the double coset formula
for induced representations. Thus by the theorem 1.2, BG is stably
equivalent to BGy localized at p > 2.

However if we take p = 7 and [ = 3, we can show H*(BGy,Z/7) is
not isomorphic to H*(BGy,Z/7) as graded algebras over Z/7. From
now on, we consider G; = P x H; and G = P x Hy where P =
(Z/7)9,H1 = (Z/3)3 and Hy = U3(F3) and Hy, Hs < GLg(F7). From
the cohomology of groups, we have H*(BG;, Z/7) = H*(BP, Z/T)" =
(Z/7ly1, -+ ,yo) ® Elz1,- - ,y0]) where [z;] = 1,]y;| = 2 and y; =
Bz, is the Bockstein homomorphism (i=1,2,7=1,---,9).

In this paper we show that there exists a subpolynomial algebra with
9 generators each of dimension 6 in H*(BG;, Z/7) through computing
the Poincaré series of Z/7[y1, " ,¥o : 21 (i = 1,2).

In section 2, we describe the generators of the invariant elements
under Hy, Hy of H*(BG;, Z/7) in dimension 6. In the third section, we
calculate the Poincaré series of the invariant subpolynomial algebra in
H*(BG,, Z/7) by using Molien’s theorem. Finally we show that there
exists a subpolynomial algebra with 9 generators each of dimension 6
in H*(BGi, Z/7).
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2. Invariants in H*(BP, Z/7)H:.

First we describe the invariant elements under H; and Hj, in dimen-
sion 6.

(1) generators of invariant in H(BP, Z/7)"

dr=y1® +y2° + 43 + va® + ys® + y6® + y73 + ys® + 3o

d2 = y1y3y2 + Ya¥sys + YrYoys

d3 = Yy1y7Y4 + Y2ysYs + Y3YoYs

ds = Y1YsYs + Y2UeY7 + Y3Yays

ds = Y1YsYe + YaYoys + Y3yrys

de = Y1Y3Ys + Y2Y1Y6 + Y3Yo Y4 + Y7Yoy2 + Ysyrys + Yoysy1 +YaYsys
+YsYaYo + YeYsy7

d7 = Y1Y3ys +Y2¥1Yo + Y3y2yr + YaVey2 + Ysuays + YeYsY1 + YrYoys
TYsYrys + Yoysya

ds = Y1Y3Ya + Y2u1¥Ys5 + Y3Y2Ye + Y7Yoy1 + ysurys + YoysYs + Yalsyr
+YsYays + YeYsYo

do = Y1y3y7 +Y2y1Ys +Y3y2Yo + YrYoya + ysurys + Yolysys + YaYsy1
FYsYaYe + YsYsys

d10 = Y1Y3Y6 + Yay1Ya +Y3y2ys + YrYoys + Ysyry1 +YoYsy2 + Y4YeYo
+YsYayr + YsYsys

d11 = Y1Y3Yo + Yoy1 Y7 +Y3yays + YrYoYe + YsyrYa + Yoysys +Yayeys
TYsYaYr + YeYsyo

di2 = Y1YaYo +Y2Ysyr +Y3YeYs + Yr¥1Ys + Ysiaya +TYoysys + YayYrys3
+YsYsy1 + YeYoy2

d13 = Y1Yays +Y2Ysyo + ysYsyr + Y7y1ys + YstaVe +YoY3Ya +Yayry2
+TYsYsY3 + YeYoy1

dia = y1®y2 + 922ys + Y3y + va2ys + ys2ye + ve2va + yriys+
Ys*yo + yo’yr

dis = y1%ya + yay7 + yr%u1 + 122ys + Y2y + ys2yo + y3lyet
Y6°Yo + Yo2ys

die = y1°ys + y3?y2 + y22y1 + va>Ys + ys2ys + ys2ys + yriyo+
Yo?ys + ysZyr

di7 = y1°y7 + yrys + ya®y1 + y22ys + ys2us + Us2y + yalyet
Y9°Ys + Y623

dis = y1%ys + ys*yo + yo2y1 + yo2ue + ye2yr + yrys + Yalys+
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Ys?ys + Y32ya

dio = y12ys + Ys2Ys + Y62y1 + ¥22Yo + Yo ys + ya®y2 +ysiyr+
y72ys + ys2ys

dao = ¥12Y6 + Y62ys + YsZy1 + y22ya + yayo + yoly2 + y3ys+
ys2yr + yrlys

day = y1%ye + Yo?ys + Ys2y1 + v22yr + yrye + veZy2 + yalyst
y32ys + ys’ya

(2) generators of invariant in H8(BP, Z/7)"2

di =y + 2% +ys® +va® +ys® +us® +yr® +ys® + o’

d2 = y1y3y2 + YaYeys + YrYoys

ds = y1y7ys + Y2y8Ys + Y3Yoys

dy = y1ysy9 + Yy2Yeyr + Y3yays

ds = y1ysye + Y2yoys + Y3yrys

de = Y1y3Ys + 2y2y1Ys + 4Y3y2¥s + YrYey2 + 2ysyrys + 4yoysy1

_ +yaysys + 2ysYaye + 4YeYsy7

d7 = y1Y3ys + 4Y2y1Ys + 2y3Y2y7 + Yryoys + 4YsYr¥e + 2YoYsys

 tyaysy2 + 4yYsyays + 2YsYsi

ds = y1Y3ya + 2y211Ys + 4y3y2ye + Yr¥oyr + 2ysyry2 + 4yoysys

_ tyayey7 + 2ysyays + 4YeYsYo

do = y1y3y7 + 4y2y1ys + 2y3y2yo + y7yoys + 4ysyrys + 2y9y81/6

 tyaysyr + 4ysyay2 + 2YeYsys

dio = Y1Y3¥e + 2Y2u1Ya + 4y3y2ys + Yryoys + 2ysyry1 + 4yoysy2

. FYaYey9 + 2ysYayr + 4YsYsys

di1 = Y1Y3Ye + 4Y2y19y7 + 2y3y2Ys + YrYe¥e + 4Ysyrya + 2Yoysys

 +yayeys + 4ysvyays + 2YeYsy2

di2 = V1YaY9 + Yoysyr + Y3Ye¥s + Yry1lYs + Ysy2Ya + Yo¥Y3ys

_ tyayrys + ysysyr + YsYoy2

di3 = Y1YaYs + Y2YsYo + YsYsy7 + Yry1Ys + YsY2Ys + YoYalYa

_ HYayry2 + Ysysys + YeYaUi

dis = y12y2 + ¥22y3 + y3°y1 + yr°ys + ¥s*yo + Yo yr + yays

 Hystye + Y6 ya

dis = y1%ya + 4ys2ye + 2y22ys + Y22y + dye’ys + 2ys Y + yalyr

 +4yelyo + 2u57ys

dis = y12y3 + y22y1 + y32y2 + y72ye + ysyr + volus + va’ye
+ys2ys + Y6 Ys
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dir = y1%yr + 2y3°yo + 4y2ys + yr2ys + 2002y6 + 4ys2ys + yauy,
+2y6%ys + dys2yo

dis = y1°ys + 4ys2ya + 2u22y6 + Y722 + 4ue?y1 + 2usys + yatue
+4yeyr + 2y52yo

dio = y1%ys + 2ys%yr + dy22ye + y7°Ys + 2y0%ya + 4ys®ys + ya2yo
+2y62y1 + dys2ys

dao = y1%ye + 4y3ys + 2ya2ys + y7%ys + duay2 + 2ys®y1 + yayo
+4ys®ys + 2y52yr

da1 = y12ys + 2yszys + 4y22yr + yrys + 2u02ys + 4ys®ys + ya2ys

+2ys%y2 + dysy
Now we compute the Poincaré series of Z/7[y,, - ,yo : 2]+, a sub-
polynomial algebra in H*(BG;, Z/7) (i = 1,2).

3. Subpolynomial algebras in H*(BG;, Z/p)

We define Poincaré series of a graded module {M k}kzo by
P.S(M*) = "(dimM*)i*
k=0

the formal power series of t. Let V be a vector space with basis

{z1, - ,z.} over Z/7 and G C GL(V). We identify S(V*) with

the algebra Z/7[z),--- ,x,], algebra of polynomial functions on V.

S(V*)C¢ = {f € S(V*) | gf = f for all g € G} under the action of

G on S(V*) given by (9f)(v) = f(g~v), forge G, v € V, feSV™).
By Molien’s theorem

ey 1 1
PS(S(V")Y) = @gezcd_et(—l_*)

a power series with positive integer coefficients. We apply Molien’s
theorem to compute the Poincaré series of the invariant subpolynomial
algebra in H*(BP, Z/7)H:. Since Molien’s theorem is in characteristic
0, we extend the group H; to the group H; in GLo(F7 ) by Hensel’s
theorem.
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THEOREM 3.1. (Hensel) [4] Let F(z) = cp+ci1a+caz?+---+cpz™
be a polynomial whose coefficients are p-adic integers. Let F'(x) =
c1 + 2cox + -+ + ne,z ! be the derivative of F(z). Let ap be a p-
adic integer such that F(ag) = 0 (mod p) and F'(ap) # 0 (mod p).
Then there exists a unique p-adic integer a such that F(a) = 0 and
a =ap (mod p). O

Let F(z) = 1—z° (mod p = 7). Then F'(z) = —3z2. We take ag = 2
so that F(2) =1 —2% =0 (mod 7) and F'(2) = -3 -22 # 0 (mod 7).
Therefore there exists w € F7 such that w® = 1, w = 2 (mod 7) by
Hensel’s theorem. So we can lift the group H; to H; in GLg(F7) by
replacing 2 by w. By abuse of notation we still use H; instead of H; in
GLo(F7).

Now we have H*(BP,Z/7) = Z/T[y1,--- ,y9] ® Elz1,---, 29| where
lz;l = 1, |yil = 2 and y; = Ba;, [ is the Bockstein homomorphism.
Then we calculate the Poincaré series of Z/7[y1, - -- , yo : 2} in H*(BG;,
Z/7) (1 =1,2).

P.S(Z[Tly1,--- ,y0 - 2')
1
N |H1| Z det(I—aitz)
a; €H,y

1+ 125 + 18612 + 331¢18 + 18624 4 12¢30 4 ¢36
(1—¢5)9
=1+ 21¢% + 339¢1? + 2710618 + 14010t%4 + - - ..
Similarly

PS Z/7[y1’ y Y9t 2]112)

1
\Hzl Z det(I — 3;t2)
1+ 12t6 + 186¢12 + 33121 + 186¢* + 124%0 + 38
(1 - t6)9
=1+ 21¢% + 339¢1% + 2710¢'® + 14010¢%* + - - - - -

In this Poincaré series, each coefficient corresponds to the number of
invariant elements generated by y; in each dimension (i =1,---,9).
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From the process of the computations of Poincaré series, we show
that there exists a subpolynomial algebra with 9 generators each of
dimension 6 in H*(BG;, Z/7), where i =1,2.

We mean an algebra A* as a graded algebra over Z /p which satisfies
i) A* is zero in odd degrees
ii) A* is an integral domain
iii) A* is commutative
Let A* C B* be a pair of algebras. Then a derivation is a function
0: A* — B such that 8(z +y) = (9z) + (dy), 8(zy) = (0z)y + =(dy).
The derivations are automatically linear since the ground field is Z/p.

LEMMA 3.2. (1] Suppose that 0;,8,,--- ,8, : A* — B* are deriva-

tions. Let xy,x9, -+ ,z, € A* and det(0;xz;) £ 0 ; in other words
01,02, - , 0y take linearly independent values on T1,Z2, -+ ,Tn. Then
T1,T2, ", T are algebraically independent over Z/p. [

Now we apply this lemma to prove the following proposition.

PROPOSITION 3.3. There is a subpolynomial algebra with 9 gener-
ators each of dimension 6 in H*(BG;, Z/7), (i = 1,2).

Proof. We set A* = B* = Z/T[y1,--- ,ys]. Consider a derivation
8;: A* — B* where §; = &, i =1,2,--. 9.

(i) case of H*(BG1,Z/7)

We choose 9 elements 2; = dy, zo = di4, z3 =2 dys, 24 = dig, 25 =
di7, 26 = dlg, 27 = dlg, 28 = dgp and 29 = dpy in A* C H*(BGl,Z/7)
Then

9z .. OBz
6y1 ayl
det e C . 7& 0 .

Bz .. Bz

Oyo Byo
Thus 61, 0,, - - - , 9y take linearly independent values on 21,22, " , 2g.
By above Lemma 3.2, 21,25, - - - , 29 are algebraically independent over
Z/7. Therefore there exists a subpolynomial algebra Z/7[z;, -, zg] in

H*(BG1,Z/7) where |z;| = 6.

(ii) case of H*(BGo, Z/7)

Similarly we choose 9 elements z; = di, 2z = dig, 73 = dis, 24 =
dig, 25 = di7,% = dis, % = dig, 7 = dao and Zg = dy, in A* C
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H*(BGs,, Z/7). Then

8z 9Zg
Ay 0y
det P . . # 0 ,

8z, .. 0%

9ye Oyo
Thus 8y, 0, - - - , 0y take linearly independent values on z;, Zg, - - - , Zg.
By Lemma 3.2, 21, 23, - -, Zg are algebraically independent over Z/7.
Therefore there exists a subpolynomial algebra Z/7[z, %z, -- , %] in

H*(BGq, Z/7) where |z;| = 6. O

References

1. J. F. Adams and C. Wilkerson, Finite H-spaces and algebra over the steenrod
algebra, Annals of Math. Corrections Annals of Math 111 (1980), 95-143.

2. C. W. Curtis and L. Reiner, Method of Representation Theory with Applications
to Finite Groups and Orders, Vol 1 - Pure and Applied Mathematics, A Wiley-
Interscience Series of Texts, Monographs and Tracts, 1981.

3. L. Evens, The Cohomology of Groups, Oxford Science Publications, 1991.

4. N. Koblitz, p-adic Numbers, p-adic Analysis and Zeta Functions, Springer-
Verlag (1984).

5. Hyang-Sook Lee, The stable and unstable types of calssifying spaces, to appear
in Canadian Mathematical Bulletin.

6. J. Martino and S. Priddy, A classification of the stable type of BG., Bulletin of
the American Mathematical Society 27 (1992), 165-170.

DEPARTMENT OF MATHEMATICS, EWHA WOMEN’s UNIVERSITY, SEOUL 120 - 750,
KOREA



