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EMBEDDING OF ORBITAL LYAPUNOV 
STABILITY IN FLOWS

Young-Hee Kye

By a Cr flow, 0 < r < oo, on a manifold M we mean a Cr map 
: M x R —> M such that

(1) 0) — p, for p € M ;
(2) =的}, s + p € Af, and s,t G R

We can easily see that for each t 6 R the transition map 时：M t M 
given by

©弋p) = p e M,

is a Cr diffeomorphism, and for each p G M, the orbit map : R —> A/ 
given by

们仰 、)=p g R,

is a Cr map. If r = 0 then ' corresponds to a (continuous) flow on M 
and each transition map # corresponds to a homeomorphism on M.

For any p 6 M the orbit of © through p will be denoted by the set

O(p)三 03丄):t e R}.

A point p G M is said to be fixed under a Cr flow © if 4(PJ) = p for 
any t € R, and p E M is called regular if it i요 not fixed. We can see 
that each orbit O(p), p € M, is a 1-dimensional immersed submanifold 
of M if p is re힝ular and r > 1. For any p € M, we let

L+(p) = {q & M : Mp」、) -냐 g, for some tn oo} and

L~(p) = {g 6 M : —> g, for some tn t —oo}.

Elay di and Farr an [4] i 교troduced the notions of Lipschitz stable 
dynamical systems and Lyapunov stable dynamical systems on Rie- 
mannian manifold, and Chen, Chu and Lee studied the systems in [1,
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2, 3]. Moreover Kim, Kye and Lee [5] analysed the concepts of orbital 
Lipschitz stability in variation of Cr flow on a Riemannian manifold.

In this paper we will introduce the notion of orbital Lyapunov sta­
bility in variation of Cr flows(or Cr di任&)morphisms) on a Riemannian 
manifold M, using the norm on the tangent bundle TM of M, and will 
study the embedding problem of the orbital Lyapunov stability and 
orbital Lyapunov stability in variation of Cr diffeomorphisms in Cr 
flows.

Throughout the paper we let M denote a Riemannian manifold with 
a Riemannian metric g on Af, and let || • JJ be the norm on the tangent 
bundle TM of M induced by g. A C1 flow © on M is said to be 
Lyapunov 砒able at p E M if for any e > 0 there exists 6 그 0 such that

d("3),#9)) < e

for any t € R and any q E M with d(p, g) < 6. We say 난© is 
Lyapunov stable in variation at p E M if for any e > 0 there exists 
6 > 0 such that

IIWQ시I v £

for all t € and V E TPM with ||V|| < 6, where denotes 난le 
derivative map of the transition map 时 ： M -스 M. (f> is said to be 
Lyapunov stable(or Lyapunov stable, in variation) in a subset A of Al 
if </)is Lyapunov stable(or Lyapunov stable in variation) at every point 
of A, 호espectively, and one can choose $ > 0 independently of the 
points in A. If。is Lyapunov stable(or Lyapunov stable in variation) 
in then we say that <j)is Lyapunov stable (or Lyapunov stable in 
variation), respectively.

A flow <f> on M is said to be orbitally Lyapunov stable at p E M if 
for any e> 0 there exist 8 = 6(qp) > 0 such that

for all £ € 脫 and any xyy E O(p) with d(x,y) V 6. We say 난lat § is 
OTbitmiy Lyapunov stable in a subset Z. of M if © is orbitally Lyapunov 
stable at every point of A and we can 산loose 6 > 0 independently of 
the points of A.
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Now we introduce the notion of orbital Lyapunov stability in varia­

tion of C1 flows on M.

DEFINITION 1. A C1 flow(l> on M is said to be orbitally Lyapunov 
stable in variation at p G M if for any € > 0 there exists 5 > 0 such 
that

II」由(U)||V€

for any t € R and any V E TO(p) with ||V|| < 毎 where TO(p)= 
and p([-i,i])= ： -1 < ^ < 1).

We say that S is 이少就시血 Lyapunov stable in variation if <j)is orbitally 
Lyapunov stable in variation at every point of Af, and one can choose 
6 > 0 independently of the points of M.

THEOREM 2. A C1 Gow © on M is orbitally Lyapunov stable in 
variation at p E M if and only if it is orbitally Lyapunov stable in 
variation at every point of 0(p).

Proof, Suppose(f> is not orbitally Lyapunov stable at g € O(p), and 
let q = (/>T(p) for some r € R- Then there exists e > 0 such that for 
any a > 0, we can 산loose i G K., x € ((/>(qyt) : —1 < f < 1), and
V € TxO(p) such that

||V|| <a and ||n^(V)|| >e.

Since ' is orbitally Lyapunov stable at p € M, we can choose 81 > 0 
such that if U £ TxO(p) for any x G 抑(p〉t) : —1 < t < 1) with 
II끼I V S' then

||£)^(I7)|| V€ for all t G R.

Moreover we can. select 5 > 0 such that if V e TyO{p) for some y G 
{©(q撰):—1 < i < 1} with ||V|| V 毎 Then

\\D^~\V)\\ < 8'.

Since(/) is not orbitally Lyapunov stable at we can choose s G R and
V C TxO(p) for some x G {©(q,t) ： —1 < t < 1), satisfying

IVII <3 and ||^(V)|| >
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Let U = D6~T(V). Then we have U G TxO(p) for some x e t): 
—1 < i < 1), and |冋| . Consequently we obtain

||W@)II = IIW5(U)ll < €.

This contradiction implies that (/> is orbitally Lyapunov stable at every 
poi교t of 0(p).

THEOREM 3. Let M be a complete^ connected Riemannian mani­
fold. If a C1 Bow on M is orbitally Lyapunov stable in variation at 
p E M then it is orbitally Lyapunov stable at p E M.

Proof. Let e > 0 be arbitrary number. Since <f> is orbitally Lyapunov 
stable in variation at p € M, we can select 6〉0 such that if V C 
TxO(p) for some x E 0(p) and ||V|| < 8 then

||P^(V)|| < € for all t eR-

Moreover we can choose 5’ > 0 such that if x and y are any two 
points in 0(p) with d(x^y) V 61 then there exists a path a : [0,1]—> 
O(p) satisfying

、乂0) = a(l) = y, and ||a/(5)|| < 毎 

for s E [0,1]. For any t € R, we have

ll(8'oa)'(s)||ds

||W%'(s))||ds

V €

This means that ' is orbitally Lyapunov stable at p.

Here we give an example to show that a flow <f> need not be orbitally 
Lyapunov stable at a point p E M even if the speed of the orbit i융 
constant at every point of O(p).
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Example 4. Let M = {(%g) e R2 ： -3 < a； < 3} and D = 
{(%，) E M 히 +v 1}. Consider a C1 dynamical system(f> on the 
space M with the constant speed at every point of M Dy and the 
following properties.

Let A = {(x, y) E M : y —3 or 3}. For any x E M — (A U Z)), 
we have

= A and L~(x) = S1.

For any x e D — {.(0,0)}, we get

= S1 and I广(z) = {(0,0)}.

1£ x E A, Then we have

L+(x) = L~(x) = 0

Every point of S1 is periodic and (0,0) is the unique fixed point of(/). 
Then we can see that © is not orbitally Lyapunov stable at p. To show 
this, we choose two sequences {xn), {yn} in

O(p) U {(Or) ： 1 V g V 3}

which are converging to (0,3) and xn 尹 yn for each n = 1,2,.... Then 
we have

d{xnyyn) —0 as n —> oo.

Moreover, we can choose a sequence {in} in 职+ such that

d{xn,yn)

els n —» oo. This means that ° is not orbitally Lyapunov stable at p.

Let / be a homeomorphism on M. If there exists a Cr flow(f> on M 
such that 时=f for some t G then we say that f is Cr embedded 
in the flow 奴

The embedding problem in dynamics theory is the study of the ex­
istence of such flow <p. In [5], Kim, Kye and Lee studied the embedding
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Soblem of the orbital Lipschitz stability and showed that if a orbitally 
pschitz stable diffeomorphism f on M is Cl embedded in a flow <j) 

on M the그 © is also orbitally Lipschitz stable ; but they claimed that 
if a homeomorphism / on M is C° embedded in a flow on M and 
f is orbitally Lipschitz stable under 知 then(/) need not be orbitally 
Lips사litz stable.

Here we will show that if a homeomorphism / on a compact space 
M is C° embedded in a flow on M and / is orbitally Lyapunov stable 
underthen(f> is also orbitally Lyapunov stable.

DEFINITION 5. Let y be a homeomorphism on M, and suppose f is 
C° embedded in a flowon Af. We 뒁ay that f is orbitally Lyapunov 
stable at p G M under <f> if for any e > 0 there exists 6 > 0 such that

的”(찌, J%/)) < €

for any n € Z and any x,y E O(p) with d(x^y) < 毎 where O(p) is the 
orbit of </> through p.

The followimg example shows that even if a diffeomorphism / on M 
is C1 embedded in a flow on M and f is Lyapunov stable under。, 

S need not be Lyapunov stable.

EXAMPLE 6. Let us conder 난2 C1 flow ip on M ~ {(f) € R2 : 
g > 0} generated by the differential system ;

' - . t호+y허+1
< ^ = ~y+ 2y

Then the orbit of © is periodic with the period 2tt, and the orbit 0(0, b) 
passing through a point (0, fe), & > 0, in Af is the cir시e

{(z,y)eM :x2 + (y----- —~)2 = (-57—■) )•
Zb Zb

Let : Af x R —> M be the flow on M given by

4(pJ)=收点心

and let 廿 = /. Then it is clear that f is Lyapunov stable at every 
point of M. However we can see that © is not Lyapunov stable.
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THEOREM 7. Let M be a compact metric space, and suppose a 
homeomorphism f on M is C° embedded in a Sow (f> on M. Then 小 is 
orbitally Lyapunov stable if and only if f is orbitally Lyapunov stable 
under(f>.

Proof, Since f is embedded in a flow (/> on M, there exists u E R+ 
with ©u = f・ Suppose。is not orbitally Lyapunov stable at p € M, 
and let

Lxy =冲，｛d(S'(c), ©'(;)) : 0 < f < u),

for any x^y G M. Then we can 사loose e > 0 such that for any 6 > 0 
there exist G O(p) satisfying

Lxy < 8 and d(甘(工))"(g)) > 巳

fo호 some t G K.. Since / is orbitally Lyapunov stable at p G M under 
知 given € > 0, there exists & > 0 such that

d(r(x),r(?/))<6,

for any n € Z and x^y E O(p) with d(w)g) < For the & > 0, we 
choose G O(p) satisfying

Lzw < & and d(矿나))') > e

for some s € R. Select n G Z and 0 < a < u such that s = nu + a. Let 
= z1 and </>a(w) = wf. Then we have

d(z’W) V Lzw V and

(/n(^)，/n(w/) = d(0E")捕亦(仙)=d(《妒(z)#(u))) > €

The contradiction proves the theorem.
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