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MAPPINGS ON FUZZY PROXIMITY
AND FUZZY UNIFORM SPACES

YoNG CHAN KiMm

ABSTRACT. We define the fuzzy uniformly continuous map and in-
vestigate some properties of fuzzy uniformly continuous maps. We
will prove the existences of initial fuzzy uniform structures induced
by some functions. From this fact, we construct the product of two
fuzzy uniform spaces.

1. Introduction and preliminaries

In [8,9,10], S.K. Samanta introduced the fuzziness in the concept of
openness of a fuzzy subset as a generalization of Chang’s fuzzy topol-
ogy. A.A. Ramadan [5,6] expand it in view of a lattice.

On the other hand, S.K. Samanta [7] introduced new definitions for
fuzzy proximity and fuzzy uniformity. It was shown that this fuzzy
proximity is more general than that of Artico and Moresco [1].

In this paper, we define the fuzzy proximity map and the fuzzy uni-
formly continuous map in view of definitions of Samanta [7]. We will
investigate the relationship among fuzzy topological spaces, fuzzy prox-
imity spaces and fuzzy uniform spaces. We will prove the existences of
initial fuzzy uniform structures induced by some functions. From this
fact, we construct the product of two fuzzy uniform spaces.

Throughout this paper, for mappings on fuzzy uniform spaces, we
refer to A.S. Mashhour, R. Badard and A.A. Ramadan [5].

In this paper, X will denote a set; I = [0,1]; Iy = (0,1]; IX= the
set of all fuzzy subsets of X denoted by Greek letters, such as A, u, v,
etc. For any a € I, & denotes the constant fuzzy subset whose value
is a. All the other notations are standard in fuzzy set theory.
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DEFINITION 1.1. [10] A function 7 : I*X — [ is called a gradation
of openness on X if it satisfies the following conditions:

(c1) 7(0) = 7(1) =1,
(c2) 7(p1) A (p2) > 7(p1) A 7(p2),
(€3) 7(Vien Hi) = Niea 7).

The pair (X, 7) is called a fuzzy topological space.

Let 7 be a gradation of openness on X and F : I — I be defined
by F(u) = 7(u€). Then F is called a gradation of closedness on X.

Let (X, 7) be a fuzzy topological space, then for each r € I, 7, =
{u e I | 7(u) > r} is a Chang’s fuzzy topology on X.

If f: X — Y is a function, then for any pu € IX, the direct image
of p is defined as

supger-1(gypi(x) i T {y}) #0

0 otherwise

=

and for v € IV, the preimage of v is defined as f~1(v) = v o f.

Let (X, 7) and (Y, 7*) be fuzzy topological spaces. A function f :
(X,7) — (Y, 7%) is called a gradation preserving map ( gp-map) if
() < 7(f~Y(p)) for all u € IX.

LEMMA 1.2. [10] Let (X, 7) and (Y, 7") be fuzzy topological spaces.
Then f : (X,7) — (Y,7) is a gp-map iff f : (X,7.) — (Y,7]) is
continuous with respect to Chang’s fuzzy topology for all r € Iy; i.e.

iff f(cl(\, 7)) < cl(f(N),r), for all v € Iy, for all X € IY.

We can easily prove the following lemma.

LEMmMmaA 1.3. If f : X — Y, then we have the following properties
for direct and inverse image of fuzzy sets under mappings:

(1) p> f(f_ (1)) with equality if f is surjective,
v < f~Yf(v)) with equality if f is injective,

W)=

I~ (\/7,6] NZ) = Viel I~ (Mi);
FHNier 1) = Noeg £ (1),
fNViervi) = Vier f(vi),
F(Nier i) < Nier f(pa) with equality if f is injective.

(2)
(3) f
(4)
()
(6)
(7)
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2. Fuzzy proximity spaces and Fuzzy topological spaces

DEFINITION 2.1. [7] A function § : IX x I — I is said to be a
fuzzy proximity on X which satisfies the following conditions:
(FP1) §(0,1) =0,
(FP2) 0(A, p) = 6(p, A),
(FP3) (5()\1 V )\2, ,LL) = 5()\1,,&) V 5()\2,#),
(FP4) §(A\, u) < 1 —r implies d(cl(A,7), ) < 1 —r, where

cl(A,r) :1—\/{77§/\C;6()\,77) <l—-7r}, 0<r<l1.

The pair (X, 9) is called a fuzzy proximity space.

Let (X, d1) and (X, d2) be given. We say that 02 is finer than 6; (1
is coarser than §3) iff for any A\, pu € IX, 52(\, 1) < 51(\, p).

REMARK 1. If (X,0) is a fuzzy proximity space and A < p, then,
by (FP3), 6(\,v) < (ji,).

DEFINITION 2.2. A function f : (X,0) — (Y, 0%) is a fuzzy prozimity
map if it satisfies d(u,v) < 8*(f(n), f(v)), for every p,v € IX.

THEOREM 2.3. [7] Let § be a fuzzy proximity on X. Then cl(\,r) :
IX x I — IX satifies the followings:

cll) ¢l(0,r) =0,cl(1,r) =1,
(

(

(cl2) A <cl(A,r),

(cl3) cl(A,r) <\ r") ifr <7/,
(cld) el(AV p,7) =cl(A7)Vl(u,T),
(c1b) cl(cl(A,r),r) = cl(A ).

THEOREM 2.4. [8] Let § be a fuzzy proximity on X, and let Fy :
I* — I be a mapping defined by
Fs(A) =\{relldMr)=x} xel*.
Then Fjs is a gradation of closedness on X .

We define 75(pn) = F5(u€), then (X, 75) is a fuzzy topological space.
We will investigate the relationship between fuzzy topological spaces
and fuzzy proximity spaces.
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THEOREM 2.5. If f : (X,9) — (Y,0%) is a fuzzy proximity map,
then:

(1) f : (X7 T5) - (Y7 Té*) is a gp-map,
(2) cl(f=r(N\),7) < f7Y(cl(A\, 1)), for all v € Iy, for all X € IY.

Proof. (1) By Lemma 1.2 and Theorem 2.4, we will show that
flel(\, 7)) < c(f(N),r), forallr € Iy, for all X € IX.

Suppose that, for some yy € Y, ¢ € Iy, such that

FlelXsr))(yo) > ¢ > el(f(A),7)(yo)-

By the definition of cl(f(\),r), there exists ng < f(\)° such that
0 (f(N),m0) <1—rand 1—mny(yo) < c. )

On the other hand, since f~'(f(N\)) = 1 — f~" o f(}), we have
f~Ymo) < fF7Hf(N)) <1 — A Since f is a fuzzy proximity map
and f o f~'(no) < mo, we have d(A, f~(m0)) < 6*(f(A),m0) < 1—r.
Therefore cl(\,7) <1 — f~1(ng). So, the image of it is

Fledhr) < f(I=f7 mo) = f(F 1A =mo)) <1 1o

It is a contradiction.
(2) Suppose that there exist ¢ € X, ¢ € Iy such that

cA(f7HN), 1)) (o) > ¢ > fHel(A, 7)) (xo).
By the definition of ¢l(A, ), there exists 179 < A¢ such that
§*(A\mo) < 1=, 1=~ (mo)(zo) < c.

Here, we have

5(f_1(>‘)7 f_1<770)) < 5*()‘7770) <1l- r,

because f is a fuzzy proximity map and fo f=1(\) <\

On the other hand, since 7y < A°, we have f~'(ny) < 1 — f~1(\).
So, It follows that cl(f~1(A\),r)(z0) < 1 — f~1(no)(zo) < c. Ttis a
contradiction. U 0J
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3. Fuzzy uniform spaces

Let Qx denote the family of all functions a : IX — IX with the
following properties:

(1) a(0) =0,p < ap), for every p e IX,
(2) a(V i) =V alu), for p; € I*.

For a € Qx, the function o' € Qx is defined by
a ()= Nlplad—p) <T—p}

and (a A B)(p) = AN{a(u) vV B(p2) | p1 V pe = p}t and a o B(u) =
a(B(1)))-

DEFINITION 3.1. [7] A function U : Qx — I is said to be a fuzzy

uniformity on X if it satisfies the following conditions:

(FUl) Z/{(Oél VAN 042) 2 Z/{(Oél) /\Z/{(Ozg),

(FU2) for o € Qx, there exists a3 € Qx with a; o @3 < « such that
U(ar) > U(a),

(FU3) for a € Qx, there exists a; € Qx such that a; < a~! and
U(an) = U(a),

(FU4) if a1 > «, then U(ay) > U(«),

(FU5) there exists a € Qx such that U(«) = 1.

If U is a fuzzy uniformity on X, then (X,U) is said to be a fuzzy

uniform space.

REMARK 2. By (FU1) and (FU4), we have U(a; A aa) = U(aq) A
U(Oég).

Let (X,U) and (X,Usz) be fuzzy uniform spaces. We say U is finer
than Uy ( or Us is coarser than Uy), denoted by Us < U, iff for any
o€ Qx, uz(Oé) < Lll(a).

LEMMA 3.2. Let f : X — Y be a function. We define, for every
B € Qy, f[f7HB) = [ ofof;ie forall pe X, f*7HB)(n) =
f7H(B(f(n))). Then:

(1) f~71(B) € Qx,

2) (fHE) < BT,
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Proof. (1) For f € Qy, we have f* 1(5)(0) = 0. Since pu <

FHF () < fHB(f(w)), we have p < f*~'(8)(u). By Lemma
1.3, it is easy that f* '(8)(Vu) = V f* *(3)(u;). Then we have

7HB) € Qx.
(2) Suppose that there exist u € I, xo € X such that

F U8 () (o) > 21BN (1) (o).
Since £~ (871) (1) = £~ (871 (f(1))), by the definition of 3~ (f(u)).

there exists pg € IX such that
(f7HB) " () (o) > " (po)(xo)

and A1~ po) <1 F(u). ~
On the other hand, by Lemma 1.3, we have 3(f(1 — f~(po))) =

BUF I = po))) < B = po) and f~HBA - po)) < fHI— f(u) <
1 — p. Tt follows that f=1(B(f(1 — f~'(po)))) < 1 — p. Hence we have
(f*HB) " () < f~Y(po). It is a contradiction. O O

By using Lemma 3.2, we define a fuzzy uniformly continuous map.

DEFINITION 3.3. Let (X,U) and (Y, V) be fuzzy uniform spaces. A
function f : (X,U) — (Y, V) is fuzzy uniformly continuous if it satisfies
V(B) SU(f*71(B)), for every f € Qy, where f*71(8) = [~ oo f.

REMARK 3. The identity function ¢ : (X,U;) — (X,Us) is fuzzy
uniformly continuous iff i/, is finer than Us.

THEOREM 3.4. Let (X,U),(Y,V),(Z,W) be fuzzy uniform spaces.
Iff:(X,uU) — (Y,V) and g : (Y,V) — (Z,W) are fuzzy uniformly

continuous, then go f : (X,U) — (Z,W) is fuzzy uniformly continuous.

Proof. 1t follows from, for every v € 2z,
W) < V(g () U g™ () =Uge 1) (7))
O O

In the following theorem, we obtain a fuzzy proximity space from a
fuzzy uniform space.
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THEOREM 3.5. [7] Let (X,U) be a fuzzy uniform space. Define

S p) = N1 =U(a) [ alu) < 1- A},

Then (X, &) is a fuzzy proximity space.

We will investigate the relationship between fuzzy uniform spaces
and fuzzy proximity spaces.

THEOREM 3.6. Let (X,U) and (Y,V) be fuzzy uniform spaces. If
f:(X,U) — (Y,V) is fuzzy uniformly continuous, then f : (X, &) —
(Y, 6y) is a fuzzy proximity map.

Proof. Suppose that f is not a fuzzy proximity map. There exist
A, i € I such that d (N, 1) > 5y (f(N), f(r)). By the definition of dy,
there exists Gy € {1y such that

Su(As ) > 1 =V(Bo) > dv(f(N), f(w), Bolf(w)) <T—f(N).
Therefore, since f~1(1 — f(A)) =1 — f~Y(f(A\) and f~1(f(\)) > A,
<

£ Bo) () = f 1o Boo fu)

By the definition of &;,, we have

L—U(f*H(Bo)) = (A, 1) > 1= V(Bo).
But f is fuzzy uniformly continuous, it is a contradiction. | 0

LEMMA 3.7. [7] Let (X,U) be a fuzzy uniform space. We define
cly(A 1) = Na(N) |U(a) > r}. Then cly (N, r) = cls, (A, 7).

By Theorem 2.5 and Lemma 3.7, it is clear that if f : (X,U) —
(Y, V) is fuzzy uniformly continuous, then f : (X,7) — (Y,7y) is a
gp-map.

LEMMA 3.8. A family Q)x have the following properties:

(1) (a=Y)~t = q, for every a € Qx,

(2) a1 < ag iff (@)™ < (a2) ™,

(3) U(a) =U(a™t) if (X,U) is a fuzzy uniform space.
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Proof. (1) Since ™ Hl—a(p)=Anlald-n) <a(p)} <1-pu
we have (o™ 1)71(u) < a(pn). On the other hand, we must show that
(@ )" Hpu) > a(p), for all 4 € I*. Suppose that there exist p €
I* 2 € X such that (a™')"1(u)(z) < a(u)(x). By the definition of
(ofl)_l, there exists p € IX such that

(@) () < p(2) < a(p)(@), o "(1-p)a) <1 - p(a).

Put 7o = a™ (1 - p) = A{n | a(l —n) < p}. Then no(z) <1 - pu(z)
such that a(1 —ng)(z) < p(x) < a(p)(z). But, since pu(x) <1 —no(x)
and « is an increasing function, we have a(u)( ) < a(l—mno)(z). Tt is
a contradiction.

(2) By the definition of a~! and (1), it is trivial.

(3) For a € Qx, there exists a; € Qx such that oy < a~! and
U(ar) > U(a). By (FU4), it follows that U(a~t) > U(a). By (1), we
have U((a™1)"1) > U(a ). O O

DEFINITION 3.9. Let (X;,U;);cn be fuzzy uniform spaces. Let X be
a set and, for each i € A, f; : X — X; a function. The initial structure
U is the coarsest fuzzy uniformity on X with respect to which for each
1 € A, f; is fuzzy uniformly continuous.

THEOREM 3.10. Let X be a set and (Y,V) a fuzzy uniform space.
Let f: X — Y be a function and 'y = {# € Qy | f*(8) < a} given.
Define, for every a € Qx,

Ula) = { supger, V(B) ifTq #0

1o otherwise.

Then U is the initial fuzzy uniformity on X with respect to which
f is fuzzy uniformly continuous.

Proof. By Lemma 3.2, for 5 € Qy, we have f*~1(5) € Qx.

(FU1) We will show that U(aq A az) > U(ar) AU(a).

First, if U(aq) = 0 or U(az) = 0, then it is trivial.

Second, suppose U(aq A az) < U(aq) ANU(a2). By the definition
of U, for ay,a0 € Qx there exist (81,02 € Qy with f*_l(ﬁl) <
o1, f*_l(ﬁg) < @y such that

Z/{(Oél A 042) < V(ﬁ1> A V(ﬁz) < Z/{(Oél) /\U(Odz).
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On the other hand, since f*71(6; A 32) < a1 A ag, we have
U(ar ANag) > V(81 A B2) 2 V(B1) A V(Ba2).

It is a contradiction.

(FU2) For all a € Qx, if U(a) = 0, then there exists the identity
function ¢ € Qx with i 04 < o such that U(i) > U(«a) = 0.

If U(a) # 0, for € > 0, by the definition of U, there exists 5 € Qy
such that V(8) > U(a) — e and f* 1(8) < a. By (FU2), for 8 € Qy,
there exists 51 € Qy such that 51 0§ < 8 and V(81) > V(5). By
Lemma 1.3, we have f* 1(81) o f* 1(81) < f* (31 o B1). Hence, for
all o € Qx, there exists f*_l(ﬁl) € Qx such that

P B o £ Sy UFTHB) 2 V(B) 2 V(B) 2 Ula) — e

(FU3) For all a € Qx, if U(a) = 0, then there exists the identity
function i € Qx with i < a~! such that U (i) > U(a) = 0.

If U(a) # 0, for € > 0, by the definition of U, there exists 3 € Qy
such that V(8) > U(a) — € and f* 1(8) < a. By (FU3), for § € Qy,
there exists 31 € Qy such that 3; < 37! and V(8;) > V(B). By Lemma,
3.8, we have 81 < (1) = Band £~ (B7Y) < f7H(B) < a. By
Lemma 3.2, since f*_l(ﬁl)_1 < f*7HBY), there exists f*71(B) €
() x such that

P SFTIET <ah UTHBY) 2 VB) 2 Ule) e

(FU4) It is trivial.

(FU5) There exists § € Qy such that V(3) = 1. Then f*1(8) € Qx
such that U(f*~(3)) = 1.

By the definition of ¢, we have U(f*~'(8)) > V(B). Hence f :
(X,U) — (Y,V) is fuzzy uniformly continuous.

If f:(X,U') — (Y,V) is fuzzy uniformly continuous, we will show
that for any o € Qx, U(a) <U'(a). Suppose that there exists o € Qx
such that U(a) > U’'(a)). There exists 3 € Qy such that U(a) >
V(B) > U'(a) and f*~(8) < a. But , since f* 1(8) < a, by (FU4),
we have U/ (f*~1(3)) <U'(a) < V(B). Tt is a contradiction. O O

Let (X,U1) and (X,Us) be fuzzy uniform spaces. A structure Uy Vs
is not a fuzzy uniform structure on X, because it does not satify (FU1).
We will construct the coarsest fuzzy uniformity on X finer than U,

and Z/{Q .
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THEOREM 3.11. Let (X,U;) and (X,Us) be fuzzy uniform spaces.
We define, for all v € Qx,

Uy ©Us(y) = sup{Uy(a) NU(B) | a A B < v}

Then the structure U; © Uy is the coarsest fuzzy uniformity on X
finer than U; and Us.

Proof. (FU1) For any =1, 72, we will show that

Uy ©Us(y1 Ny2) > U ©Uz(v1) AUy © Us(y2).

Put ¢ = Uy ©Usz(v1) and co = Uy O Uz(72). If ¢4 =0 or co =0, it
is trivial.

Otherwise, for € such that ¢ A cag > € > 0, there exist aq, (1, as, B2
such that Uy (1) AU2(B1) > c1—€, a1 AP < 1 and Uy (o) AUz(P2) >
co—€, ag A Pa <7y Since (a3 Aaz) A (81 AB2) < 1 Avz2, by Remark
2

Y

U @UQ(’71 A 72) > ul(al A\ Oég) /\Ug(ﬂl A 52) > (Cl — 6) A\ (CQ — 6).

(FU2) For all y € Qx, put ¢ = Uy ©Ua (). If ¢ = 0, then there exists
the identity function ¢ € Qx with i 04 <« such that U; © Uz (i) > 0.

If ¢ # 0, for € > 0, there exist «, 3 such that U;(a) A Us(B) >
c—¢, aNf <. By (FU2), there exist a, 31 such that a; o a; <
a, Ui(ar) > Ui(a) and B0 81 < B, Us(B1) > Uz(B). Then there
exists a3 A B1 € Qx with (a3 A B1) o (a1 AB1) < a A < such that

U ©Us(ar A Br) = Ui (o) AUa(B1) = Ur(a) NU(B) > ¢ —e.

(FU3) For all v € Qx, put ¢ = Uy ©Uz(7y). If ¢ = 0, then there exists
the identity function i € Qx with i <~~! such that U; ® Us (i) > 0.

If ¢ £ 0, for € > 0, there exist «, f € Qx such that U (o) AU(B) >
c—e,aNfp <. By (FU3), for a, 8 € Qx, there exist oy, 31 such that
a; < a L Ui(ar) > Ui(a) and B < 871 U(B1) > Us(B). Tt follows
that, by Lemma 3.2,

(@ AB)T < ()P A(B) TS anp.
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Hence there exists a; A 31 € Qx such that a; A3y < (aAB)~ <471
Z/{l @Z/{Q(Oél VAN ﬂl) 2 L{l(al) /\UQ(ﬂl) Z L[l(a) /\Ug(ﬁ) 2 C — €.

(FU4) It is trivial.

(FU5) There exist «, 8 such that U;(a) = 1, Uz(B) = 1. Hence
U @Ug(a /\ﬁ) =1.

We will show that

U © Uz (v) > U (7).

Put ¢(0) = 0 and «(p) = 1, for all u € I, then 1 € Qx and t A =
for all @ € Qx. By (FU4) and (FU5), we have Us (1) = 1.
Uy ©Us(y) = sup{Ur () NU(B) | a A B < v}
> sup{Ur () NU2(0) | a A <~}
= sup{th(a) | a < v} =Ui(y).
Similarly, we have Uy © Ua(7y) > Ua (7).
Finally, if U = U; and U = Us, we will show that U = U; © Us.
Uy ©Ua(y) = sup{Ur () NU(B) | a A B < v}
< sup{U(a) NU(B) | N B <7}
=sup{U(aAB) |anp <~}
=U().
0 0

Let (X, V) and (Y, Vs) be fuzzy uniform spaces and X x Y a set.
Ifrm: XxY — X and mp : X XY — Y are projection maps, by
Theorem 3.10, we have the initial structures i, and Uy induced by m
and 7o, respectively. We will show that the structure U; ® Uy is the
initial fuzzy uniformity structure with respect to 7y and ms.

THEOREM 3.12. Let (X,V1) and (Y,Vs) be fuzzy uniform spaces
and X xY a set. Then:
(1) Uy ® Uy is the initial fuzzy uniformity on X x Y with respect
to which 7 and mo are fuzzy uniformly continuous.
(2) Amap f:(Z,W)— (X xY,Uy ©Us) is fuzzy uniformly con-
tinuous iff Ty o f and mg o f are fuzzy uniformly continuous.
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Proof. (1) Since U; @ Uy is finer than Uy, by Remark 3, mp : (X X
Y, Uy ©Usz) — (X, V) is fuzzy uniformly continuous. Similarly, so is 7.
By Theorem 3.10 and Theorem 3.11, all the others are easy.

(2) Necessity of the composition condition is clear since the composi-
tion of fuzzy uniformly continuous maps is a fuzzy uniformly continuous
map.

Conversely, suppose that f: (Z, W) — (X xY,U; ©Us) is not fuzzy
uniformly continuous. There exists v € Qx xy such that W(f* (7)) <
Uy ® Us(7y). By the definition of Uy ® Us, there exist «, F such that

W(f* ™1 (7)) < Us(a) NUa(B) < U @ Ua(7), AR < 7.

By the definitions of ; and Us in Theorem 3.10, for o, € Qxxy,
there exist aq, (31 such that

W) < Vi(ea) AVa(Br), wf Han) <@, w3 (B1) < B

On the other hand, since m; o f and 73 o f are fuzzy uniformly con-
tinuous, we have V;(a1) < W((m o £)* () = W(f* Lot Haw))
and Vo(61) < W((ma 0 f)* 7 (61)) = W(* " oms 1(61)). Tt follows
that

Viar) AVa(B1) S W o™ (an)) AW(F* oms ™ (B))
=W o) A3 (B))
<SW(Hanp))
<SW( ()

It is a contradiction. O O

By the above theorem, we can define the product of two fuzzy uni-
form spaces.

DEFINITION 3.13. Let (X, V) and (Y, V2) be fuzzy uniform spaces
and X x Y a set. The initial structure U; © Us with respect to m; and
mo is called the product fuzzy uniformity structure on X x Y.

The pair (X x Y,Uy ©Us) is called a product fuzzy uniform space.
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