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APPROXIMATION AND CONVERGENCE
OF ACCRETIVE OPERATORS

YouNG MEE KOH AND YOUNG S. LEE

ABSTRACT. We show that if X is a reflexive Banach space with
a uniformly Gateaux differentiable norm, then the convergence of
semigroups acting on Banach spaces X,, implies the convergence of
resolvents of generators of semigroups.

In this paper we show that if X is a reflexive Banach space with
a uniformly Gateaux differentiable norm, then the convergence of a
sequence of semigroups acting on different Banach spaces X, implies
the convergence of the resolvents of the generators defined on X,,. This
improves Theorem 5.3 in [5]. Combining our result with Theorem 3.1
in [5], we can derive a nonlinear version of Trotter-Kato Theorem. This
version is useful for studying convergence of numerical approximations
of solutions to partial differential equations (see [5]).

Let X be a Banach space. We denote the identity operator by I
and the closure of a subset D of X by c¢l(D). An operator A C X x X
with domain D(A) and range R(A) is said to be accretive if

|z1 — z2| < |21 — 22 +7(y1 — Y2

for [x;, yi;] € A,i =1, 2,and r > 0. An accretive operator A is said to
be m-accretive if R(I +rA) = X for all 7 > 0. Let J4 = (I +7A4)7 1,
r > 0, be the resolvent of A.

A semigroup on a subset C' of X is a function S : [0, oc0) x C' —
C' satisfying S(t1 + t2)x = S(t1)S(t2)x for t1, to > 0 and = € C,
|IS(t)x — S(t)y| < |x —y| for x, y € C, S(0)x = x for z € C, and S(t)x
is continuous in t > 0 for each xz € C.
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If A is accretive and R(I +rA) D cl(D(A)) for r > 0, then there
exists a semigroup S on cl(D(A)) such that for each = € cl(D(A)) and
t>0,

S(t)a = lim (I + rA) Ty,
uniformly on bounded t—intervals (see [2, 6]), where [-] denotes the
Gaussian bracket. We shall say that the semigroup S(t) is generated
by —A.

We first introduce an approximating sequence of Banach spaces. Let
X and X,, be Banach spaces with norms |- | and |- |, respectively. For
every n > 1 there exist bounded linear operators P, : X — X, and
FE, : X,, — X satisfying

(1) ||P.]| <1 and ||E,|| <1 for all n,
(2) |EpPpx—2x| — 0asn— oo forall z e X,
(3) P,E, = I, where I, is the identity on X,,.

The introduction of X,,, P, and F,, is motivated by the approximation
of differential equations via difference equations, since the difference
operators act on spaces different from the one on which the differential
operator acts. For examples of {P,} and {E,}, see [5].

Recall that the norm of a Banach space X is said to be uniformly
Gateaux differentiable if for each y € U = {z € X : |z| = 1},
lim;_,o(|x + ty| — |z|)/t exists uniformly for x € U. Every Banach
space with a uniformly convex dual is a reflexive Banach space with a
uniformly Géateaux differentiable norm. If the norm of X is uniformly
Gateaux differentiable, the duality mapping J : X — X* defined by
Jr ={z* € X*: (z, %) = |z|? = |2*|?} is single-valued and uniformly
continuous on bounded subsets of X from the strong topology of X to
the weak star topology of X*.

THEOREM 1. Let X be a reflexive Banach space with a uniformly
Gateaux differentiable norm. Let A be an accretive operator in X such
that R(I +1A) D cl(D(A)) for r > 0, and let S be the semigroup gen-
erated by —A. For each n, let A,, be an accretive operator in X,, such
that R(I +rA,) D cl(D(A,)) for r > 0, and let S,, be the semigroup
generated by —A,,. Suppose that P, (cl(D(A))) C cl(D(A,)) for each
n and cl(D(A)) is convex. If

(I) lim E,S,(t)P,z = S(t)x

n—oo
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for x € cl(D(A)) and the convergence is uniform on bounded t— inter-
vals, then

(II) lim E,J P,z = J

n—oo

for r > 0 and x € cl(D(A)).

It is known [5] that (II) implies (I) in any Banach space. That is, (I)
and (II) are equivalent. Thus we have a complete nonlinear analog of
Trotter-Kato Theorem [3] and our result is a generalization of Theorem
5.3 in [5]. In contrast with the linear case, (I) does not imply (II) in
all Banach spaces, even in the one space case, that is, X = X,, and
E, = P, = I for all n (see [2]). In the one space case, our result
includes Theorem 1 in [7]. To prove Theorem 1, we start with the
following lemma.

LEMMA 2. For each fixed n, let A, be an accretive operator in
X, satisfying R(I + rA,) D cl(D(A,)) for r > 0 and let S,, be the
semigroup generated by —A,. Suppose that P,z € cl(D(A,)) for
x € X and [x,, z,] € A,. Then

|Enzy — EpSp(T)Poz|? — |Epzy — E,Ppx)?
T
< 2/ < Enzn, Enxn — EnSy(t)Pyx > dt,
0

where for x, y € X, < z, y >s=sup{(z, y*):y* € J(y)}.

Proof. Since [z, z,] € Ay, L((JA) T Pyz— (T2 )P P,x) € Ay (J)EP,x
and A,, is accretive,

|T7 — (J:‘n)kpnﬂn
1
< lzn — (an)kpnx + az, — ;((Jffln)k_lpnx - (Jvfln)kpnx))’n
for a > 0. So we have

| Bty —Epn (JA)EP, x|
< |Epxyp — En(JA)EPLa

1
+ Bz, — ;(En(JTA")k_anx — E,(JA)*P,x))|.
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By Lemma 1.1 in [4], there exists n* € J(E,z, — E,(JA")*P,z) such
that

(Bnzn — ~(Ba(JA) Pa — By ()P Paa), %) 2 0.
Hence we have
(Enzn, 0°)
> %(En(Jf”)k_an:c B, (JAY Pz, i)
= L Butn — BT Pl = (Bun — Ba(J2) P, o)
1

> —(|EBpzn — En(JA)Poz)? — |Epay — En(JA) 1P, 2)?).

2r
For kr <t < (k+ 1)r,

|Epxn — En(JA)EPyx|? — |Epzy — En(JA) 1P,z
<2 (Bpzn, 1°) < 2r < Bpzn, Entn — En(JA)EM P 0 >,

(k4+1)r
< 2/ < Enzn, Enty — En(JA)Y P e > at.
k

T

Add these inequalities for k =1, 2, --- | [T//r]. Then
|Epn, — En(JATM P 2? — | B2, — B, Pox)?
([T/r]+1)r
< 2/ < Epnzn, Epty — Ey(JA)Y P e > at.
Letting » — 0, we obtain
|Epzy — EnSp(T)Pozx|?* — |Epz, — E, Pyx|?

T
< 2/ < Enzyn, Enxn — EpSy(t) Py > dt,
0

by the upper semicontinuity of < -,- >, and dominated convergence
theorem (see [6]). O O
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Proof of Theorem 1. Let x € cl(D(A)) and let y,, = E,J4" P,x for
r > 0. Then (see [1])

1Y — EnPpz| < |JA Pz — Pzl

4 'S
4 / P — Sy (#) Pozlndt
™ Jo
4 'S

IN

4 / By Pz — By Sy (t) Pozldt.
™ Jo

So {yn} is bounded. Define f : cl(D(A)) — R by

f(2) = LIM{lyn — #[*},

where LIM is a Banach limit, z € ¢l(D(A)) and {y,, } is any subsequence
of the original sequence which we continue to denote by {y,}. Then f
is continuous, convex and f(z) — oo as |z| — oco. Since X is reflexive,
f has its minimum f(u) over ¢l(D(A)) for some u € cl(D(A)).

For 0 <n <1, we have

1
(2 = Ty —u=n(z = u) < 5 (lyn = ul* = ym —u=n(z — w)).
By taking LIM to both sides, we have

LIM{(z —u, J(yn —u—n(z —u)))}
1

< %(f(U) — flu+n(z—u))) <0.
By the uniform continuity of J, for each € > 0 there exists 1y such that
LIM{(z —u, J(yn —u)} <LIM{(z —u, J(yn —u—n(z —u)))} +¢
for n < ng. Since ¢ is arbitrary,
LIM{(z —u, J(yn —u))} <O0.

By Lemma 2, we have

2

T
;/ (yn - EnPnQL’, J(yn - EnSn(t)Pnu))dt
0

< |Yn — Enpnu’2 —|Yn — EnSn(T)PnuP»
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since vy, = E, P,y,. Note that

(n — @, J(yn =) = (Yn — EnPow, J(yn — EnSn(t)Pau))
=(yp —u+u—2x, J(y, —u))
— (yn — EnSn(t)Pou+ EpSy(t) Pou — EnPox, J(yn — EnSn(t)Pou))
= |Yn — u|2 — |yn — EnSn(t)Pnu’2 + (u =z, J(Yyn —u))
— (EnSn(t)Pou — E,Pyx, J(yn — EnSn(t)Pou))
= [yn = ul® = |yn — EpSp(t) Poul® + (u — z, J(yn —u))
— (EpSp(t)Ppu—u+u—x+x— E,Pyx, J(y, — EnSp(t)Ppu))
= |yn — u|2 — |yn — EnSn(t)Pn“|2
+ (u—z, J(yn — u) — J(Yn — E,Sn(t)Pyu))
— (EnSp(t)Pou —u, J(yn — EnSn(t)Pou))
—(z — EnPpzx, J(yn — EnSp(t)Ppu)).

By the uniform continuity of J, it follows that for each € > 0 there
exist T" and ng such that

(yn — T, J(yn - u)) S (yn - Enana J(yn - Ensn(t)Pnu)) +e
for all 0 <t < T and n > ng. Hence we have

2 / (g — 2 T (g — )t

r
2

’ oT
0

2T
< |yn — EnPpul?® = |yn — EnSy(T)Poul® + ~—¢
.

<
< (|yn —uf +|u — EnPnuDZ

— (Iyn — S(T)u| = [S(T)u — E,, Sy (T) Pyul)? + ?6

2T
= ’yn - u|2 - ‘yn - S(T)u|2 + K, + 757

where K,, = 2|y, —u| |[u—E, Pyul+|u—E, Pyu? +2|y, —S(T)ul||S(T)u—
E.Su(T)Pou| +|S(T)u — E, Sy (T) Pyul?. Applying LIM to both sides,
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we obtain

?LIM{(yn —, J(yn —w))}

< f(u) — f(S(T)u) + —e < —e.

Since ¢ is arbitrary, LIM{(y,—=, J(y,—u))} < 0. Therefore LIM{|y,,—
u?} = LIM{(yn — =, J(yn —w))} + LIM{(2z — u, J(yn —u))} <0. So
there exists a subsequence {y,, } such that

lim |y,, —u| =0.
k—o0

For s > 0, let z, = (I + (I — S(s)))"'z. It is known [8] that
limg_g 25 = J;f‘a: = v. Suppose that lim,, .. ¥y, = u for some subse-
quence {ym} of {y,}. We complete the proof by showing that u = v.

For T' > 0 we have

o (T
—/O (u—z, J(u— S(t)zs))dt

,
< |u— zg)* — |u— S(T)zs|*.

By the uniform continuity of J, for given ¢ > 0

?(u—x, J(u —v))
<2 N, - S+ e

2T
<|u—zs* — |u— S(T)zs|* + —¢.

r
for all sufficiently small 7" and s. Let s =T. Then

7(u—x, J(u —v))

s
< |u—zs\2—\u—zs—;(zs—x)\2+7e
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Therefore we have (u — z, J(u—v)) < (v —=z, J(u—v)) + ¢, that is,
|u — v|? < e. This completes the proof. O O

Recall the notion of the limit inferior of a sequence of operators
{B,}. The operator liminf B, is defined by [z, y| € liminf B, if and
only if there exists a sequence {[z,, y,]} such that [z,, y,] € B,
lim, .oo x, = x and lim, .y, = y. Combining Theorem 1 with
Lemma 3.3 in [5], we establish the equivalency between convergence of
semigroups and convergence of m-accretive operators.

COROLLARY 3. Let X be a reflexive Banach space with a uniformly
Gateaux differentiable norm. Let A be an m-accretive operator in X
and let S be the semigroup generated by —A. For each n let A, be
an me-accretive operator in X, and let S,, be the semigroup gener-
ated by —A,,. Suppose that P, (cl(D(A))) C cl(D(A,)) for each n and
cl(D(A)) is convex. Then the following are equivalent.

(I) lim,, o0 B, Sy, (t) Pz = S(t)x for each x € cl(D(A)) and the con-
vergence is uniform on bounded t-intervals.

(1) lim,, o0 B, J2" Pz = JA2 for r > 0 and x € cl(D(A)).

(III) A C liminf E, A,, P,.

References

1. H. Brézis, New results concerning monotone operators and mnonlinear semi-
groups, Proceedings of a Symposium on Functional and Numerical Analysis of
Nonlinear Problems, Kyoto (1974), 1-26.

2. M. G. Crandall and T. M. Liggett, Generation of semigroups of nonlinear
transformations on a general Banach spaces, Amer. J. Math. 93 (1971), 265—
298.

3. K. Ito and F. Kappel, On variational formulation of the Trotter-Kato theorem,
CAMS Report # 91-7, Univ. of Southern California (1991).

4. T. Kato, Nonlinear semigroups and evolution equations, J. Math. Soc. Japan
19 (1967), 508-520.

5. Y. S. Lee and S. Reich, Convergence of accretive operators and nonlinear semi-
groups, Comm. on Applied Nonlinear Analysis 2 (1995), 11-46.

6. I. Miyadera, Some remarks on semigroups of mnonlinear operators, Tohoku
Math. Journ. 23 (1971), 245-258.

7. S. Reich, Convergence and approximation of nonlinear semigroups, J. Math.
Anal. Appl. 76 (1980), 77-83.



Approximation and convergence of accretive operators 133

8. S. Reich, Product formulas, nonlinear semigroups, and accretive operators, J.
Funct. Anal. 36 (1980), 147-168.

Department of Mathematics
The University of Suwon
Suwon, 445 - 743, Korea

Department of Mathematics
Seoul Woman’s University
Seoul, 139 - 774, Korea



