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A Piecewise Weibull Distribution in Reliability
and its Estimation

Hai-Sung Jeong
Dept. of Applied Statistics, Seowon University

Abstract

In general, most industrial products exhibit bath-tub shaped curve for their
failure rate’ functions. This distributional life model can be obtained by the
Piecewise Weibull distribution. The least squares, maximum- likelihood, and mixed
methods  of estlmatmg the parameters of the Piecewise Weibull distribution are
compared. The companson is ‘'made by using the empirical mean squared errors
of (a) the parameter ‘estimates and (b) the estimated change-points, to summarize
the results of 1000 simulated samples of three sizes - each 100, 150 and 200. The
results are that the mixed method estimation comes to be the best as the sample
sizes increase. '

1. A&

ATolU Auls] N 2 BAY AL AN AFALY nFARe ¥
(ife time distribution, +¥EX)E 35 AL dus Fastch A7y ol
N AE FPREE Bo) 20T Aol S BRTo|T fFaA solgEEE ¥

* o] =L 19944E BF FeAFACY TEFNA AT g3 dT7HAS.



6 B o ERdeRdAd 2471 A2E 1996 5

AR ol grol 1/2Y dovd 74 1% (Decreasing Failure Rate ; DFR)Q 42 &-
Yoln, HAaEFvE 1Ry 21w FvF T E(Increasing Failure Rate : IFR)SI 4 1
SE7F H AR5 1ol o ¢ E(Constant Failure Rate @ CFR)RD 47 -

7, Ty

ol¢l o2 o & ol la] ATl Anlel 4 = 39t

oho a2y ezl & BRolth shustw stolR I YWESHH AHNW DIF,
IFR, CFR% @ 7}X fele] $u2¥s} w4, 4229 TANY 2§ agec s
g Ae oh7l BEolth

ol M7A wrhgol &ZEY AL iy FHE T RyoRA EF(Mixed) St
olB¥¥o e Eolv Wt Kao (1959 zlg#el nAzhe 437§ 3
G golBRILIE 2ASAY. EF 1 EF JolERET AR Hage

(Piecewise) 2ol EH¥ ¥ - Kao (1939)) A1+ H-4HComposite) 9ol Zi3ER A7 ¥
3 ol #3 1} Stich ¥ (1975)% vl aFwel mAAge] £F ¥ 4B
guk "7 77l tH'&}O%H Boardmant Colvert (1978)i F7AM 3 71 2] 51347 -¢f

wo7)e) &8 o) F W E S Bk J1eed Glaser (1980)8 il #H&o] &2 1
% MG zZhiz =W 9] ‘—%”E (1’_-% A BFa, 5 ool R XV SRS oo
& A48 2t 53t

o] At H¥ m 8 gt g aglolm slol B
54 Aoksta 1 AEH WE A (change -point
th o] Axpis o] §38le] A Fo|t Anle
osq Zr7laA N, FEMEIIE SO = ,
7} szl AF-e vie o AFE Tl AR AEE Frohuo] Aghe
B o7lge g aAvle] Hojxk AR S Al do| WEA Bk ek 9 gy



B3 Az ol golre] Fasfolz stolyEs 1 #4
A vz 27l o2k NS dord FANFVNY AR F4d FRE
AA 2 Holrh olzR Ve A¥e AAYES Foln A AN ¥ 5 UA
Hol aAeEg Baw 7lgPwe] Fobu Aolrh
2. o]|&
y2oto]z ofolER X Ry FAE AT o #9774 (maximum likelihood
% (mixed method

estimation), 3244353 (least squares estimation) 281 E¥F

estimation)€ @js B7|Z doh WA §-29 ¥
Yo FEULFsE AdRa AEE 0% E W3 o ol o8 M
0,7] (o, 0] ,(1p,00) 22 A U E
" m my— my
A = )" exp (= (5™ T
7 /R
"o t o\ me—1 ny
T T ' -\ I T, T
772(772) exp { ( )] (re.)
ng to\ o mi-l my
1 _r — I £, 00
+77:;(77<) exp{(n)}< )
o2 veRE 4 Quf old f (i=1 , mE A aFAZReE a1 wE FE
7&19:?:} AL 0, obdAS 18 FoA Fidvt HS(censoring indicator)elh 33
we j=1, - ,n; 7= 1,2,3° s}
1, Z",_,1< /Z‘S T;
Cy =
0, 1 woll,
oy =10, 3= 0.
T or K< T, j=1,2,30049 AR KOS FHRFERE ADE
_ oty
R($) = expi—(—)"}
o #L »;
ACD = ( 77]_)
olty, webd 7 F (7o, 7)), 7=1,2,30M th33 22 AFEAE HFUH

Ao A Fastelx ool



&
o
i
o
of
o
ok
|2

H249 23 1996 6¥

1

In {A(H} m;( Int— Inn;)

=m; Int+a; 9714 A4,=— In 5",

2.1 F$+4
A (Dol HE HSH 3 ol Ao A5471F

myInzi+A; = miy Ingy, +4,0, 7=1,2

S F/RA7IRE 4 D2 de #Zol gA g8 ¢ AT

In{A() =A; +m; Int+ 2 (m, ,—m,) Inr,,, j=1,2,3.

o 909 AN j=1 9 ﬁ; B

rlo

AeFgEn
oA MA TAAZ st S Zol & F A}
3 v,
In{At)} =4, + Zlcij{m, Int;, + 22(7%#1 —-m,) Int,_{}
7= =
ol RE AEUF Af)E

3 .
M) = At) jglc,-f%

A(¢) 3 o
- A T m
t‘: j:] -
2 & 4 oa Ea (f, w)ol W $wEs=
S(t) = exp{—A()}, w; =0

Lit, w) =
At)=A(t) exp {—A(t)}, w;=1

= [/‘( fz) exp { ——/1(tl-)}]m [ exp { *—A(t,)}]] wi

2
v
=2
i
o
1
oo
N
&~
rr

(1



34 N gol @AM Lshol= SolBRTe 1 374 69

L, == In L{¢, w))
= w;{ In A(4) —A()} + (1 —w) {—A))

3
== w,-{ In /].(f,) ~ In tl+ 216'1‘1' In m,-} “‘A(t,)
i=

3
==, g ci Inm;—w; Int; +w; In A(t)—A(¢)
2 3ddd " 28 (4, w)ol W3 S5 e g

L = L!'

1

M

1

I
Ms
i Mw

Cy In m;—w; In tz‘+' w,ln/l(t,)—/l(l‘,)}

oAl m;el H<$3F 4 F(maximum likelihood estimate ; m.l.e)& “#3 HA}

0 In A(¢) 3 3
a_mj—— == C,‘j h’l f,‘ +(1—6]3) s=2j+lCis ln ry—(l-—é,-'l) sz=jCis ln 2'];1
ojm Z
AL MG e Ing b (=8 ) S
om; = ?JI[ =y +{w; = A Hcy; Int; +(1-6;3) S:ZJJH% Inz;
3
~(1—6;1) zzczs Inz;_,}]
o] ®c} oAl 2
oL & Wiy _ (4)
IL — B - A1),

ojth, AA7IM 8, ;38 A7 j=17 j=3Y W lojn 1 Wl 0°]¥ d,;&
e gol Asa Aol
3 3
dﬁ: Cy In l‘,+(1“’6j3) Z C,‘S In T;"‘(l—‘é\]"l) E‘C,'S In Ti—q.
5= ) s=7

olAl 4 (e g F¥ m;e mled +T 5 Uk

. 2 wic;
;= 7 1=l s J= 1,2 3
3 (A() = w)d,
79 mletr FEHIASAAMY H-FHYE ol &3t &3} 2ol 78 + AT

(Bain(1978), p. 209).



FRF Al -

EEz Loy L
n

a; 9} bjgl lfgél' (i B*Q‘

— A247 AM2Z 1996 6%

1
7 wy
2 b+ (n—r )ty
7;}1 — =1

8!

of 71 4 | S TR l(,,)li‘ f, o, l‘n—ol T EAHl L

N
ry = Z]Cﬂ o|t}, /1,-9] mi.et-
A (D A ()0 2R

?{1 == 7;1 In 51,
;1\2 = ;1\1 +( 7;’21 - 77’72) lnrl,
/T3 ;1\1’1’“( 7’/1\11_ 7;2\2) lnr1+( 1@2— WL3) In 7,
7} 5l & Q) A B o 22
o} Zo] 7 F A I g9 mles A (D2RRE 7 = exp{——= 19
2
7 = exp{-—-=}i 7% & v}
M3
22 AAAHEFA
HrAEFEL 4 (D2EREY g3 22 48 @A 9% FAHyeg
vi=a,+hx,

0%7]}‘_1 yi= ln(fi), X = ]I’l/l(t,‘),

2t g (.l 7=1,2,3 AA AG)E cxEd

=3 & -As

t= Nelson (1972
S el A= —mS) (", S
2l o i

Meier (]”S&*‘ 9l FAHuHo

Kapiar

1oy

481, 21d HiolME AP FAE AR
G 1 Oy A, N
A(t)= ZS o A 7 oI Al In [1 —F(t)] (&, EF(t)+

5 Loz 1)
AF A AN

2HH desdls ol 8w

& T F g mEa o= L

7
;jj = exp { (l]lolu}'



k] Mg Aol oMo Jnsjolz go|FEEG 11 FH 71

23 E¥F4
EFEAAME me AL JSFRAMS 2 mE ol g3 g9 FHL
Z $ (rjoy,7), 7 = 1,2 39049 4 (9] A AAZRH T8 G 2L

g FAFoR Apg

& n .
7, = exp —_—l—A— { m; ZZ=‘,] ci;lnt; — iz::lczyln A(t)}

Y, m;

2943

Aord M 7}A FHee] &S wudr] s FORTRAN Ver50 Tz}
IMSL #7121 & ol€3le &4 et FEAYG ArdAe RfddE dA A
&+ 2 & of] EH%M**!—‘“— Hasto] 2 JolER TS FHRTE = 0.25, 0.50, 0.75,
my=1.0, my=15 20, 3022 WA o] 9749 E-?n“(ml,mz, my)ol o3l
4% 315:4n* m =12, 7 = 1.2, 73 = 158 T34 gEES 100000 A 9] 73 ¥ A
H A FLHMSE)E Al 7FA B2 27w o= 1000 150, 2000014 7. FEAG
Agel WA E my = 050, my = 1.05 LAHAYI my = 15, 20, 3022 W3
A7 A o] A e BEE (my, my, my)oll kel Foil g = 12, 7, = 12,
7y = 159 EH:L7] » = 200049 ¥HES 100090 AEH BEAFTLAE A 7HA
TREGE 5%, 10%, 20%°l A TR

Aot FAHAFEL ATE U r14 g e 7Hg oA ?6}1*‘ T ouvk 2

]

pu} dwtHow wFE ASHS vEE Feh weh wEd 23 EYeE 1R
B7h A BHEg sEewd ugE %H%% dl%aﬂm a 2geA he A
o ¥ A8 HE F AA @ AN 1FE MEor AR 9 %‘ﬁ Wie

$t(residual mean square)® HAE 3l 3& FHex, H
Lk E E]FH 2 ste AE #HEo
HeFERH AT B4 A4 AL o 2o

(1) «d=Ee I’Xo]':f HEbde) A { (o, o), (rn, t20), 0, (1yy, 1) & T3

@) ke 1, Al FEFon At)= X =

>
3

au
+
—



72 » &2 73988 A244 723 1996 64

) 1HE EHEE =14, =1 2 HAFHT FATAA AW AAA A4)
& WYyt 7,7=1,2,3% 7@

4 MM & mt A, =— m In 7% ol&sd 4 (PozBEH gze
A9 #44 A(t)s P9

(5) m7b +HE @74 3.3 4.9 HAHE wE Y

® FFd mt A F3F A1) ol svte $EFFgS Tk

o
=2
o~

m

(7) k=17 & W72 kg S7HA1710M 30014 6.9 BAHL HEo] g},

(&) 6—‘] TEU} ie=e }]CHE 6}'L m,-, 77]'9’}' Ty, Tgk’i ﬂ%?}&é;} gﬂ?}:g ] 2‘
3 B4 Ao r Hiog

ArdEsadey vh 24 H4e o et

(1) od=e 248 sty JE ( (o, to), (10, T9),, (7yy, o) V& F8HCL

@ k=1, A 4oz A1) =T e clsw

(3 :leo}"g‘ %i}gf—i‘ Ty = Tip, T9g = Ty = 7]’25]6}’-?— 4‘ T3t (fj—l,fj] 01]’\1 e 3

—~

AL ol gstd  m,, 7,7 =1, 2 3% Fsh}
(4) st=g Aol A 2t 73 (1,0, 1] M9 FHAHFAFES T}
B) k=17t 28 W7tA kEE F7HAIFIEA 309 49 A&
(6) 4.9] At dFE & Ha= e m, 2% 1y, S
g B Frighe g A

Alobel Al kAl W EL ) E4FHn 2) ud g UEEAHY F 7bx) BEo) -
H] &L 5 f o

1> BEAV] o= 2009 W 974l BEE (g, my, my)ol take] A 7R
A1, Least Squares estimation(LS), 2. Maxirmum Likelihood estimation(ML),
Mixed Method estimation(MM))ell o] 8t =S4 eyl v 45 W dFEA ko] A& x
TAFLLAE P mye e HE As = Ao

A Al

i

oM

Ml s

23]
(=

ol MY ¥k MLY E&LS MMe &g 2AY =3 HojAth mye 49

$ub AeTE CE 4% LSS nEe] A Dotk mye] Al 49 LS
agol AU F& olfiz WAHY A 2k (1,000 w4} Hen 7))

grkis AL ¢ F UMY F, HEAV7F A o LS g0 MY 22U <E ]
2 <E 2> 294" 4 gl
<E 2> Mz o3 BEE (my, my, my)oll tiskel MR 25 omy, g5, 1l



3 Al & A2 Hagtolx dolEEES 11 4 73

3 AEH HaAFeAy Hd 90 BT (my, my, my)EY AAYHTFL 7Y
t} o]ZREEH FEIAV] n = 2004 W HEHoZ MM &80 Y Fi1 ML
A&S MM Agnut 24 "ojAgeE AL &4 5 Ao

<H 32 BEAY] on = 200¥ W@ Al A RS (my, my, my) ol tiE] B
Yy aFE WIAHEFAFY AEH HyAFoAE A R %ERM 5%,
10%, 20%°A4 3% Zolth, ML3} MMe A&2 F
oo MM9 #&&-2 MLe 283 AU =g Hojdd <& 3>9.r;'. Ei —a,s-’é
el AL AAHer ML &E&o AY o)
HeLg pol de £80) 43 vmAvds AL 44

CE 1) my,not o FYES ZEH HTHE2R

(my, my, my) my my My 7 7 73 3! Ty

L 0007 0317 .0917 9976 .0142 .0388 0170 .0271
(.25 1,15) ML 0004 .0216 .1001 .2384 .0124 .0358 0049 0232
MM 0004 0210 .1032 1904 .0121 .0367 0043 .0220

LS 0007 0575 .0857 9938 .0147 0111 0161 .0098
(.25 1,2 ) ML 0004 .0316 .0998 2415 .0126 .0101 0059 .0049
MM 0004 .0317 .0992 .1895 .0119 .0097 0044 .0047

LS 0007 0946 1502 9907 0152 0038 0156 .0044
(.25 1,3 ) ML .0004 0478 .1666 .2505 .0127 .0032 0053 0011
MM 0004 .0470 .1648 1918 0122 .0032 0045 .0011

L5 0029 .0314 0915 1397 .0139 .0386 0113 .0276
(5,1,15) ML 0017 0231 .1018 .0509 .0131 .0343 0069 0232
MM 0017 .0219 .1036 .0478 .0125 .0363 0063 0218

L 0029 0572 0855 1392 0142 .0111 0113 .0099
(5,1,2 ) ML .0017 .0349 .0999 .0521 .0133 .0097 0074 .0048
MM 0017 0324 1003 .047: 0122 .0096 0063 .0046

L 0029 0932 1501 1390 .0144 .0038 0112 .0045
(5,1.,3 ) ML 0017 0594 1694 .0523 .0125 .0033 0066 0012
MM 0017 .0490 1663 0470 0125 .0032 0063 0011

L> 0066 0315 0917  .033& .0138 .0388 0100 .0277
(.75, 1., 15) ML 0038 .0256 .1012 .0217 .0141 .0327 0068 0228
MM 0038 .0245 .1030 .0216 .0132 .0358 0066 0217

L 0066 0568 0853 0537 .0139 .0110 0100 .0100
(.75, 1,2 ) ML 0038 .0379 .1006 .0224 .0138 .0095 0069 .0047
MM 0039 .0372 .1004 0216 .0128 .0096 0066 0046

L 0066 .0929 1508 0537 .0142 .0038 0100 .0045
(75 1,3 ) ML 0039 .0561 .1685 .0231 .0135 .0033 0064 .0013
MM 0039 0576 .1656 0216 .0130 .0032 0068 .0011




~J
|
i
e

134 247 A2% 1996'd 69

F¥EA7] n o= 100, 150, 20001 i) < 2>9] “97fe] R4rgte] hd HE” 2o
& 3 Aol < 4>olth < 4>oA FEIV L AF wak 1) A bR 24

o 494 FRAFLAL AAHeT Frhs A4 2) MMY Hgo] duHom
W Fopath- 4% 44 AT

2 ok

CE 24 FYOl O dYH HdoNE2Ae HEik

3 3
(m, my, my) 21 MSE ( m,)/3 21 MSE ( 7,)/3 21 MSE ( z;)/3
= 7= Y
LS 0414 3502 0221
(.25 1., 15) ML 0407 0955 0140
MM 0415 0797 0132
LS 0480 13399 0130
(.25 1,2 ) ML 0439 0880 0054
MM 0438 0704 0045
LS 0818 3366 0100
(.25, 1,3 ) ML 0713 0887 0032
MM 0707 0691 0028
LS 0419 0641 0194
(5,1,15) ML 0422 0328 0150
MM 0424 0322 0141
LS 0485 0548 0106
(5,1,2 ) ML 0455 0250 0061
MM 0448 0230 0055
LS 0821 0524 0078
(5,1.3 ) ML 0768 0227 0039
MM 0723 0208 0037
LS 0433 0355 0188
(75 1,15 ML 0435 0228 0148
MM 0438 0235 0142
LS 0496 0262 0100
(.75, 1., 2. ) ML 0474 0152 0058
MM 0472 0147 0056
LS 0834 0239 0072
(.75, 1,3 ) ML 0762 0133 0038
MM 0757 0126 0039
97/he] =t LS 0578 1426 0132
o thgr H+ ML 0542 0449 0080

MM 0536 0384 0075




ik

AZHol gl Ml v xstol= sholBRES 1 34

75

(E 3) p% SZHHENAMY

m;, ;2 ;2 FHBES HHH YEHEA

(my, my, m3)

» my omy My N P 73 3| T2

LS 0029 .0315 0978 2288 .0179 .0442 0114 0272
(5 1,15) ML 0016 .0192 .1007 0539 .0122 .0293 0058 .0225
MM .0016 .0203 .0998 .0611 .0174 .0455 0070 .0230

LS 0029 .0564 0882 2287 .0178 .0127 0112 .0097
5 (51,2 ) ML 0016 .0311 0991 .0637 .0118 .0090 0058 .0048
MM 0016 0323 .0994 0618 .0171 .0133 0068 .0049

LS .0029 .0945 .1544 2286 .0182 .0043 0113 .0045

(51,3 ) ML 0016 .049% .1663 .0639 .0116 .0031 0058 .0012

MM 0016 .0504 .1674 0626 .0168 .0044 0063 .0013

LS .0029 .0301 .1053 .3890 .0122 .0289 0112 .0267

(5 1,15) ML 0016 .0188 .0878 .0549 .0122 .0289 0058 .0221

MM 0017 .0201 .0878 .1019 .0318 .0577 0080 .0227

LS .0029 .0551 .0933 3835 .0299 .0178 0110 .0097

10 (51,2 ) ML 0016 .0303 .0936 .0549 .0117 .0093 0057 .0048
MM 0016 .0322 .0949 1072 0311 .0195 0077 0050

LS 0029 0923 .1628 3839 .0299 .0063 0110 .0047

(51,3 ) ML 0016 .0500 .1594 .0547 .0118 .0033 0057 0013

MM 0016 .0527 .1590 1118 .0304 .0067 0067 0013

LS 0029 0294 .1212 1.0223 .0846 .0982 0111 .0271

(5 1,15) ML .0015 0189 .0792 .0539 .0128 .0392 0056 0183

MM 0017 .0211 0755 2913 0937 .0688 0088 .0197

LS 0029 .0546 .1040 1.0213 .0841 .0377 0111 .0098

20 (51,2 ) ML 0015 .0290 .086 0540 .0121 .0113 0055 .0047
MM 0017 .0340 .083 3055 .0941 .0313 0084 .0049

LS 0029 .0960 .1789 1.0215 .0840 .0142 0110 0048

(51,3 ) ML 0015 .0488 .1604 .0536 .0118 .0040 0056 .0013

MM 0016 .0538 .1587 .3266 .0920 .0124 0080 .0014




76 FEE9E3A A24¢ 23 1996 64

(®E 4) BE23%|0] WE my;, p,2 ;2 FHSO s FHH I 2%

Tzt 9ol RFolMe B
FEa7 m;o F4 3 9l AR o F8%
LS 1501 D742 0195
100 ML 9667 1520 0527
MM 9602 1030 0501
LS 0913 2574 0158
150 ML 0971 0754 .0181
MM 0974 0999 0172
.S 0578 1426 0132
200 VIL 0542 0449 .0080
VIM .0536 .0384 .0075
ZaEd

[1] Boardman, T J. and Colvert, R. E. (1978), "Estimation in the Piece-Wise
Constant Hazard Rate Model When the Data are Grouped,” Communications
in Statistics &(5), pp. 417-432.

[2] Bain, L. J. (1478), Statistical Analysis of Reliability and Life-Testing Modeix,
Marcel Dekker, Inc., New York.

[3] Glaser, R. E. (1980), "Bathtub and Related Failure Rate Characterizations ”
Journal of the American Statistical Association 75, pp. 667-672.

[4] Kaplan, E. L. and Meier. P. (1958), "Nonparametric Estimation from Incomplete
Observations,”  Journal of the American Statistical Association 53, po.
457-481.

{5} Kao, J. H. 11959), “A Graphical Estimation of Mixed Weibull Parameters n
[ife-Testing of Electron Tubes,” Technometrics 1, pp. 389-407.

[6] Nelson, W. (1972), "Theorv and Applications of Hazard Plotting for Censored
Failure Data,” Technometrics 14, pp. 945-966

[7] Stitch, M., Johnson, G. M., Kirk, B. P. and Brauer, J. B. (1975), "Microcircu 1
Accelerated Testing Using High Temperature Operation Tests,” IEEXR

Transactions n Reliability 24, pp. 238-250.



