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SOME GENERALIZATIONS OF M-FINITE BANACH SPACES

JAE SuN CHA AND KAP HUN JUNG

ABSTRACT. We will show that let X and Y be M -finite Banach spaces with canonical

M-decompositions X = []i= X" and Y & [_[;'T";1 f’jmj , respectively and M and

N nonzero locally compact Hausdorff spaces. Then I : Co(M, X) — Co(N,Y) is
an isometrical isomorphism if and only if » = # and there are permutation and
homeomorphisms and continuous maps such that I = I;,’ly ol —10([Ti= It;u;) ©
Ingx.

1. Introduction

Throughout of this note X be a nonzero Banach space and M a nonempty locally
compact Hausdorff space. We say that a Banach space X is M-finite if Z(X) is
finite -dimensional. It follows that Z(]T.>5 Xi) = [1.33 Z(X.) so that finite product
is M-finite Banach spaces are also M-finite. In particular, ]} X; is M-finite if
the centralizers of the X; are one-dimensional.

Let X be a Banach space. For T' € Mult(X) , we say that S € Mult(X) is an
adjoint for T if ag = a7. If T' adjoint, then this operator is uniquely determined, it
will be denoted by T*. Z(X), the centralizer of X is the set of those multipliers T’
for which an adjoint 7™ exist.

In this note, we will prove that some results of M-structure of Co(M, X) and
Banch space with the local centralizer norming system and some generalization of
M-finite Banach spaces.
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2. Preliminaries

Definition 2.1. A function module is a triple (K, (Xk)rek,X), where K is a
nonempty compact Hausdorff space, (Xk)rex a family of Banach spaces and X a
closed subspace of [}z x X& such that the following conditions are satisfied :

(1) hx € X for z in X and h in CK ((hx)(k) = h(k)z(k)). (ie.,, X is a CK-
module)

(2) k — ||z(k)|l is an upper semicontinuous function for every z in X.

(3) X = {z(k)|xz € X} for every k € K.

(4) {k|k € K, X # {0}}~ = K (i.e. dense)

Definition 2.2. Let X be a Banach space and R; = [pi, (Ki, (X})kek,.x;), (i=
1,2) function module representations of X.

(1) We say that R; is finer than Rp(Rg < R;) if there are continuous map ¢ from
K onto K and a family of isometric isomorphisms S : Xi|¢-1¢) — X?2. (alll € K,
; for the definition of X |;—:(;)) such that Sop; = ps (where (Sz,)(I) = Si(z1lt-1¢)))
for z; € X; and | € K3):

X1 - HZZKl XI:'IC.
o1/
X 18

P2 "\ \
Xg HlEKz Xj

(2) Ry and R» are said to be equivalent (R2 = R3) if Ry < Ry and, in addition,
the mapping ¢ in (1) is a homeomorphism.

Lemma 2.3.[5]. The idempotent elements of Z(X) are just the M-projections of
X. ~

Lemma 2.4.[4]. Let X be a Banach space such that Z(X) is one-dimensional.
Then all M-summands of X are trivial and the trivial representation of X (in
[Trex Xr with K = {1} and X; = X) is a mazimal function module representation.



SOME GENERALIZATIONS OF M-FINITE BANACH SPACES 157

Lemma 2.5.[4]. (1) Suppose that X has no nontrivial M-ideals. Then the M-
ideals of Co(M, X)) are the subspaces Yo = {f|f € Co(M, X), flc =0} (C C M,C
a closed subset).

(2) If X has no nontrivial M-summands, then the M-summands of Co(M, X)
are the subspaces Yo, where C C M, C closed and open.

Lemma 2.6. Suppose that (K, (Xk)kex,X) and (L, Y1)ier,Y) are function mod-
ules such that Z(X) = {Miplh € CK} and Z(Y) = {Mp|h € CL}. Then for
every isometric isomorphism I : X — Y there are a homeomorphism t : L — K
and a family of isometric isomorphisms Sy : Xy — Y1 (all 1 € L) such that
(Iz)(1) = Si(z(t(1)) forx € X and | € L. In particular, X and Y are isometri-
cally isomorphic only if K and L are homeomorphic and the families (Xi)rex and
(Y1)ier contain the same spaces (modulo isometric isomorphism,).

Proof. Let R be the identical representation of X in [Tiex X and R the rep-
resentation {1, (L, (Yi)ier, Y)] of X. Since the algebras Z,(X) are Z(X) for both
representations it follows that R ~ R. With § as in Definition 2.2. we have Sp =1
so that (since § = Id)S = I. The assertion follows with ¢, (5;)icL as in Definition
2.2. and £ =71,

Lemma 2.7. Let X andY be Banach spaces, M and N locally compact Hausdorff
spaces. Further suppose thatt : N — M is a homeomorphism and that u : N —
[X,Y]iso 88 a continuous map ([X,Y]iso denotes the set of isometric isomorphisms
from X to'Y, provided with the strong operator topology). Then I, : Co(M, X) —
Co(N,Y) defined by (I f)(w) = [u(w)]ft(w)) (all f € Co(M,X),w € N) is an
isometric isomorphism.

Proof. For f € Co(M, X),w € N and € > 0 choose a neighborhood W of wp such

that || f(¢(w)) — f(t(wo))ll < € and |[{u(w) — u(wo)}[f(t(wo))]ll < € for w € W. It
follows that

1(Z2, ) (w) = (T f)(wo)
= fJu(w)[f (t(w)) — f(#(wo))] + [w(w) — w(wo)][f(t(wo))]|l < 2e
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for these w so that I, f is continuous at wg. Since t~! maps compact sets into
compact sets and ||u(w)]| < 1 for every w € N, I; . f, vanishes at infinity, i.e., I;
is well-defined. It is clear that I, is linear and isometric and it remains to show
that I; ,, has an inverse. We note that u™! : N — [Y, X];50, u"H{w) = (u(w))~! is
continuous for wy € N,y € Y and for € > 0 choose g € X such that u(wo)zo = yo
and a neighborhood W of wy such that |ju(w)zo — u(we)zoll < € for w € W it
follows that

[l (w)yo — v (wo)woll

= [Ju(w)(u™ (w)zo — zo)l| = llu(wo)zo — u(w)zoll < €

for these w so that w — u~!(w)yp is continuous. By the first part of the proof
this implies that I; ;9(f = t7%,% = u™! o t™) is contained in Co(M, X) for every
g € Co(N,Y), I; ; which is defined similarly to ;.. It is obvious that [; ; is an
inverse of I; .

Definition 2.8. A function module property is a rule P which assigns to ev-
ery function module (K, (Xk)kek,X) such that Z(X) = {Mplh € CK} a subset
P(K,(Xk)kek,X) of K*(= {k|k € K, X # {0}}) such that the following holds
: If (K, (Xk)kek,X) and (L, (Yi)ieL, L) are function modules such that Z(X) =
{Mplh € CK} and Z(Y) = {Mylg € CL} and if I : X — Y is an isometric
isomorphism, then t(P(L, (Y)icL,Y)) = P(K,(Xk)kek, X) where t is the homeo-
morphism from L to K.

Definition 2.9. (1) Let Xi,---,X, be Banach spaces and w : {1,--- ,n} —
{1,---,n} a permutation. By L, : [[;=5 Xi — [1.=3 Xw(i) we denote the isometric
1somorphism
(5171, e ,-'Bn) — ($w(1), e ,mw(n))
(2) For Banach spaces Y,Y1,---,Y, and locally compact Hausdorff spaces M,
there are natural isometric isomorphisms

Co(M,Y™ = Co(nM,Y), Co(M,[][¥:) =[] Co(M,Y3)

=1 i=1



SOME GENERALIZATIONS OF M-FINITE BANACH SPACES 159

where nM is the disjoint union of n copies of M. Thus, for every M-finite Banach
space X = [[i=, X7 there is a natural isometric isomorphism (which will be denoted
by Ing,x ) from Co(M, X) onto [1.2, Co(niM, X;).

Lemma 2.10. Let X;,---,X,,Y1,---, Yz be nonzero Banach spaces such that Z(X;)
=1d,Z(Y;)=1Id fori=1,--- ;r,j=1,--- Fand X; ¥ Xp if i £ and Y; 2 Y},

if 3 # j'. Further suppose that My,--- , M, and Ny,---, Ny are nonempty locally

compact Hausdorff spaces and

I: ﬁCO(Mi,Xi) — ﬁ Co(N;, Y;)

i=1 j=1

is an isometric isomorphism. Thenr =7 and there are a permutationw : {1,--- ,r}
— {1, ,r} and homeomorphisms t; : N,y — M; and continuous maps

U; : Nw(z) — [X,L, Yw(i)]iso (2 = ]_, ca ,r)

such that I = I,-1 o ([Ti—; It, w) (It; w, a8 in Lemma 2.7.):

1= Co(Mi, X;)  —— [T;= Co(N;,Y;)
H:=1 Itiyui \t /‘Iw"l

H::l CO(Nw(i); Yw(i))
Proof. We will prove that for every ig € {1,---,r} there is an jo € {1,---,7}

such that X;, = Y;,. For simplicity we will regard the Co(M;, X;) = J; (the
Co(Nj,Y;) = J¥) as subspaces of

[ Co(Mi, Xi) (o [] Co(N;, ¥5)).
i==1 j=1
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Let 39 € {1,---,n} be arbitrary. Since images of M-summands under isometric
isomorphisms are also M-summands, [(J;,) must be an M-summand in [z J;
and thus of the form ]_[;:1(.]; ni(J;, )) Since I(J;,) is nonzero, there must be a
jo € {1,---,7} such that J* = J% N I(J;) is a nonzero M-summand in J3. By

Lemma 2.4. and Lemma 2.5, there is a closed and open subset C* of N, such that

J* = {f|f S CO(Njo’on)’f

C = 0} = CO(NJ'O\C*ijo)'
Similarly we obtain a closed and open subset C' of M;, such that
j—l(J*) = Co(M,\C, Xio)'

Hence Co(M;\C, X;;,) & Co(N;,\C*,Y;,) and since M; \C # @ # N;,\C*, X;,
Y, Since the X; and the Y; are pairwise not isometrically isomorphic, the map
w:{L---,r} - {1,---,7}Hw(ig) = jo is well-defined and bijective (so that, in
particular, r = 7). We have I(J;) = J 5y (since I(J;)n J¥ = {0} for j # w(i),
i.e., there are homeomorphisms ¢ : N,y — M; and continuous maps u; : Ny —
(X, Yoo))iso such that I}y, = I, u,. It is clear that [ = I,-1 o ([Ti_y Toipu,)-

3. Main Results

Theorem 3.1. Let X andY be M -finite Banach spaces with canonical M - decompo-
sitions X = [[i= XM and Y = H;:l ij,» , respectively and M and N nonzero
locally compact Hausdorff spaces. Then I : Co(M, X) — Co(N,Y) is an isometrical
isomorphism if and only if = ¥ and there are a permutation w : {1,---,r} —
{1,---,7} and homeomorphisms t; : my,({)N— > n;M and continuous maps u; :

Moy N = [Xi, Yo(iliso(i = 1, -+, 1) such that

I=I340I10 L. w.) o In x (It was in Lemma 2.7.) :
N.Y w 313 ) ?

=1
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Co(M,X)  —— Co(N,Y)

IM,xl T 5y

[Tz Co(ni M, X5) [T}z, Co(m:N,Y;)
H:=1 Iti,m \l / Iw-l

[T:Z1 Co(muy N, Yo))

Proof. (=) By Lemma 2.10, we have

j‘_— IN,Y o] I O_I];Il"x . HC()(TL,;M, Xz) hand HCO(mJN;YL) :

i=1 j=1
[Tz Co(M;, X;) L [T}z, Co(N;, Y5)
I;,f%x Iy x I}T]}Y Piny
Co(M,X)  —L— Co(N,Y)
From [ = I,-1 o [];_, It, », and the above diagram , we have

T
-1
Lo-vo ] By, = Iny o ITo Iif'y
=1

I]—\-I,IY ol,-10 (HIti,ui) =1Io [I\_JTX
IJ_\},IY ol,-10 (H Iiw)oImx =1

161

By Lemma 2.7, [ = I;,}Y ol,-10([Ti-; It; w:) © Im,x is an isometric isomorphism.

(<) It is clear from Lemma 2.10.
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Theorem 3.2. Let X andY be M-finite Banach spaces with canonical M - decompo-
sitions X = [[1=, XM and Y = H;:l )7]77‘”, respectively, and M and N nonzero
locally compact Hausdorff spaces. Then Co(M, X) =2 Co(N,Y) if and only if r =7,
and there is a permutation w : {1,--- ,r} — {1,---,r} such that n;M = m, ;N

and X; 2 Y, for everyi€ {1,---,r}.

Proof. (=) This is a consequence of Theorem 3.1.

(<=) Since X; and Y; are not pairwise isometrically isomorphic, the map w :
{1,---,r} = {1,--- ,7},w(io) = jo is well-defined and bijective, therefore r = 7.
Hence, there are homeomorphism ¢; : m,; N — n;M and continuous maps u; :
M) N — [Xi, Yo(i))iso such that I = I;,,ly oI5t o (ITiz; It u;) © In,x. And so
X; 2 Y, ). Thus X; = f’w(t) for every i € {1,--- ,7}.
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