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Optimal Stacking Sequence Design of Laminated Composites
under Buckling Loads

Sung-Jin Youn*, Koan-Young Kim*, Woon-Bong Hwang** and Sung-Kyu Ha***

ABSTRACT

An optimization procedure is proposed to determine the optimal stacking sequence on the buck-
ling of laminated composite plates with midplane symmetry under various loading conditions.
Classical lamination theory is used for the determination of the critical buckling load of simply
supported angle-ply laminates. Analysis is performed by the Galerkin method and Rayleigh-Ritz
method. The approximate solution of buckling is replaced by the algorithms that produce gen-
eralized eigenvalue problem. Direct search technique is employed to solve the optimization prob-
lem effectively. A series of computations is carried out for plates having different aspect ratios,
different load ratios and different number of lay-ups.
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Fig. 1. Schematic feature of composite laminated plate.
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Fig. 5. Critical buckling load and mode shape under
uniaxial compression (a/b=1.0).

Table 1. Maximum buckling loads and optimum angles with the change of aspect ratios under uniaxial com-

pression

Ky
Aspect Ratio Optimum Angle

Maximum Bucklmg Load  Worst Angle Maximum Buck]lng Load

Worst angle load

[ab] [degree] [Ng™*/ Erhi) [degree] [N§* b°/Ech] Optimum angle load
1.0 [-44.3/44.6), 19.72 [90/90], 8.35 04
20 [-36.8/50.9), 19.13 (89.8/89.8] 835 04
30 [-52.3/34.5); 19.10 [89.9/89.7]. 835 04
40 [-52.9/33.5), 19.06 [89.8/89.8], 835 0.4
5.0 [-53.4/33.4], 19.07 [90/90], 835 04
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Fig. 6. Critical buckling load and mode shape under
uniaxial compression (a/b=2.0).
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Table 2. Maximum buckling loads and optimum angles with the change of the number of layers under nniaxial

compression
Aspect Ratio  Ply Opt. Angle Max. Buckling Load Worst Angle Max. Buckling Load  Worst angle load

[ab]  Number [degree] [N§® b*/Esh’} [degree) [NG" b*/Eh’) Opimum angle load
1.0 2ply  [-44.3144.6), 19.72 (90/90], 8.35 04

Iply [-45.1/44.8/44.8] 2326 [89.9/89.9/89.9], 835 0.4

4ply [<45.1/44.9/44.9/44.9), 2438 (89.9/89.9/89.8/89.8). 8.35 0.3
2.0 2ply  [-36.8/50.9), 19.13 (89.9/89.8], 8.35 04

3ply [-41.8/47.9-47.9], 23.11 (89.9/89.8/89.8), 835 0.4

4ply [-43.9/-46.1/-46.1/-46.1], 2436 (89.9/89.9/-90.1/-89.9] 8.35 03

Table 3. Maximum buckling loads and optimum angles with the change of aspect ratios under shear loading

Aspect Ratio  Optimum Angle Maximum Buckling Load  Worst Angle Maximum Buckling Load Worst angle load
[ah] [degree] [N b°/Esh] [degree] [NG" b*/ Erh'] Optimum angle load
1.0 [-44.9/-44.9], 88.01 [49.9148.9), 1279 0.1
2.0 (-57.41-57 4] 61.93 [15.1/15.1] 7.98 0.1
3.0 [-58.9/-58.9], 57.50 [19.8/19.8], 725 0.1
40 (-59.3/-59.3] 56.11 (11:2111.2), 6.70 0.1
5.0 (-59.5/-59.5]. 55.49 [12.9/12.9]. 6.59 0.1
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(b) Buckling Mode

Fig. 8. Critical buckling load and mode shape under
shear loading (a/b=2.0).

Table 4. Maximum buckling loads and optimum angles with the change of the number of layers under shear

loading
Aspect Ratio  Ply Opt. Angle Max. Buckling Load Worst Angle Maxi. Buckling Load _ Worst angle load

[#b]  Number [degree] [N§ b’ /Er’] [degsee] INg b /Ech’}  Oplimum angle load
L0 2ply  (44.9/449) 88.91 [49.9/49.9]c 12.79 07

3ply  [-44.9/-44.9/-44.9], 88.91 [49.9/49.9/49.9), 12.79 02

dply [-44.9/-44.9/-44.9/-44.9] 88.91 [49.9/49.9/49.9/49.9], 12.79 0.1
2.0 2ply [57.4/57.4) 61.93 [15.115.1), 7.98 0.1

3ply [574457.4/-574) 61.93 [15.1/15.1/15.1), 798 0

4ply [-57.4/-57.4/-57.4{-57.4) 61.93 [15.1/15.1/15.1/15.1], 7.98 n1
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Table 5. Maximum buckling loads and optimum angles with the change of aspect ratios under biaxial com-

pression (N :N,=1:1)

Aspect Ratio  Optimum Asgle

Maximum Buckling Load  Worst Angle Maximum Buckling Load

Worst angle load

[a/b] [degree] [Ng® b*/Esb) [degree) [N b/Ech’) Optimum angle load
1.0 [-44.9/44 9], 9.88 [90/90}, [0/0), 6.68 0.7
20 [-67.2/63.1); 8.14 {0/0), 1.67 0.2
3.0 (-72.3149.4), 8.18 [0:0], 1.0Y 0.1
4.0 (-74.7/48.9). 8.3 [0:0); 0.95 0.1
54 [-75.7/48.6], 8.11 [0:0], 0.90 0.1

Dimensional Load

Lengih a

{b) Buckling Mixlc

Fig. 9. Critical buckling load and mode shape under
biaxial compression (N,:N,=1:1, ab=1.0).
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Fig. 10, Critical buckling load and mode shape under
biaxial compression {N,:N,=1:1, a/b=2.0).
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Table 6. Maximum buckling loads and optimum angles with the change of the number of layers under biaxial
compression (N, : N,=1:1)

Aspect Ratio  Ply Opt. Angle Max. Buckling Load Warst Angle Maxi. Buckling Load __ Worst angle load
(a’b] Number (degree] [Ng? b*/Erh’) [degree] [N§* b*/Exh’) Optimum angle load
1.0 2ply  [-44.9/44.9), 0.88 [89.9/89.9), 6.68 0.7
3ply  [45.0/45.0/45.0], 1163 [89.9/89.9/89.9]. 6.68 0.6
4ply [-45.0/45.0/45.0/45.0], 12.1% [89.9/89.9/89.9/89.9). 6.68 0.5
20 2ply  [67.2/63.1), 8.14 (0/0), 167 0.2
Iply [-68.672.3/66.6) _ .90 (0/0/0], L.67 02
dply [-67.1/76.5/71.9/69.0), 9.07 (0mD/0]. 1.67 02
Table 7. Maximum buckling loads and optimum angles with the change of loading ratios-(1)
Aspect Ratio Load Ratio  Opt. Angle  Max. Buckling Load  worst Angle Maxi. Buckling Load __ Worst angle load
[b) NGN,]  [degree] [N§* b*/Eb] [degree] [NS® 6/Ecb}  Optimum angle load
10 2:1  [-44.8/44.8], 6.58 [89.9/89.9), 371 0.6
20 1:2 [79.4/679) 519 [0, 0.93 ¢2
2:1 [-56.760.7), 5.70 [0/0), 1.39 0.2
Aspect Ratio Load Ratio  Opt. Angle Max. Buckling Load  worst Angle  Maxi. Buckling Load __ Worst angle load
(&) NN [degree] NG b/l [degree] [Ng* b/Ech]  Optimum angle load
1.0 211 [-45.1/446], 11.53 [81.5/81.5), 395 0.3
20 201 [43.4470), 11.80 [61.2/61.2], 3.52 0.3

Table 8. Maximum buckling loads and optimum angles with the change of aspect ratios under shear and uniaxial

compression (N,:N,=1:1}

Aspect Ratio Optimum Angle

Maximum Buckling Load  Worst Angle Maximum Buckling Load Worst angle load

[ab] [degree] [N§® b’/Erh’] [degree) [N§® b°/Erh] Optimum angle load
1.0 [45.1/44.4) 23.79 [58/58], 6.83 03
20 [-46.1/-46.1), 2315 {55/551, 522 0.2
30 [-46.41-46.4] 23.21 [47.1/47.2), 4.82 02
40 [-46.5/-46.5) 23.20 [45.3/45.4), 4.68 02
5.0 [-46.6/-46.6), 23.19 [41.0141.4], 462 02
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Fig. 11. Critical buckling load and mode shape under
shear and uniaxial compression (N, :N,=1:1, o/
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Table 9. Maximum buckling loads and optimum angles with the change of the number of layers under shear
and uniaxial compression {Nx:N,=1:1)

Aspect Ratio  Ply Opt. Angle Max. Buckling Load  worst Angle ~ Maxi. Buckling Load _ Worst angle Joad

[#b]  Number [degree] [N§® b°/Ech’)  [degrec] [NG™ 6"/Erh’)  Optimum angle Joad
1.0 2ply [45.1/44.4 2379 [58/58). 6.83 0.3

3ply  [45.0/44.9/-45.0) 23.61 [$8/58/58]. 6.83 03

dply [-45.1/45.1/44.4/44 4], 2379 [58/58/58/58) 6.83 03
20 2ply [46.U46.1), 215 (55/55), 522 02

3ply [46.1/46.1/46.1] 2315 [55/55/55]. 522 02

4ply [-46.1/-46.1/-46.1/-46.1]; 23.15 [55/55/55/55) 522 02

Table 10. Maximum buckling loads and optimum angles with the change of aspect ratios under shear and biax-
ial compression (N,:Ny:Ny=1:1:1)

Aspect Ratio  Optimum Angle Maximum Buckling Load  Worst Angle Maximum Buckling Load ~ Worst angle load

(] [degree] ING® b*/Erh] [degree] (N§® b*/Erb’] Optimum angle load
1.0 {-45.0/44.9), 11.51 [55.9556), 484 04
20 (-69.7/72.9, 906 (3.4/3.4), 1.60 0.2
30 (-71.2/61.6] 9.05 [1.4/1.4), 1.07 0.1
4.0 (-68.1776.8] 895 [0.9/0.8), 0.94 0.1
50 [-70.2/67.6). 9.04 [0.6/0.6), 0.89 0.1
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Fig. 14. Critical buckling load and mode shape under
shear and biaxial compression (N, : N,:N,=1:1:
1, ab=2.)).
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Fig. 15. Critical buckling load and mode shape under
shear and biaxial compression (Ny:N,:Ny=1:1:

2, alb=1.0).

Table 11, Maximum buckling loads and optimum angles with the change of the number of layers under shear

and biaxial compression (N, :N,:N,=1:1:1)

Aspect Ratio  Ply Opt. Angle Max. Buckling Load Opt. Angle Maxi. Buckling Load  Worst angle load
(6]  Number [degree] [N§™ b*/Erb] [degree] [Ng* b*/Er¥']  Optimum angle load
1.0 2ply [45.0/34.9], 11.513 [55.9/56). 4.84 04

Aply  [-45.0b45.0/45.0) 12.182 [56/56/56], 484 04
4ply [45.0/450/-45.0/-45.0], 12.183 [56/56/56/56], 484 04
2.0 2ply  [69.7/725), 9.063 (3.4/3.4) 107 0.1
Iply [-67.2/80.2/83.5). 9.03 [3.4/3.4/3.4), 107 0.1
4ply [-65.2/87.4/72.5/68. 4] 9.126 [3.4/3.4/3.4/3.4], 107 0.1

Table 12. Maximum buckling loads and optimum angles with the change of loading ratios{2)

Maxi. Buckling Load

Aspect Ratic Load Ratio Opt. Angle Max. Buckiing Load  wogsi Angle Worst angle load
[ab]  [No:Ni:Ng]  [degree] [N b*/Er ) [degree] [N§® b*/Erh’)  Optimum angle load
1.0 1:1:2 [-45.02/44.86), 1190 [53.5/53.5]. 3.57 0.3

1:1:3 (-45.01/44.87), 11.36 [52.2/52.2], 2.81 n2
1:1:4 [-45.00/44.88]. 10.48 [51.5/51.5]; 2.31 02
1:1:5 [~44.99/44.89), 9.55 [51.0/51.0] 1.96 0.2
1:2:1 [45.01/44.97), 7.39 [6.5/6.5] 354 05
2.0 1:1:2 [-68.87/81.69]. °.02 [6.0/6.0], 1.44 02
1:2:1 [-80.64/70.08), 531 [1.971.9]c 0.92 02
2:1:1 [-67.83/70.79), $.55 {2.772.77). 1.35 02
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Flg. 16. Critical buckling load and mwde shape under
shear and biaxial compression (N,:N,:Ny=1:1:
2, ab=2.0).
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1, ab=1.0).
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