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The General Moment of Non-central
Wishart Distribution

Chul Kang'! and Byung Chun Kim?

Abstract

We obtain the general moment of non-central Wishart distribu-
tion, using the J-th moment of a matrix quadratic form and the 2J-th
moment of the matrix normal distribution. As an example, the sec-
ond moment and kurtosis of non-central Wishart distribution are also
investigated.

Key Words : Kronecker product; Commutation matrix; Vec operator;
Moments of matrix; Quadratic form; Non-central Wishart distribution.

1. INTRODUCTION

Let random matrix Y (pxn) be distributed as N, .(u, &, @) (1 # 0), where
¥ and @ are (p x p) and (n x n) positive semidefinite matrices, respectively
(in fact, E(Y) = p and Cov(vecY,vecY) = @ ® £). For & = I, YY"’ is said
to have a non-central Wishart distribution with scale matrix ¥ and degrees
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of freedom parameter n, where I, be an (n »x n) identity matrix. Later X
denotes Y when x — 0. Von Rosen (1988) obtained the moments of arbitrary
order of matrix X, and using these calculated the second order moment of
the quadratic form where 4 is an (n x n) arbitrary non-random matrix.
Neudecker and Wansbeek (1987) also obtained the second order moment of
Y AY’ by calculating the expectation of X AX'C X BX’, where X =Y —p and
A, B, and C are arbitrary non-random matrices. Tracy and Sultan (1993)
obtained the third order moment of X A X’ using the sixth moment of matrix
X. Kang and Kim (1995) obtained the J-th moment of matrix quadratic
form using the 2J-th moment of matrix X.

In this article, we improve results of Kang and Kim (1995), and present the
general moment of non-central Wishart distribution using the J-th moment
of matrix quadratic form and the main results(Theorem 3.2 and Theorem
3.3) of von Rosen (1988).

In Section 2, we summarize some preliminary results for commutation
matrix and vec operator. The theorems and corollarys concerning the J-th
moment of X AX' are presented in Section 3. The J-th moment of non-
central Wishart distribution is obtained in Section 4. Also, in Example 4.1,
we establish the complete form of second moment of non-central Wishart
distribution.

2. SOME KNOWN RESULTS

Definition 1. Let A = (a); be an (m x n) matrix, and B = (b)x, be a (p x ¢)
matrix. Then the Kronecker product A ® B of A and B is defined as

anB apB - aB
ang CLQQB AN G,Q.nB
amlB amZB o amnB

It is an (mp * ng) matrix.

Definition 2. For a (p x n) matrix A4, let vecA denote the pn-vector obtained
by ‘vectorizing’ A; that is, vecA = [a},a}, --,al) if A = [ay, a9, -+, as],
where a; is a p-vector.

Commutation matrix /,, . is an (mn < mn) matrix containing mn blocks

of order (m  n) such that the (ij)th block has an 1 in its (j¢)th position and
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zeroes elsewhere. One has
Im,n - ZZ(HU ® Hilj)7
i=1j=1

where H;; is an (n x m) matrix with a 1 in its (¢j)th position and zeroes
elsewhere, and can be written as H,; = e;e], where e;(e;) is the i(j)th unit
column vector of order n(m). For example,

100000
000100
L.o.|010000
W1 000010
001000
000001

Some preliminary results of commutation matrix, Kronecker product and
vec operator are the following;:

Im®In:Imn7 (21)
where I, is an (m x m) identity matrix.
Lt=1I. . =In (2.2)

In®@Inn @ L) ® L, ® L) ([0 ® In, ® I)

= ([n®In®Inn)In ® Inn ® 1) ® In ® Inp). (2.3)
For (m x n) matrix A,
I, mvecA — vecA'. (2.4)
For A and B conformable matrices,
(A B) = A'® B (2.5)
_ trln,,=1+dm—-1,n—1), (2.6)
where d(m, n) is the greatest common divisor of m and n (d(n,0) = d(0,n) =

For A and B conformable matrices,

vec'A'vecB = tr(AB). (2.7)

For (m x n) matrix A and (p x ¢) matrix B,

vec(A® B) = (I, ® [, ® I,)(vecA ® vecB). (2.8)
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For A, B, and C conformable matrices,
vec(ACB) = (B' ® A)vecC. (2.9)
For A, B, C, and D conformable matrices,
(AB)® (CD) = (A® C)(B® D). (2.10)
For (m x n) matrix A, (p x q) matrix B, and (r x s) matrix C,
vec(A®BRC) = (In®1m 0s@1,, ) I nng®I, ,@1.) (vecA®uvecB®uecC). (2.11)

For detailed proofs, see Magnus and Neudecker (1979), Neudecker and Wans-
beek (1983), and Tracy and Sultan (1993).

Neudecker and Wansbeek (1983) have discussed higher order commutation
matrices, for which

Loy = (Ix,z @ Iy)(lz ® Iy,z) = (Iy,z ® Iz)(ly ® Ix,Z)a
Loy, = (Iy ® II,Z)(Ix,y ®I,)= (Iz ® Iz,y)(Ix,z ® Iy)' (2‘12)

For X ~ N, .(0,%,®), the 2J-th moment is (von Rosen, 1988)

J-1
E(®2JX) = Z Z H(pa']az.()a'--)’i.]fl)

=0 2<i;<27-2;

% (®7 (vecXved ®))H (n, J,dg, . . .,i5-1), J =1,2,.(2,13)

or
2J
E(®X) =3 P(p,i,2J)(vecSvec® ® E(® X)) P(n,i,2J), (2.14)
=2

where F(®°X) = 1,

J-1
H(a,Jyioy . is-1) = [] (Leox ® Pla,ix, 2J — 2k))

k=0

and

P(a, b, C) — ((Iab—Zﬂ ® Ia)]az’aEVQ) ® Iac~b-
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3. THE J-TH MOMENT OF X AX'

For the proofs of the Thoerem 1 and Theorem 2, we need some notations.
Notation 1. pg = qg = 1,

-1 J k
pa()) = ([I peas)ae P sz/ Hpj, q(Jik) = [T/ [T a5
k=0 =1 j=1

i=1
Notation 2.
Pa:b,c;d = Ipa ® Ipb,pc ® Ipd, Na;b,c;d =T..® Inb'nc ®I,q.
Theorem 1. Let B;, By, ..., B, be the set of matrices, where the size of B;

is (p; % g;). Then

vee(®;_ B:) [ H pa(i) @ Ip,0(5:5) @ IP(J:J'))] <®iJ=1UeCBi>'

Proof. See the proof of Theorem 3.2 in Kang and Kim (1995).
Corollary 1. Let Cy,Cs,...,C; be the set of (p x p) matrices. Then

vec(@i 10 (H PZ] 1:1,J—5;J— J>(®;-]:1’U€CCi).

i=1

Proof. See the proof of Corollary 3.3 in Kang and Kim (1995).

Lemma 1.
P(p,i, J) - Pl;l,z‘-‘Z;J—z’,
. !
P(TL, z, J) - Nl:i—?,l;J‘iv
J-1
_ H(p, Jyio, ... is—1) = [] Possrini-227-26i,
and k=0
J-1
. . I
H(n, Jyioy - yis-1) = ] Nav—ze-tis 1o o-202642-4, 1y -
k=0
Proof.

P(p,i,J) = ((112p®1) 12)®IJ1
= ((p-2,@ ]p)(Ip,p’“2 ® 1)1, ® Ip,p‘“Q)) ® Lo~
— IP®Ip,p’_2®IpJ_"
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using (2.12) and (2.2). Also,

P(n,i,J)' = (In ® Inync—Q ® InJ—i),
= I’rl@[n‘_z,n@In‘]_l’

by (2.5) and (2.2).
Applying the above results and (2.1),

J-1

H(p,.],i(),...,’l:]_l) = H(Ip2k®P(p,ik,2J—2k))
k=0
J-1

= H (T2 © Pyyi,—2,20-2k-4,)
k=0
J-1
= H (Ipu @ (,® I, pri-2 @ Ip2o-2e—, )
k=0
J-1
= H (Ip2k+1 Q@ I, pix-2 @ Lj2s-2¢-4, ).

k=0
Similarly,
J-1

H(n,J,ig,...,i5-1) = H (In27-26-1 ® Ligoiow-2 @I 22—y, )
k=0

using (2.5) and (2.2).

Theorem 2. The J-th moment of matrix quadratic form X AX' is
vecE(@JXAX’) = (Hi;ll P2d—1;1,J—d;J—d)

2J
X [Z Pl;lvi-g;gj_i(veczvec'd? ® E(®2J_2X))N1;i_2‘1;2‘]—2’] (®JvecA), (3.1)

1=2

or

vecE(®'XAX') = (l—[,{;ll PZd——l;l,J—d;J—d)

J-12J-2j J-1
>< [

Z Z ( H P2h+1:l,kh—2;2J—2h—kh>(®J(’U€CE’UCC,¢’))

=0 k;=2 h=0

X (JI:II N2J—2h—1;kJ_1_,,-—2,1:2h+2—k.;_1~h)] (®JvecA). (3.2)

h=0
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Proof. As a result of Theorem 3.4 in Kang and Kim (1995),

’UCCE(®;.I:1XAXI) — [Hi;ll(lph(-—l ® IP,PJ—d ® IPJ—d)]
2J

" [Z;(IP ® Ippi-2 ® Ipu—;)(vechec'@ ® E(®2J“2x)>
=

X (In ® Inj~2’n ® In2J—])] <®JUCCA).
By virtue of Notation 2,

vecE(®, X AX') = (sz_xl P2d—1;1,J—d;J—d)
27
X [Z Pya-2:20-; ('UCCE'UCC,¢®E(®2J_2X))N1;J’_2‘1;2J_j] (®JvecA). (3.3)
=2

Using (2.14), (3.3) becomes (3.1). Also,
272

E(® )= Y Piij-22s-2-j(vecCved® ® E(®"* X)) Nuy;-2,125-2-;-
i=2

Then (3.3) is

vecE(Q@'XAX') = (sz—ll P2d~l;1,J—d;J—d) [Z?iz Py1i-2:00-i X

27-2
{vechec’@ ® ( z P11 j-227-2-;(vecSvec® ®
=2

E(®2J‘4X))Nl;j_z,1;2J~2—j)}N1;¢—2,1;2J—i] (®JU€CA)

J-1 [ZJ 2J-2

= (H P2d—1;l,J—d;J—d) o> {Pl;l,i~2;2.l—z’P3;l,j—2;2J-2——j X
a=1 i=2 j=2
((®2vec2vec'¢) ® E(®2J—4X))Nl;j_211;2_]_2_]‘Nl;i_2,1;2_]..i}}
X (@JvecA>,
using (2.10). We show that (3.3) becomes (3.2), by recursive manner.

Corollary 2. The J-th moment of Wishart distribution is
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vecE(@'XX') = ( iy P2d—1;1,J—d;J—d)
2J

X [ZP1;1,¢~2;21—¢(Ueczveclfn®E(®2J_2X))N1;i—2,1;21—¢] (®JU€CIn), (3.4)
i=2

or

vecE(®'XX') = (Hj;ll P2d—1;1,J—d;J~d)
x [ qu_ol sz;zzj (H;{;é P‘2h+l;l,kh—2;2J—2h—kh><®J('U€CE'U€C’In))

J-1 J
X (tho NZJ—2h—1;k_,_1_,,—2,l;2h+2 ~k,-1_,,)] (® veCIn)-

Proof. Substituting I,, for A and ® in Theorem 2, it is clear. This result is
the vectorizing of general moment of Wishart distribution.

For the calculation of the general moment of non-central Wishart distribution,
we need Corollary 2.

4. THE GENERAL MOMENT OF NON-CENTRAL WISHART
DISTRIBUTION

Let random matrix Y (p x n) be distributed as N, (¢, %, I,) (¢ # 0). We
obtain the expectation of vectorizing of ' YY'. Let M;(YY') = Evec(®’YY'),
and, Y = X + u. Then
M;(YY') = Evec(®’'YY')

= Evec(®’(X + u)(X + p)")

= Evec(® (XX'+ Xu' + pX'+ pp'))

= Bvec((®XX') +(®Xu) + (®7uX') + (® nu))

= Evec(®'XX') + Evec(®’ X ') + Evec(® uX') + Evec(®” uu')

Using (2.5), we get

M;(YY') = M;(XX')+ Evec((® X)(® 1))
+ Evec((®1)(®7X")) + vec((® 1) (®1)).  (4.1)

By Corollary 2,

M;(XX') = (Jf[1 Pyst1,5-67-¢) E(® X)(®” vecl,,). (4.2)

d=1
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Now,
vee((®’ X)(®” 1))
= wee((® X)L, (@)
= (®'1) ® (® X))vecl,.s
= (®n o (®JX))( I_I N2d~1;J—d,1;J—d>(®Jvecfn),

using (2.5), (2.9) and Corollary 3.4. Hence
Evec((®”X)(®74))
= [(®JN) @ (E(®JX))] ( ];[ N2d—1;J~d,1;J—d) (®Jvecln>. (4.3)

Similarly,
Evec((®”1)(®'X"))
= [(B(® X)) © @ W] ( TI Naw-ts-s05-2) (® vecl,). (44)
Also,

J-1
vec((®p)(®74)) = (®2J#)( H de—l;J—d,l;J—d) (®J’0661n>. (4.5)
=1
Substituting (4.2), (4.3), (4.4) and (4.5) for the right-hand side of (4.1), (4.1)
is

J-1

( H P2d—1;1,J—d;J—d>E(®2JX) (®Jﬂ€01n)
a=1
J-1

+ [(@J#) ® (E(®JX))] ( U N2d—1:J~d,l;J—d) (®Jvedn>

+ [(E(®JX)) ® (®JN)] ( 1T N2d~1:J—d,1;J—d) (®Jv861n)

d=1

+(®% 1) ( JII—I N2d—1;J—d,l;J—d) (®Jv€01n)- (4.6)
=1

Now applying (3.4), (2.14) and Lemma 1, we get
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vecE(®'YY')

= Evec(®’YY')
J-1

= ( |} P2d—1;l,J—d;J—d>

a=1

X [ZPH, 2.07—-i(vectvecI, ®E(®2J 2X))N11 2.1:2J— ](@Jvecln)

(®n) ® Epllz 2.7-i{vecSvec'l, ® E(®' 72X ))N1i-2.1.s- z)]

J

|
—

—

Nog-1:1,0-a:0- d)(@JU@CIn)

-8

,LﬁM&.'.’.

(

_Prsons-iveeDveel, © B(®* X)) Nis-a10-:) @ ®w)|

|
<
6
(

X ] Noa- 1;1,J-d;J— d)(@J’Uedn)
d=1
+ (®2J#)<Jl:llN2d—1;1,J—d;J—d>(®JU€CIn)-
d=1

Example 1. (The second moment of non-central Wishart distribution)

Let V = vecBvecI,, (p* x n?). For J =2,

vecE(@*YY')

= Pr1,1:1[Pr102(vecSvec T, ® vecSvec'I,) N1 1.2
+Py1,1.1 (vecTved I, ® vecSvec' I) Ny 1.
+Py.19.0(vecSved' ], ® vecTvec' I,)Ny.g 1.0)(veel, ® vecl,)
+(u ® 1) ® (Pr100vectvec' T, Nig,1.0)| N1 1.1 (veel, ® veel,)
+[(P1.1,0,0vectvec’ I, N1,10) @ (1 ® p)|N1.1.1.1(veel, ® vecl,)
+(p® 1 ® u® )Ny 11 (veel, ® vecl,)

- (IP ® I, ® Ip)[(v ® V) + (Ip QL ® Ip)(V ® V)(In Q@Inn® I.,)
+(I, ® I, ,2)(V @ V)1, ® I2,)](vecl, ® vecl,)
Hp@p@V)(I,®I,,® I,)(vecl, ® vecl,)
HVOreul,®I,,® I,)(ve, ® vecl,)

TR udn® p) I, ® I, ® I,)(vecl, ® vecl,)
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=(VeV)+wepreV)+(Veour®u) + (n®pdud u)vec(l, ® I,)
+(I, ® I, ® I,)(V ® V)(vecl,, ® vecl,)
(I, ® I, ® L), ® I, 2)(V® V)(I, ® 1.2 ,)(vecl, @ vecl,),

by (2.8).
We get the following results.

[1] (V ® V)vec(I, ® I,) = vee(V(I, ® I,)V') = vec(VV'),
using (2.9) and (2.1).
[2] (4 ® p® Vvee(I ® I) = vee(V (I, ® In) (1 @ )') = vee(V (1 @ u)'),
using (2.9) and (2.1).
8] (V ® u® p)vee(I, ® I) = vec((n ® p)(In ® I)V') = vee((n ® w)V’),
using (2.9) and (2.1).
[4] (4@ u@u@p)vec(l,®1,) = vec((u®u) (I.©1,)(u@u)’) = vec(uu'®pp'),
using (2.9), (2.1) and (2.5).
(5] (I, ® I, ® I,)(V ® V)(vecl, ® vecl,)
= (I,®1,,® I,)(vect ® vecT)(vec'I, @ vec'I,)(vecl, ® vecl,)
= vec(X ® B)vec Iz2vecl2 = tr(I2],2)vec(E® )
= nlvec(T ® L),
using (2.10), (2.8), (2.1) and (2.7).
[6]-1 (I, ® I, ® I,){I, ® I, 2)(vecE ® veck)
= (L®LLOL)L,®L® L) ,©1,,® I,)(veck ® veck)
= (LRL®L)L,©L,®)],®,® I,,)(veck ® veck)
= (L, ®L,;®1,,) ([, ®I;,® I,)(vect © veck)
= (I,®1,® I,,)vec(E® L) = vee(l, ,(X © ),
using (2.12), (2.10), (2.3), (2.4), (2.8) and (2.9).
[6]-2 (vec'I, ® vec'I,)(In ® L2 ,)(vecl, ® vecl,)
= (vedl, ® ved I)(In® I, © I,)(I, ® I, ® I.»)(vecl, ® vecl,) -

= (vec'l, @ vecd' L)Y, ® In ® In,)(In ® o ® I,)
X(In®In® Inn)In ® Inn ® 1)) (veel, ® vecel,,)
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= (vec'l, @ vecd )1, ® I, ® I,,)
X(In®I,®I,.)(, ® I, ® I,)(vecl,, ® vecl,)
=ved (I, ® I,) (12 © I, .)vee(l, ® I,)

= vec' (I, ® I,)vec(Innln2)

=tr(l 21, 1,2) = trl,, = n,

using (2.10), (2.12), (2.3), (2.10), (2.2), (2.4), (2.9) and (2.6).
Therefore,
vecE(®?YY")
= vec(VV") + vee(V (1 ® u)') + vee((x ® u)V')
tvec(up' ® pp') + n*vec(T @ %) + nvec(l, (X ® L))
=vec(VV' + V(e @ p) + (p® W)V’ + (u' ® pp')
+n* (£ © B) + nl,, (T ©%)).

Hence, the exact form of the second moment of non-central Wishart dis-
tribution is

E@YY)=VV' + V(@uow + weuV' + (u' © )
+ P2(E %) +nlL,(E0%),

where V = vecXvedI,.

Example 2. (The vectorizing of kurtosis of non-central Wishart distribution)
When J =4, (4.6) becomes

vecE(®'YY")
3 8 6 4
— ( H P2d—1;1,4—d;4—d) [Z Z E Pl;l,i—?;B—z'P3;1,j42;6~jP5;1,k:—2;4—k (®4V)
d=1 i=2 j=2k=2

4
X N5;k—2,1;4—kN3;j—2,1;6—jN1;1'—2,1;8—z’] (® UeCIn>

+ [(®4M) @ (24: Pl;l,i—2;4—i(®2V)N11i42.1;4~z’>] < fI N2d—1;1,4-—d;4‘d> (®4U€CIn>
i=2

d=1

+ [( i Pl;l,i—2',4—z‘(®2V)N1;i-—2,1;4—i> ® (®4u)] ( ﬁ N2d——1;1,4—d;4—d) (®4vecln)
a=1

i=2

+ (®8#)( fI N2d—1;l,4—d;4—d) (®4v601n>,

d=1
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using Corollary 2 and (2.14).
Further, when p = 1, M;(YY") is the J-th moment of non-central x2- distri-
bution with degrees of freedom n.

5. CONCLUSION

The importance of multivariate analysis in statistics is now widely recog-
nized in the statistical community as its range of application grows rapidly.
In studying multivariate analysis, however, we encounter some difficulties
because in most cases multivariate version of some statements are not the di-
rect generalizations of their univariate version, and because the calculations
involved in multivariate analysis are extremely convoluted and sometimes
impossible. For these reasons there are yet many theoretical questions to be
answered in multivariate analysis. In this paper we, hoping to shed some light
on such questions, get the general form of moments of non-central Wishart
distribution whose univariate version is the non-central x2- distribution. Fur-
thermore, we establish the complete formula of second moment of non-central
Wishart distribution. This result can be applied usefully in studying the char-
acteristics of non-central Wishart distribution such as mean, variance, skew-
ness and kurtosis, just to name a few. Moreover, we think that the above
results can be used in testing the covariance matrices in multivariate analy-
sis and in estimation the distribution of parameter in multivariate regression
analysis.
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