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Automatic Mesh Generation by Delaunay Triangulation and
Its Application to Remeshing
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Abstract

An algorithm for automatic mesh generation of two-dimensional arbitrary planar domain is
proposed by using Delaunay triangulation algorithm. An efficient algorithm is proposed for the
construction of Delaunay triangulation algorithm over convex planar domain. From the definition
of boundary, boundary nodes are first defined and then interior nodes are generated ensuring the
Delaunay property. These interior nodes and the boundary nodes are then linked up together to
produce a valid triangular mesh for any finite element analysis. Through the various example, it
is found that high-quality triangular element meshes are obtained by Delaunay algorithm,
showing the robustness of the current method. The proposed mesh generation scheme has been
extended to automatic remeshing, which is applicable to FE analysis including large deformation

and large distortion of elements.
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Table 1 Variation of CPU time of mesh generation with density

Low density Medium density High density
Number of node 981 1559 3144
Number of element 448 726 1487
CPU time on PC-486 (sec) 140 220 530

o

2

I

—_

=Y

S do o e od o
J 2
- £
2

ot

N

F7hE & A4 i“‘ *““011
% A AFA]7H-E Tabl
26 E}%xl
Delaunay Abz+3 AgF Al
24F wEolxl A onz of g
234 +4E& 2 del ole
gl &elr| ot ©}E-A (Laplician smoothing) 7] ¥ &
P& e, @ o] w2 7374]*4 Wite] AAds A
1ol SIAE AR AHE HHEo
T AAske) BEghor A2 Aoz e
oz FolAk $ialo] BHE ol EA ek
P(i)=5-3(P )
oAZNA, 4, 4, ke Al ol P(i),
PG, Plhi= Al AA JelWz ne
A% BReE A baiel, o 4l
4 i 34os o WHEA

ol o

=
1]
:n
rlr
&
oL
V‘(
Ay
O
ok
>
*
o O
oft
0
2
Led
2

HER H2357(9Y

Delaunay 4434 AHgste] Faasns
A4 A4S ass ARREoL SRS W

8l4 (sparse) o] Hm=z o]E AAFA
Apg-Ehs e vl EEA

o]
ﬁ’-Oﬂ 4] Reverse-Cuthill Mckee(RCM)4 1 (15.16)
- A gdtel WEZS Hastens A W
7)e Z1W-E AREshad e o] il E
st FAA AR AdAHE A9
(starting node) ¢ 2 3}v, Wiz Z
e Az 7 Ee] FoiEl AT AAE Ag

el A,

AL

EEE

Hode az o ag— g Sy Se— G35 5
r“'\ E, 'W[* & ‘r* r (s T\ \ 47;
39 jb 3 ]& A an 12 43 44
ot ETCV [545] L’ = ols \:T\ 32 A 3
T NN
I3 T S e 1R 1B N 40 2L de
Ayl 2 S 3

(b)

Fig. 5 Example of bandwidth minimization: (a)
Before (Maximum bandwidth: 46) and (b)
after bandwidth minimization (Maximum
bandwidth : 24)



558

oT T ™
~ o 2
o N G B
] k.o L s < ~ O of __ .i X° o i o..*
5 £ waa R TR o
= P
BEL o T ® I O & w TE P .
. X y = T T e —_ ; — -
Wﬂ%m%%ﬂﬂ T ERT LT 5T o T N P PN mfdoﬁyﬂ
— > ¢ = o | W
o B e M oy T o~ TR O T A O M = % o i m = = o A N 3w
51ﬁuro_ﬁaﬂw@aﬂrﬂ,_ramwm__ﬁ NG TS o R TP
N s g _
~ = = T = o § & o 7 N ey = 4+ Am wm oy 3 = £ = V._ w2 o
= ,h/l o oy .ﬂl ‘= o %O ‘_f B ooy T < o - N o_a _ ﬂ. < F 2o o
) o = o T g KO T W K g ke Ko To N B° Tl = N po o® &
luriuoaﬁﬂu.sﬂwﬁ/\riuynﬂoDL R - & 3 — R
= = 4 g o B = o T o op B2 = o oo M w
T o oto?.ﬁoiiﬂx o ¥ T A }ﬂuﬁ oﬂob.;o( e T
= . o U T o X < ~ e B S -~ B S, B W o
bew T %k Mo s AT e ) W § £ AT
ﬂuﬁTﬂua“aﬂﬂquowﬂxM_o_ai_.Tma% xaﬂlkoﬂuoﬂu P.%./J\u*anm.ﬂb r N© g we
T ﬁﬂ]h”w%%%&&ﬁﬂﬂ% TyE e L% T T oop B4
Piﬂllo_szmﬂizu T 70 % o = ﬂé%l&&% o R
= ¥ =3 3 Yo, Ty b of T I = = =% < T
TS on g M ome 2 oo of ofu - R = - o o © M TR X XM .
" <0 2 ] of ™ T T D% =% < W T m T
= I I s = L A e O H w T W o 2
X o g = < 5o N xJnJl;aJ.oL. R LUy zaﬂo_ao#a .5111r¢1.‘_\
T T B S of B o o T x BN w2 2 3 .9 e TR o
il £} v o] W I wom R i of w % SO B G o) " hyl| o o} L
R = > o e o el 4 - K& — o of X o .i N oo N <~
5 % o 2 % AR Nfo 1zr_. o = 2 o ol K % 2o T + Al d 3 op ©o = K{ do = Nfo N
ﬂﬂmb%ﬁd;ﬂ%@i@ of 5 3 of w4 B o_nﬂ_@rlﬂmg 2 A
Fw AT E R T wE Yo oy = x 2 TN D i
TET RN Ao Y G ® =y Eog® w TR
— - — — 5 T ) o~ &
T T X o pp i STZEIET SE TP
€ o5 ook op = g T v Eenn oPL o 2
o @ o B o o F TR = TR T
] 4 % e o G
| w it + of n = = &a -+ 3 N4 ol m i Mﬂﬂ Ly o
0w 8 T zo op $ U7 HET T o
fit e o
o B £ b T oo e O p T P L Ew
F o O T W gt} . of Sl R LT 4 e o
o T X A o O vl o) o
w = T =5 T ol ] 72 =y 50 o - —~
A~ T A - N ot =] of S T o) § Tor
TE N 7 = T3 N E3 25 F w T gt -
=3 &o E#E — ~nd s ey — Frﬂ hod - . o N oo aox
— 4 W A - = oo X © ° = £ ol s = ol w P g " O
g g G A= & < . T dwEey N S - )
oo = o &Y o N g S of xrow 3w
o v%u —_— o?_ — wir 1 n_E Mo o & v .AO o iﬂ S o
ol w S o %0 g OF ) W o TR} woe ™M P T
— E N El i Iul oy N —_ S o dl ﬂﬂ ‘UT Q D_ o £l N .iﬂ > T ﬂul
o = o r = N T Y — ) o oy W o= = = o Ao 2 = ©
T Ry o T O A T W oA " TRUGRCHE
e 5 2 20 £} ~ To <7 o R~ w2 R X =
pEEE A i+ o s e TagmoM O g oW LWy
T = A o+ oy X 5 o zold W gEee T
R cLlny —o 2y 4 s o T B ot o gy o © N ==
s .o e T GN®me wwg T d SEx T o
g0 M Do EIT THOE a%%%.wﬁﬂo¢ § ETEiv L
= .o M ol = o5 of E ™ W T % =° o W . e oy D 5O o o ol CHr Ty
ool W4 & R VRS A B R o L Ya - PrexT®
WW_ AR R AR o T BT e 5 op T o "R B 2o qw m of s m.Ho m B R T o
i —~ vy =, ~” N = = .~
S w s o ZDAO.AWH.\@Q‘MJ/UU@@\/ Gﬂaubo,omo,wo g ixMLtﬂVﬂ%
T SpIpgBFeps = g E® NI
X ‘uAIL 3 = OT ~ © = o =0 ! T 0 oy io £3
ofo 7! T oF o = X XA — 2 Mo
L iy —_ < T RO ofF
o ~ © O = o_H ﬂ_or 0_ S
8 = 3% e o e ™ P
zo o o o of W

7}

=
-3

1
d AHoloh, zefa ul

[}

(=]

A 9] =
4 A S A AAA AEFe AA
(e
[e

E
-

=z

Q

bbby

Z
o

H gk

3‘0 ] (aSPeCt
ﬂ, 3 o [SHPS
"é (UanSfOrmathn matrix)" JaCObianol w ] E']
=]

(s

=

7h weiz] 3,

d 3l o

Z
o

Feole) A%l G A
ratio) 7} #1448}l



Delaunay. 474 3t714¢ o] 4% FR24%s 45443 A% APgelo] S8

Y

// | Tool \ g
‘ \

f ;

Boundary nodes — \\

of the mesh e
\ S

- ol N

: () (prso

5 Z b=
\_<

B ]
i P
B i) S
R e N

559

. Boundary edge of the mesh

crossing the tool

735 ' ™— Penetrated volume

s 7w .
N\ \"*\\E}xtra node on a boundary edge of the mesh
AN _— and its nearst position on the tool L

N [Mesn oro |

A -

Fig. 6 Description of geometric precision by the penetrated volume estimate

Vol (2N 0) =ZIX° = P(X*)] - ¥ (5)
o714, 0% Y| dd, Rt Ui szxpe o
a4g, Xt P)Y ZAHYA, e Pl P
(x%)2) Ajelch weba HFH WAL Aol
ule] A" AHdAde g 7FeR A ojucg
ad e4%g AT4 L

-

3.2 Delaunay S4of 23t HEMY Y 249

4

7t 74 (remeshing) 2t o A= ol 4] <
| samt AT Af7E A7k U 2o

Ao A e AAAHE A sk, &

"o b

Awl gl Delaunay A4-zb-2gt

=2
H

(e}

" =l

Hol4 4 =

+ AW WYL Lae FHDG oA
23 s

o]

°

=

Laplacian &%

A sl Mg sovtoz eg 44

2280

sant AFHE Pkl s)Ee] ol Agze
deig Has) AAAAE Aol Four FToe
o ShARt WY Feol J1E AA} e Bzt 7
S Ag olge] 845 AdoE AL ALEE o
o4 whAsA ebeh webd Aze AADLA
& A4dshe W e 2e W b AsE =9
st AAscel 2715 Agac

321 HEM

A & saeh Jatat AAete] zbol g
F(%)o2 el o] & A4 (precision) €]
T o vebdd, Fig. 7@+ AAAL o &

i

O
2 oake

HedFm gl o 7] A, 12 4

AAE el T, AAdLe 240 TS 98 A
A vdells o2 4, dE AA A z
o] vEhieh 2¥lnz Axodel wHde
1

R AAAASY AelE dy do - dith
Se PBe AATAL 96 BEes) Ag 2
e ohe A3 2,

= ‘7;/7-/‘

/ g

e

dl ¢l
(a) Precision

[ L

J
‘/V<\'\/ ‘ //a,
V)/
?‘\\\ \ — =
L\ T i+ J
h \\‘/
(c) Homogeneity

Fig. 7 Description criterion for node generation
along boundary



560 %

100 %

|d1\+|d2|V+---+1d,-l£a 6)

sanpel AAsk AA AANHE AolFt quw
Aog 2ol AAE A2E Goel AAR e,

Fig. 7(b)e} 7to] ZAle4E FH3b=d &
(curvature) (B=d/0)¢} A4t BE FoIx 3
2obsdl Ao 43E Foddoh 2ilel 4=
Al e Ao s d/7% A4S o] Zhel n
2] Fold ptact ztonl Folel AAg 243
o ZAAE dakstAl qbeh

T AAe At ddE W ar]9 Aol AT
Z A= % #AH44 (homogeneity) ¢ A
Wi A 5 AAlsse] wdte

sty &}, Fig. 7(c) 9} o) Fr AA A 40]

vz Fws 4o dol% AR
Beh, einz dee |
o4 io} jo WEEL AFsted @ AL AAD

ct,

livi> e — /k//1+1—7 livs <lp— z+,//k<7
lz+1>ln—’ [n/lz+]-— lz‘+j< /n e [i*j/lng—y
(7)

A7V M, L 84 it e 84k L2 24
Ztzb Jepdet, aejan 24 g8 st

g0l disle] &7k AN A
ol ARZAPZE A el Feojoful dhef, zeiwd A
T el A A8 ol A 2bsle] v gel
7;33}@ o olA wigtet g 47} 918 wiAA HbE-

ahed A4 eA e,

nel 7ol &

7 oA LN MEEF 247 HNE Ao
sAejrt, o] #HAL A (8) 2 el 4 it
oo S(X§)
S(X) = N?‘d(f”' ) 8)
EdX, Xy e
oA 714, S& XA Wegk, F 9, £% §
AAo A Hosle 2E ALY, X2 AEE 2
armke] AA BB Xev old sawe AA 2
Z3, NE olgslE AA AxE Jelieh &
TFatra sk 3 S€ X,o=28EH il X,&
Xooll ol %3te Ad F 4% g Aoz
Faoh o oo s Foaneld AzE 2
Aulo 7 R7 (mterpolatlon)%"%. HEY Folvh $
b o] Aol Hoxx b 4o thel A
o5le Hee Faswelsd o WeE AdHdgea
W7keE 3, Al (8ol oE MEF sS4 o]F
Al7l & ooha) QAo e o B Wit
4. HB of { EE
£ dFolA gk Delaunay A72HE@H 2 ol

)

LS 0.000 0.000]
1.1 1.000 0.000 10

e
] 1.500 0.000 1.500 0.500 w0 f

0 S~ a o

27 Segments|-9.¢

SN

Fig. 8 Screen of data input module of AUTOMESH,

to build FE mesh.

Fig. 9 Constructed 6 node trlangular mesh for tri-
angular screw thread by Delaunay triangula-
tion (Total node: 1445, element: 656, ban-

dwidth : 168, CPU time: 125 sec)
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