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Imprecise computation has been suggested as a promising model of real-time computing in order to deal
with timing constraints imposed by the environment. However, the theoretical foundation of the technique
has not been fully explored. To address this, a decision-theoretic foundation of imprecise computation is
proposed. The main benefit of such a treatment is that it enables the qualitative assumptions underlying
imprecise computation techniques to be explicitly stated in a formal way. The theoretical foundation laid out
in this paper, hence, will not only enable the justification of using imprecise computation techniques for a
real-time application, but will aiso facilitate the development of extended techniques for more complex real-

time systems.
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[. Introduction

A real-time system is a computer
system that operates under externally
imposed resource constraints which must
be satisfied if correct operation is to be
achieved. The resource constraints
imposed by the environment raises

requirements and issues that are not

usually addressed in traditional systems.
In particular, neither producing correct
result nor being “fast” is in itself
sufficient to be real-time. Real-time
systems must be able to perform their
computations while satisfying resource
constraints in a predictable fashion.

An approach that has been proposed
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for obtaining the desired predictability is
the notion of imprecise computation"? (a
similar notion, anytime algorithms**?,
has also been developed in the real-time
Al community). The idea of imprecise
computation is that if we do not have
sufficient resources to complete a perfect
computation, we perform only a part of
it and produce some approximate results.
The focus is then on maximizing the
quality of this paper result and ensuring
that it meets certain acceptability
criteria. Work in this area has been in
the general context of real-time systems,
and on designing algorithms which can
produce useful partial results.

The main objective of this paper is to
explore the theoretical foundation of
imprecise computation. Investigating the
theoretical foundation of imprecise
computation is important for two reasons.
First, it can improve our understanding
about the applicability of the technique.
Second, it can help us to identify
potential extensions to the technique.

I. A Decision-theoretic View
of Imprecise Computation

There are two fundamental ideas
behind imprecise computation. First, a
program for solving a problem under
external timing constraint is designed
such that it consists of a series of steps,
each of which generates a partial result
at the end of each step. A computation
step in this context refers to a piece of
the algorithm that is atomic in the sense
that it can not be further decomposed
into smaller steps that generate some
partial results. Second, computation
times are allocated to these atomic steps
dynamically based on two techniques:
reactive imprecision and predictive

imprecision.

The reactive imprecision techniques"
(also called the milestone technique)
simply allocates computation time to
atomic steps in a predefined order. The
atomic steps are usually ordered in a way
such that an acceptable partial result can
be generated as early as possible(i.e:,
using minimal resource). The advantage
of reactive imprecision is that it ensures
that a minimally acceptable result can be
produced using minimal resources.
Predictive imprecision, which was also
referred to as the sieve technique in the
paper’ can be used if the computation is
structured as a series of mutually
independent steps, and an estimate of
the amount of time required for the
execution of each step is available. The
system scheduler compares the time
needed for the computation with the time
available, and if it is insufficient, choose
some steps to be skipped so that the rest
of the computation may complete in
time. This technique requires more
system support than reactive imprecision
does, for it requires a tool to assess
execution times for each step and a
scheduler to choose which steps to skip.
It is a predictive technique in that it
requires precise prior knowledge of the
timing characteristics of the computation
and their time available, and cannot
respond to dynamic changes in these. In
this section, we will show that imprecise
computation techniques can be viewed as
partially compiled decision-theoretic
resource allocation strategies based on
qualitative information regarding resource
requirements and result quality.

1. The Foundation of Reactive
Imprecision

Let us consider a simple problem of
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allocating computational resources R
among two computation steps a; and a,.
Depending on the resources allocated,
each computation step may or may not
complete (denoted by C). If the computa-
tion step completes, it may or may not be
successful (denoted by S) in generating a
result. In our discussion, we will use CS;
to denote that computation step a;
completes and is successful; —CS; to
denote that a; does not complete or fails
to generate a result. If the application is
such that the consequence of not produc-
ing any result could be disastrous(the
objective will not be attained), then we
have a large negative utility associated
with total failure. Under this circum-
stance, we can assume that the utilities
of possible outcomes be the following:

® CS; " CS; ¢ utility = uy + ug

(S, ~ CS, : utility = up
u CS; "—CS; : utility = uyy
m_(CS; "—CS, ! utility = -N

where N is much larger than u; and
uy. let the probability that the first step
can complete be p;,, and the probability
that the second step can be complete be
ps. Assuming that a; and a, are indepen-
dent, we arrive at the following expected
utility.

EU(a; (r),a2(R-19)) = pip2(uytuy) +(1-py) pouy
+p1(1-pyuy

‘(l'pl) (1‘p2)N 1

= piu+pauy-N (1-py) (1-po) @)

Since N is assumed to be much larger
than u; and u, the N term dominate the
expected utility. Hence, maximizing the
expected utility requires minimizing this
term, which in turn involves reducing
the probability of failing to complete the
computation. Suppose we know that the
resource requirement of a, is larger than

that of aj; but we do not have any
further quantitative information (e.g.,
bounds) about their resource needs, we
have the following qualitative probabilis-
tic knowledge:

P(C,IRA, =R) > P(C,JRA, =R) (3

where C; and RA,; represents ‘the step
a; completes” and “the amount of resource
allocated to a;,” respectively.

Since P(CS;|IRA=) =P (C;|RA=) *P(SICy),
we can derive the following qualitative
formula from Equation (3) and the
assumption P(S,/C; >= P(S,1Cy):

P(CS;IRA; =R) » P(CS;IRA; = R) (4)

Thus, lacking more accurate informa-
tion about resource needs of each
computation steps, we can only maximize
the expected utility simply by allocating
all available resources to the task with
the smallest resource requirement. Thus
the reactive technique suggests that to
ensure a feasible solution we must first
execute the task with the smallest
resource requirements. Our discussion can
be easily generalized to the following
resource allocation decision.

Decision 1 Suppose a;, as ..., a, are
atomic computation steps for solving a
problem that has a deadline R. If all the
following conditions are satisfied, then
the optimal decision is to allocate all
resources to aj.

1. The utility of successful computa-
tions are additive:

U(CS,. CSy = U(CSJ+U(CS) (5)
where S denotes a set of steps, and

CS, denotes successfully completing all
steps in S.
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2. The utility of not successfully
completing any steps is a negative
number (-N) that is much larger than
the utility of completing all steps (i.e.,
N > £UI[CS]D.

3. P(C{IRA, = R) > P(C,|RA; = R) for
all i, 1<<¢= n.

4. P(SHC] >: P(S]!Cl) for all i,
1<i¢=n.

The decision above only partially
justifies reactive imprecision, for it only
applies when there is a large negative
utility associated with the worst possible
outcomes. If the computation has
progressed such that we have obtained
some minimally acceptable solution, this
assumption no longer holds. The problem
of resource allocation in this case becomes
the following:

Given that some computation steps
have generated a result of minimally
acceptable quality u;, how to allocate
remaining computing time available R’
among steps aj, as ..., a,

Rather than assuming a big negative
utility for the worst outcome, it is more
reasonable to assume a zero utility for
not successfully completing any further
computation steps. The expected utility
of a resource allocation decision is

EU =X pjuj (6)

where p; and u; stands for P( CS; | RA;
= 1) and U[CS) respectively. Assuming
that the utility of successfully completing
each computation step is about the same,
and that the resource needed to complete
a, is less that resource needed to
complete any other step. If we also

assume that the likelihood for a; to
successfully generate some solutions given
enough resource is not less than that of
other steps, we have the following
inequality:

P(CS;/RA=R )P (CS, IRA=R) )

Thus, allocating all resources to a;
vields the maximal expected utility. This
second decision underlying reactive
imprecision is summarized below.

Decision 2 Suppose that we have
obtained a solution of utility u, a; a1,
.., a, are remaining atomic computation
steps for solving a problem that has a
remaining deadline R’. If all the follow-
ing conditions are satisfied, then the
optimal decision is to allocate all
resources to a.

1. The utility of successful computations
are additive:

U(CS,, CS) = UICSJ+UICS) (8)

where S denotes a set of steps, and
CS, denotes successfully completing all
steps in S.

2. The utility of all computation steps
are about the same, i.e.,

ulcs) = UCS) 9

3. P(CIRA; = R) > P(Cy/RA, = R) for
all k, ik¢=n.

4. P(SIC) >= P(S,ICy) for all k, i<k=n,

As can be seen from the discussion
above, allocating resources to the
computation step that requires minimal
resources can be easily justified in the
situation where not producing any results
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is catastrophic. However, continuing
allocating resources to computation steps
in a predetermined order after a
minimally acceptable solution has been
generated requires a stronger assumption
about the relative utility of the steps
(i.e., they are about the same).

2. The Foundation of Predictive
Imprecision

To investigate the theoretical founda-
tion of predictive imprecision, we consid-
er the following problem:

Suppose that a problem needs to be
solved within deadline R. A program to
solve the problem consists of n steps aj,
ag ..., ap, each of which requires t;, to,
.., t, to complete respectively. If the
resource available is less than the total
resource required how should the resource
be allocated among the computation
steps?

Since we have perfect information
about the resource requirements, we
know that a computation will complete
for certain if it is given enough
resources:

P(CIRA, = r)=11if r=t;, 0if rt§y (10

Therefore, a reasonable allocation of
resource to step a; is either t; or 0. In
other words, the resource allocation
problem in this case is equivalent to a
binary optimization problem that
determines what. steps to skip. The
expected utility of skipping a collection of
steps S is

EU = ZP(Si|C1>Ui. (11

If we further assume that the addition-
al utility introduced by successfully

completing each step is about the same,
an optimal decision, then, is to remove
steps with maximal resource needs until
the resource requirement of the remain-
ing steps can be satisfied by the resource
available.

Decision 3 Suppose that a problem
needs to be solved within deadline R. A
program to solve the problem consists of
n steps aj;, as ..., a, each of which
requires t;, ty, ..., t, to complete respec-
tively. If the resource available is less
than the total resource required (.e., R
(= Lty and the following conditions are
satisfied

1. The utility of successful computations
are additive:

U(CS,, CS)) = UICSJ+UCS) (12)
where S denotes a set of steps, and
CSs denotes successfully completing all

steps in S.

2. The utility of all computation steps
are about the same, i.e.,

U(CS) =UCSy) (13)

3.t =ty Ly,

4. P(S;IC) =P (SICy) for all k, ik<=n.
find the largest number k such that
It =R (14)
and skip steps a, through a,.

We have discussed the decision-
theoretic foundations of several resource
allocation strategies in imprecise

computation. Using assumptions about
the independence of computation steps,
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additive nature of their utility and
qualitative information about relative
utility and relative probabilities, we
arrive at compiled efficient decisions that
require very little resources themselves,
and yet can respond effectively to
dynamic availability of resources in a
real-time environment.

. Summary

We have discussed a decision-theoretic
foundation of imprecise computation
techniques. Based on the theoretical
framework, we have shown that both
reactive imprecision and predictive
1imprecision can be viewed as partially
compiled resource allocation decisions.
Furthermore, we have shown that the
underlying assumptions of these
technique can be expressed as qualita-
tive formula regarding resource needs
and the expected utility of computation
steps. Presenting imprecise computation
techniques as qualitative decision-theoret-
ic approaches to resource-bounded
computing not only improves our
understanding about the techniques but
will also enable researchers to develop
hybrid resource allocation techniques that
can explore the trade-offs between the
optimality and the efficiency of real-time

computing by combining qualitative and
quantitative decision-theoretic resource
allocation strategies.
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