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ON THE MCSHANE AND HENSTOCK

INTEGRALS OF BANACH-VALUED FUNCTIONS

Jae Myung Park, *Deok Ho Lee and Seung Hoon Bang

ABSTRACT. In this paper, we study the properties of the McShane 
and Henstock integrals for the case in which the function has values 
in a Banach space.

The McShane and Henstock integrals have been studied for real- 

valued functions. The McShane integral coincides with the ordinary 

Lebesgue integral, but the Henstock integral is a proper extension of 

the Lebesgue integral for real valued functions ([9], S 8.2 and 3.2).

In this paper, we develop the properties of these integrals for the 

case in which the function has values in a Banach space.

Throughout this paper X will denote a real Banach space and X* 

its dual.

DEFINITION 1. We recall the following definitions. Let (S', S, 사) be 

a probability space.

(a) A function f : S ——> X is Bochner integrable, with Bochner 

integral w, if for every € > 0 we can find a partition Eo,... , En of 

S into measurable sets and vectors :ro, • • •n 6 X and an integrable 

function h : S ——> R such that

J h < s, ||q!>(Z)— ：1시| < h(t)

for t £ Ei , i < n and \\w — D<n/==|l 드 引
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(b) A function f : S ——> X is Pettis integrable if for every」E G S 

there is an ⑦日 € X such that fE x* fd/j, exists and is equal to

for every ⑦* E X*; in this case ⑦乃 is the Pettis integral of /, and the 

map E ——> xe - S ——> X is the indefinite Pettis integral of f.

(c) A McShane partition of [0,1] is a finite sequence {[⑷, 헤,友匕玄n 

such that ([«i, &i])i玄n is a non-overlapping family of intervals covering 

[0,1] and ti € [0,1] for each i. A gauge on [0,1] is a function 6 : 

[0,1] ——> (0, oo). A McShane partition {[⑷, 이,友》玄n is a subordinate 

to a gauge 5 if 友 一 5(心) < ai < bi < ti + 6(ti) for every i <n. We say 

that a function f : [0,1] ——> X is McShane integrable, with McShane 

integral w, if for every e > 0 there is a gauge 8 : [0,1] ——> (0, oo) such 

that

||w — 으引어 一 아)/(匕)|| < e

i玄 n

for every McShane partition ([⑷, 어,友)스n of [0,1] subordinate to 8.

(d) A Henstock partition of [0,1] is a. McShane partition ([어, 에, 友)누玄n 

of [0,1] such that ti 6 [⑷, bi] for every i < n. A function f : [0,1] ——> 

X is Henstock integrable, with Henstock integral w, if for every s > 0 

there is a gauge 8 : [0,1] ——> (0, oo) such that

||w — 으2(허 一 아)/(하)II < e

i 玄n

for every Henstock partition ([⑷, 헤, 心)i玄n of [0,1] subordinate to 6,

The next example shows that a McShane integrable function need 

not measurable.

Example 2. The function

f : [0,1] —> 刀oo[0, 1]

defined by f(t) = 乂[o,t] is McShane integrable, with McShane integral 

v, where v(Z) = 1 — Z for all t G [0,1]. But it is clear that f is not 

measurable, since f is not essentially separably valued.
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Since the McShane integral coincides with the ordinary Lebesgue 

integral for the real-valued functions, every McShane integrable real- 

valued function is measurable.

Let F : [0,1] ——> X and let t G (0,1). Then we say that F is 

approximately differentiable a.e. on [0,1] if there exists a measurable 

set E C [0.1] that has f as a point of density such that

r F(5)—F(f) r
lim--------- = z exists m A.
s—t s — t

We will write F：p(t) = z.

THEOREM 3. Let f : [0,1] ——> X be McShane integrable on [0,1] 

and let F(t) = J： f. If F is approximately differentiable a.e. on [0,1] 

and F：p = f a.e. on [0,1], then f is measurable.

PROOF. Since x*f is McShane integrable for each ⑦* G X*, it 

follows that x* f is measurable, so that f is weakly measurable.

Since F is continuous ([7], Theorem 8), the set {F(/) : t E [0,1]} 

is compact and hence separable. Let Y be the closed linear span 

of {F(t) : t 6 [0,1]}. Then Y is separable and Y contains the set 

{/(¥) : F：p(t) = /(f)}. Hence, the function f is essentially separably 

valued. It follows from the Pettis Measurability Theorem that f is 

measurable.

COROLLARY 4. Let f be McShane integrable. If X is separable, 

then f is measurable.

PROOF. By the proof of Theorem 3, f is weakly measurable. Since 

X is separable, f is separably valued. Hence f is measurable.

The next theorem was proved by R.A.Gordon in [7].
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THEOREM 5. If f : [0,1] ——> X is Bochner integrable on [0,1], 

then f is McShane integrable on [0,1].

PROOF. Since f is measurable there exist E C [0,1] with /』{E) = 1 

and a sequence {fn} of countably-valued functions such that for each 

n the inequality ||/n(0 — 으 - holds for all t in [0,1]. It is

clear that each fn is Bochner integrable on [0,1].

For each n let 
oo 

fn = 丁⑦線邵 

人 =1

where the sets {E^ • k > 1} are disjoint and measurable. The se

ries is absolutely convergent and hence unconditionally

convergent for each n. By([7], Theorem 15) each of the functions fn 

is McShane integrable on [0,1]. Since fxE is the uniform limit of 

{fn} on [0,1], the function f%E is McShane integrable on [0,1] by 

([7], Theorem 12). By ([7], Theorem 6), the function f is McShane 

integrable on [0,1].

From Example 2, we note that a McShane integrable function need 

not be Bochner integrable.

THEOREM 6. Let f : [0,1] ——> X be McShane integrable on [0,1] 

and let F(t) = f. If F is approximately differentiable a.e. on [0,1], 

F：p = f a.e. and F：p is bounded a.e. on [0,1], then f is Bochner 

integrable on [0,1].

PROOF. If F is approximately differentiable a.e. on [0,1] and 

F[p = f a.e., then f is measurable by Theorem 3. Since F：p is 

bounded a.e. on [0,1], ||/|| is bounded a.e. and measurable. Hence f 

is Bochner integrable on [0,1].

From the definitions, we note that a. McShane integrable function 

f is Henstock integrable. It is well-known that a McShane integrable 
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function is Pettis integrable ([5], 2C Theorem). A measurable Pettis 

integarable function is McShane integrable ([7], Theorem 17).

A vector-valued function is McShane integrable if and only if it is 

both Henstock integrable and Pettis integrable ([4], Theorem 8).

THEOREM 7. Suppose that X contains no copy of cq and let f : 

[0,1] ——> X be Dunford integrable on [0,1]. If f is Henstock integrable 

on [0,1], then f is Pettis integrable on [0,1].

PROOF. If / is Henstock integrable on [0,1], then fxi is Henstock 

integrable for every closed subinterval of [0,1] ([4], Proposition 4).

Since f is Dunford integrable, for every closed subinterval I of [0,1] 

and every x* G X* we have

:r* [(印 — gf] = (H) — g x*f = (江) — g = [(心) — [ /](z*)

From this equality, we have (D) — J우 / = (H) — J} f E X for every 

closed subinterval I of [0,1].

Since the Dunford integral of f on sets of Lebesgue measure zero is 

zero, (D) — J} / 6 X for every subinterval I of [0,1]. By ([7], Theorem 

18), f is Pettis integrable on [0,1].
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