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Application of the Polar Parabolic Equation Method for Sound
Propagation Over a Smooth Sea Mountain in the Ocean
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ABSTRACT

The polar parabelic equation method (Polar PE) which introduces a series of “cascaded” boundary fitting
coordinates into rhe parabolic equation method has been verified as a good numerical method for atmospheric sound
wropagation over a curved surface and hills, Polar PE is applied here to underwater sound propagalion over a sea
mountamn gssuming tocally reacting boundary sea bhottom and pressure retease water surface for the boundary
conditions, Calculations are presented for underwater propagation over a 450 m high sea mountain, Feasibility of

Polar PE application for underwater sound propagation over a smooth rmountain is discussed,
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INTRODUCTION

Leontovich and I‘ockl 11 introduced the parabolic
equation method (PE) for electrornagnetic wave pro-
pagation along the earth surface in 1946. Since then,
the PE has been introduced to the underwater sound
propagation by Tappert and Hardin[2] in 1973 and to
the outdoor sound propagation by Gilbert-and White
[3] in 1989. The PE solves the acoustic wave propa-
gation in range-dependent environment, using outgo-
ing waves and neglecting backscattering waves,

For the atmospheric sound propagation, the PE
solves the propagation with a realistic sound speed
profile over a locally reacting ground surface. The
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PE treats the turbulence effects(4] in an upward re-
fracting, sound propagation over ground with varying
irapedance with range(5], and diffraction of sound by
a barrier[6]. Recently. the polar parabolic equation
method (Polar PE) was developed to solve the sound
propagation over hills and a curved surface[7-9]. The
Polar PE uses a series of cascaded boundary-fitted
coordinate systems with 2 wide angle PE developed
by Gilbert and White. The new coordinate system
consists of the distance along the ground surface and
the height perpendicular to the ground surface, re-
spectively, as the horizontal and vertical coordinates.

Up-to-date the effects of sea mountain for sound
propagation have hot received any attention even
though there is an important physical phenomenon of
sound diffraction over a sea mountain.

In this paper we will describe how to transform the
coordinate system for the wave equation to solve the
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diffraction problem and how to apply the Polar PE to
underwater sound proapagation over a smooth curved
sea mountain, Using the finite sea floor ground im-
pedance and pressure release water surface. the Po-
lar PE calculation predicts the sound propagation

with refracting sound speed profiles.
[. THEORY

A Far field wave equation in standard cylindrical co-
ordinates
The standard Helmholtz equation for wave propa-

gation is
ViP+KkIP=0. {n

where P is the acoustic pressure, k =w/c is the wave
number, « is the angular frequency, and ¢ is the
speed of sound, The Helmholtz wave equation in the
ocean and atomosphere can be approximated as wave
propagation in an environment with azimuthal sym-
metry. That is, the sound field 1s assumed to propa-
gate symmetrically about the z-axis. Considering this
cylindrical symmetry along the z-axis, the wave equ-
ation can be written in cylindrical coordinates as

P 1 ép , #P

e b s

or? r ar az? +EF=0. @

Introducing a new variable, U= Jr P, the wave equ-
ation becomes

62U #U

== azz+(—+k)U 0. (3)

Using the far field assumption, kr » 1, the far field
wave equation can be derived as

U
are

+ +k?U=9, {4)
Equation (4) is useful for propagdtion over flat sea
floor and is transformed to solve the propagation
over a sea hill.

B. Far field wave equation over a sea mountain

We treat sound propagation over a sea mountain
shown in Fig.1. The solution in standard cyhndrcal
coordinates is used for flat surfaces of regions 1 and
V. Assuming that the far fields propagate over all
the regions, the far field wave equation is applied to
all the regions but with different meanings for the
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Fig.1 Schematic diagram showing the propagation regions
over a sea mountan, R, is the radius of the region U
and IV and R, is the radius of the hill-top.

(re,-z)

Fig.2 Polar coordinates of the region I (left) and region
0 (right).

Fig.3 New coordinates (s, h} of the region I {left) and re-
gion [ (right),

coordinates and fields depending on the area. To do
so, a new polar coordinate system and a boundary fit-
ted coordinate system are introduced in succession to
the far field wave equation of Eq.(4} for propagation
over regions [, Ml and IV,

Far field wave equation for regions Il and IV

For regions [l and N, a polar coordinate system
(R, 8) is introduced as shown in Fig.2, The centers
of regions [ and IV are (r., z.) and (r,, za), respect-
ively, A point Q is located at (R, #) in polar co-
ordinates and (r, z)} in cylindrical coordinates, The
relations between polar and cylindrical coordinates

from Fig.2 are

RY= (r_rc)z + (Zr*z}z and
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r—

#=tan"! for region 11, (5)

and R?=(r,—r}*+tz,—2z) and

g tan ! for region IV. {6}

Za—
‘I'he above relations vield the far field wave equation
for region 1 and IV in the polar coordinate system
{R, 8):

a2y 1 aU 1 2°U

R +E6—R+'¥W+k‘l}=0. (7)

By intreducing an auxiliary variable ¢ = vR U, Eq.
(7) becomes

2 2

&y +L v 1

2=
AR? RZ 202 + 4R2 yF+kAy=0. {8)

In ali regions of physical importance, we have this
condition

1
4R?

K (9}

Near the top boundary, Eq.{9) does not hold but the
pressure release water surface is implemented far be-
fore the top boundary in our applications,

2 2
Py 1P

aRZ T RE gt T F VO (1o

Here a boundary fitted coordinate system (s, h) shown
in Fig.3 is introduced for computations where s is the
coordinate along the ground surface and h is perpen-
dicular to the s and directed radially inward. R; is
radius of a wedge. From Fig. 3,

s=Rix#, h=Ri—R, (11)

Using the above relations the transformed far field
wave equation in the new coordinate systems is

3%y 1 3ty

Lt ——— — k= 12
ah? + h , as? ¥=0 (12)

(I—E}

Far field wave equation for region I

The polar coordinate system (R, 8) for region I is
shown in Fig.4. Ro is the radius of curvature which
represents as the curved sea fioor. The origin of po-

tar coordinate system is chosen as (r., —z.) at the cen-
ter of curvature, Considering the point Q in the two
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Fig.4 Polar coorninates (R, 8) in region II.
coordinate systems, the relation between R and r is
Ie—r

z+z,
(13)

R2=(r.—1r)’+(z+z)* and 8,—¢=tan"!

Therefore, te farfield wave equation Eq.(4) can be
transformed from (r, z) to (R, 8) as

otU I eU 1 &U P

IR R R + R 6 +k!U=0 (14)
By introducing an auxiliary variable ¢= VR U, Eq.
(14) becomes

¢ 1 &%
aR? R* a@® * 4

1 24
T $ k=0 (15)

The sound wave propagates over a curved surface
with radius of curvature, Ry. The third term can be
generally neglected because of 1/4R? (( k2,

¢ 1 &%

IR +E Wﬁ‘kzé:o (16}

It is convenient to introduce a new beoundary fitted
coordinate system {f, g) shown in Fig.5, where f is
the coordinate along the curved surface and g is the
vertical coordinate perpendicular to f, From Fig.5,

f=Rox#8, g=R-Rs. (17)
QR.0)
8 £ IR
N 4
‘\0 /120 r
q ’

Fig.5 New coordinate system (f, g} in region [,
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For the boundary Mitted comdinate systenr ¢f, gt the
totlowing far field wave equuation s found :

{".'_' 'J[’

_—1_ _'ﬁ:d’ )
(1+g/Ra" & g

Fky oo, {(18)
Unified far field wave equation for all regions
Three different differential wave equations were

derived depending on the flat surfaces of Eq.4, the

regions i} and IV of Eq.12. and the regions [l of Eq.

13. Although the fields have different geometries

and the coordinate variables are defined differently,

the unified far field wave equation for all regions can
be written as

1S9 L ZU ey = (19)
& x- oy

where for the flat surface, I1{y)=1 U= VPO x=r
and y =z, for the regions [ and IV, I{y)} =1/{1-h/
RZ U= +r{R—h) P, x=s and y =h and for the
region . I{y)=1/(1+g/Ry}-. U= Vr{Ra+g) P, x

=fandy~g.

D. Solution of the wave equation

The main difference of the far field wave equation
is the factor I{y} depending on the flat surface, reg-
jons Il and IV, and region [ll. Both the Polar PE and
the conventional PE are followed the finite element
method and can be represented as a linear equation :
TE (x+Ax)=RE (x) (20)
where T and R are tridiagonal matrices|2), The vec:
tor E is e U, where kq is the reference wavenu-
mber and the matrix element U, is proportional to the
acoustic pressure P at the height y; perpendicular to
the ground surface, Note that the only difference be-
tween the Polar PE and the conventional PE is the
tridiagonal matrix elements due to the differences of
the factor I(y) depending on the regions. As in the
conventional PE, the Gaussian starting field is given
at the source and is marched in range to solve the
field at the next range step, This procedure is then
repeated using the calculated field as a source field,
To solve linear equation in Eq, 20, T is represented
by the product of two matrices which are lower tri-
angular and upper triangular. Since they are tridia-
gonal matrix, the procedure of matrix decomposition
for NxN matrix takes only N-operations for each
forward and backward substitution[10].
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Fig.6 The geometry of sea mountain for calculation, The
water surface is placed at 150X m from the sea floor.
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Fig.7 Relative sound pressure level versus distance at 200
Hz when the acoustic source and receiver are located
at 1450 m from the water surface,
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Fig.8 Relative sound pressure level versus distance at 200
Hz when the acoustic source and receiver are located
at 1450 m and 500 m from the water surface, respect-
1vely,
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Equation (20) is solved successively by advancing
the field over flat surfaces and over ground surfaces
of regions U, M, and . Since [(y) of Eg.{19) has
different values depending on the region, the matr
xes T and R have different clements at each region,

1. SOUND PROPAGATION OVER A SMOOTH 450 m
HIGH SEA MOUNTAIN

In general most outdoor ground surfaces can be ap-
proximated by locally reacting., The locally reacting
ground assumption requires that the specific acoustic
ground impedance be independent of the angle of in-
cidence. In the atmosphere, the upper boundary
should be treated as a surface that does not reflect
the sound wave. Therefore, the radiation boundary
condition i1s used 50 that the outgoing wave never see
the top of the numerical grid by gradually damping
wave. As a preliminary calculation for the sound pro-
pagation over a sea mountain, we treat the sea floor
as a locally reacting surface and the water surface as
a pressure release surface,

The operating acoustic frequency, waler depth,
and mountain height are 200 Hz, 1500 m, and 150 m,
respectively. For the calculation, the normalized acou
stic impedance of sediment 1s assumed as t],48. 0.03)

for 200 Hz. The speed of sound for the calculation 1=

ctz) = 1530 0.026x2
m/s for z < 1600 m

ctz) = 486 T (L0186 X (z— 1NH00}
my/s [or 1000 m < z < 1500 m
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Fig.9 Relative sound pressure level versus distance at 200
Hz when the acoustic source and receiver are located
at 500 m and 1456 m from the water surface, respect-
vely,

where z 15 the depth from the water surface. The
above parameters of frequency. acoustic impedance
of sediment, sound speed profile, and the depth of
source and receiver are used as input data to caicu-
lale the linedr equation of Eq. 20. Four difference
cases tor ddepths of source and recewver are ¢on
sidered for calculations : case 1 — source 1450 m and
receiver 1450 m, case 2 — source 1450 m and receiver
Mo m, case 3 —source 500 m, receiver 1450 m, and
case 1 — source H00 m and recetver 500 m. The ge-
ometry of sea mountain for the calculation is shown
in Fig 6. Figure 7 gives the result of case 1 which
imphies non-line of sight sound propagation. Figures 8
and 9 show the calculations for case 2 and case 3
which either source or receiver i1s placed near to the
water surface. Figure 10 is the results of case 4
which both the source and receiver are located at 500
m from the water surface. Those figures tell the dif-
ferences of diffraction effects depending on the heigh
of acoustic source and receiver, In the relative sound
pressure level, the reference sound level is the
source level calculated at 1 m from the source. The

sea mountain ranges 300 m to 4300 m from the acous

tic source,
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Fig.10 Relative sound pressure level versus distance at 200
Hz when both of the acoustic source and receiver
are focated at 500 m from the water surface,

. concLusIons

The boundary fitted coordinates of Potar PE were
introduced to solve the sound propagation over a sea
mountain. The Polar PE implementing locally react-
ing sea floor and pressure release water surface cal-
culated 4 different cases depending on the depth of
acoustic source and recetver. The purpose of this
paper is to show the feasibility solving the sound
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propagation over a seq mountam wherever the acous

tic source and receiver are located i the existence of

sed mountam. However the sediment parameters
should be incorpurated into the present trial case for
more realistic sound propagation prediction with sea
mountains. The calculation of case 1 for non-line of
sight sound propagation shows the significant de-
crease of about 20 dB in the area between the top

and base of sea mountain cormmpared wilth other cases.
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