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EXAMPLE AND COUNTEREXAMPLES IN DOUBLE
INTEGRAL AND ITERATED INTEGRAL

ByunGg Moo KiM

I. Multiple Riemann Integrals

[1] Show that fol [fol f(:c,y)dy] dz = fol [fol f(:v,y)da:]

Counterexample : If p; denotes the k-th prime number, let S(px) = { (;f‘:, plk) 0

=1,2,--+ ,pr — 1}, let S = U, S(pk), and let Q = [0,1] X [0,1]. Define f on Q as
follows ; f(z,y) =0 (z,y) € S, f(z,y) =1 (z,y) €Q - S.

Solution : Let y € [0, 1].

case i) y # :—k for all n < pi and for anll k € N.

In this case (z,y) € Q — S for all ¢ € [0,1]. Hence f(z,y) = 1 so that
fol f(z,y)dz = 1.

case ii) y = oo for some k € N and n < pi.

Since S(p1),S(p2),--- are disjoint, there are finitely many z € [0,1] namely
r =2, 2 ... 71":7;_1 for which (z,y) € S. Hence f(z,y) = 1 for all but finitely

Pr PR
many z € [0, 1], so that fol f(z,y)dz = 1.
Consequently, we have fol flz,y)dz = 1for all y € [0,1] and fol fol flz,y)dzdy =
1. Symmetrically fol fol f(z,y)dydz = 1.

To show that S is dense in @, let (z,y) € @ and let ¢ > 0 be given.
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There are natural numbers ¢, r, s such that € < 5,7 < s and l(%,% — (:c,y)l <e.
Choose a k& € N such that lk < €8 < pp. Set n = [ﬂ}],m = [5;&] then
o) - &3)

Thus (;":, ;f—”;) — (z,y)| < 3e.
It is clear that @ — S is dense in Q).

< 2e.

Since every rectangle R C @) contains a point of S as well as a point of Q — 5,

f_fo =1, i_f_Qf = 0. Hence fQ f(z,y)d(z,y) does not exist.

2] Show that [ f(z,y)dz = f [ N f(:r,y)d:c] dy = [, f(z,y)d(z,y) = 0 but that
fol f(z,y)dy does not exist for ratimal z.

Counterexample : Define f on the square @ = [0, 1] x [0, 1] as follows :

0

if at least one of z,y is irrational,

flz,y) = 1 if y is rational and z = -Zl,
where m and n are relatively prime integers, n > 0

Solution : Let y € [0,1].

case i) y is irrational.

/(;lf(:v,y)dz = /OIOdzzo

case ii) y is rational.

0 if z is irrational,
f(z,y) =

1 : __m
o ifz=15

Let ¢ > 0 be given. Choose N € N s.tT{,— <e Put § = {z € [0,1]jz = =,
gcd(m,n),n < N}. Then S is a finite set.
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Take a § > 0 such that 62265% <e.
IfA = {A1,As,--+,A,} isa partition of [0, 1] into finite closed intervals, | Al < é
and £ is a choice function on A then

0< SAE(f(" y))
= Z f&y)Aiz

= Y flEwhdia+ Yy floydic+ Y f&y)As

& 1s &ES & is rational
irrational =2
n>N
1 1
<0+ Y A+ Y, A
n ; , n
nes & is rational
§i=10
n2>N
<e+e=2e

where A;r is the lingth of the intervals A;. Hence fol f(z,y)dz = 0.

Let ¢ >0,N € N, S, 6 be the same as above.

IfA={Ajli=1,2,---,s, § =1,2,--- ,t} is a partition of Q into finite rectan-
gles ||A]| = max; j dial;j < 6, and (§,7) is a choice function on A then

0 < Saen(f) = Y f(&j,mi)AiA
i

= Y fEhmiDAA+ D f(&mi)AGA
at least nij,irrational
one of £ij,nij £i; €S

is irrational
+ Z f(&ij,mi;)Ai;A L0+ e+ €= 2e
nij,irrational

&ij irrational

& €S
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Hence fQ f(z,y)d(z,y) = 0.

For a fixed rational z = 2, ged(m,n) = 1.

0 if y is irrational
f(z,y) =

1 . . .
= if y is rational

3 1 1

Hence fol f(z,y)dy does not exist for rational .

I1. Multiple Lebesgue Integrals

[1] Show that f € L(R?) by the monotone convergence theorem and calculate the
double integral fR’ f(z,y)d(z,y)

Example : For fixed ¢,0 < ¢ < 1, define f on R? as follows;

f(x,y):{(()l—y)C/(z_y)c f0<y<z, 0<z<1

otherwise

(1-y)? 1
U ifo<y<e-1 0<o<i
Solution : Define f,(z,y) = { 0’” y

otherwise
Then f, is Riemann integrable and
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//m fa(z,y)d(z,y) =/01-% /:_v Q%):dudv

+ 1 1 1 1 1
. . - —) _»- —————
l—¢c nl=¢ \1l4c¢ nlte noind 2(1 —-¢)

wherez —y=u, y=v, c=u+v, y=v.
By the monotone convergence theorem, fR? f(z,y)d(z,y) = 5(71_7) < 00.
Hence f € L(R?) and [p, f(z,y)d(z,y) = iﬁl——c)

(2] Show the both iterated integrals [, [[; f(z,y)dz] dy and [ [[, f(z,y)dy] d=
exist and are equal, but that the double integral of f over R? does not exist.

Counterexample: Let f(z,y) = e *¥sinzsiny if ¢ > 0,y > 0 and let f(z,y) =0
otherwise.

Solution : |f(z,y)] < e™*¥ and for each y, the function z — e~ %Y is integrable
by the bounded convergence theorem with integral % if y > 0. Hence z — f(z,y)
is integrable. If y = ¢ then f(z,y) = 0 for all z so that f(z,y) is integrable with
integral 0. Hence for all y > 0, and calculate the double integral,

/ [ / f(w,y)dw] dy = / [ / f(x,y)dy] dz = g.
R R R R
By the Tonelli-Hobson test, [, f(z,y)d(z,y) does not exist.
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