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A Plastic Design Method of Grillages
under a Lateral Point Load

Ki-Sung Kim * and Yeong-Ho Park '

Abstract

The plastic collapse equations are obtained for regular grids under a central point
load with two types of boundaries, 1.e. simply-supported ends and fixed ends. General
plastic collapse mechanisms are derived by applying upper bound theorem for assumed
collapse mechanisms. The possible collapse mechanisms are divided into three types
which allows to examine all possible collapse mechanisms systematically.

Then, those formulae are applied to the pontoon deck problem to find the minimum
weight design.

1 Introduction

Ship and offshore structures consist of grillages with orthogonal stiffeners. In the case
of ships, decks are reinforced with transverse beams and longitudinal girders, bulkheads of
deep water tank and cargo hold consist of horizontal and vertical beams and double bottoms
consist of a center girder, side girders and frames.

The application of plate design methods introduces the use of ‘collapse’ as a limiting
condition of a structure. Therefore, the main emphasis of this study is placed on the
development of a plastic design method of grillages under a lateral point load.

To find the plastic collapse equations, upper bound theorem is applied. Then this
upper bound equations are compared with lower bound solution to find unique equations.

Finally, this collapse equations are applied to pontoon deck problem to find minimum
weight design.

2  Grillages under a Point Load

2.1 Idealization of analysis model

To proceed with plastic analysis of grillages, various assumptions have to be intro-
duced. Then it is assumed that;
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(1) The grid models are considered to be regular in two orthogonal directions.

(2) The material of the plates and the beams are elastic-perfectly plastic.

(3) The deformations are small, therefore the equilibrium equations can be formulated
for the undeformed structure.

(4) The effects of shear and torsion in the beams are neglected, and no instability will
occur before the attainment of the plastic limit load.

(5) The plated grillages are idealized into the grids where the plate is assumed to
provide an “effective flange” to each set of beams.

2.2 Analysis method

A simple way of plastic analysis is through the use of the kinematic theorem (or upper
bound theorem). It is necessary first to find all possible collapse mechanisms, and then to
evaluate the collapse load for each mechanism assumed.

In the case of complex grids with arbitrary beam end conditions and arbitrary loading
conditions, the above procedure of finding the all with through an intuitive and systematic
search for the possible mechanism. The procedure will be illustrated by reference to a 3 x
3 gnd.

The grid in Fig. 1 has plastic bending moment 3, in the longitudinal direction and
M, in the transverse direction and the applied load P, is at the central intersection. The
beam ends are simply-supported. All the possible collapse mechanisms are shown in Fig.
1 (a)~(e) with their hinge positions.

The values of the collapse loads for each mode are as follows;

Collapse mode (a) : P. = § My + S M,

Collapse mode (b) : P, = % ol T+ %;Mpt

Collapse mode (¢) : P, = %MPZ + %@Mpt ...... (1)

Collapse mode (d) : P, = S M, + 3 M,

Collapse mode (¢) : P. = 2 M, + £ M,

In the case of 6 = 1.5, eqns.(1) are plotted in the design space in Fig. 2.

The examination of the design space of Fig. 2 shows that collapse modes (b) and (¢)
are never active for any combination of 3 and 7.

By following the same procedure with intuitive and systematic search for possible
collapse modes, and general case of grid analysis and design equations can thus be formu-
lated. The whole range of equations for the grids with simply-supported ends and fixed
ends and a single point load at. or near. the central intersection point is shown in Appendix
A. The collapse modes are grouped together according to the hinge positions. The three
basic modes are:
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(a) Mode A : the collapsé mode with hinges at central intersections for both sets of
beams.

(b) Mode B : the collapse modes with hinges at central intersections in longitudinal
beams, and in other bays of transverse beams.

(c) Mode C : the collapse modes with hinges at central intersections in transverse
beams, and in other bays of longitudinal beams.

The definitions for equations are ;

P, = Plastic collapse load.

A = Overall longitudinal length of grid.

B = Overall transverse length of grid.

m = Number of longitudinal beams.

n = Number of transverse beams.

M, = Plastic moment of longitudinal beams.
M, = Plastic moment of transverse beams.

3 Application to Pontoon Deck Design

3.1 Design problem

A design is required for a pontoon deck structure for Ro-Ro traffic. The deck area to
be designed is 11.55 x 9.3m as in Fig. 3. There is a central bulkhead supporting the deck,
therefore the panel area for design can be considered 5.775 x 9.3m. The worst design case
is due to a fork lift truck which can apply a total load of 66 tonnes over four wheels on
one axle. The combined tire print may be considered 670 x 937mm, and the wheel spacing
is 2400mm along the axle. The sketch of tire print dimensions is shown in Fig. 4. The
structural material to be used is mild steel of o, = 240N/mm? and p = T850K g/m?>.
The plate thickness may be determined by Lloyd’s rules with minimum thickness of Smm.
The safety factor to be used in the design is a load factor of 2 against total collapse of the
beams.

The originally proposed design was with a beam arragement of 2 girders along the
shorter span and 6 stiffeners along the longer span within the panel area for the present
design study. The present design study. therefore. examines the possibility of weight saving
in the above pontoon deck.

3.2 Plate design

According to L. R. 3-9-3.4.1, the required plate thickness under wheel loading is;
t=46x(A-P)?+15 ... (2)

where, ¢t = Deck plate thickness(mm)
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P, = Load on the tire print(tonnes)
A = Sress factor obtained from Fig. 5

The tire print ratio(PR) in Fig. 5 is;
_ 937 _
PR = o5 =1.40

The plate panel ratio is unlikely to be less than 2.5, therefore the full line in Fig. 5
with PR = 1.4 can be taken. This may be fitted to the equation of;,

A =0.335 x 077

where, A = Stress factor.
n = Ratio of width of tire print to length of plate panel.

3.3 Beam design

In the grid design method under single point load in chapter 2, a point load is assumed
to act at the center or near the central intersection of each grid and the grid and the grid
boundary condition was assumed simply-supported or fixed ends all along the edges.

In the case of a two point wheel loading, which is the present problem, the two point
load is considered as a single point load at the center of the axle.

With the above assumptions, the design method of section 2.2 is directly applicable,
and this design problem can be stated as follows;

Minimize F:m-A-{c,'Z:,’}—I-n-B-{ct-Z;f{} ...... (5)
Subjectto  P. < L, - My +T;-M,  [Overall collapse modes]

Pc < C- pl

P.<D- M, [Local collapse modes] . .. (6)
where, F = Weight objective function(mm?)

P, = Design load(N)

m,n = Number of longitudinal and transverse beams

A = Overall grid length(mm)

B = Overall grid breadth(mm)

c1, k; = Constants for Z, and A, relationship of longitudinal
beams

ct, k¢, = Constants for Z, and A, relationship of transverse
beams

My, My, = Plastic moment of longitudinal and transverse

beams(N-mm)
L;, T; = Consists for overall collapse modes
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C,D = Consists for local collapse modes or minimum size
of beams

In eqn.(5), constants ¢ and k equal to 0.198 and 0.718, which is mean values for
T-sections. [1]

Overall collapse modes can be obtained by using method described in section 2.2, and
two local collapse modes can be calculated by considering the local collapse of individual
beams between intersections. The plastic collapse is considered when the constant line load
is applied at the mid-span of a beam[see Fig. 6]. When the wheel length is longer than
the beam span, the load is considered as uniform over the full span. The beam ends are
considered fixed for local collapse. The derivation of the local collapse equation is also
shown in Fig. 6.

Through the above procedure, Fig. 7 is obtained for 3 x 5 grid. Then, the optimal
design point is shown by small circle.

Plastic section modulus are calculated by using the point. then it is observed that 7,
and Z, include plastic modulus of the plate. To find only plastic modulus of beams. we
can use the effective breadth for plate thickness which was calculated in section 3.2. Then,
using the Table 1, it is possible to determine the dimensions of web and flange of beams.

Table 1: Standard beam data

Item Girder | T - section | Flat - bar
Dw / Tw 150.0 50.0 18.0
Tt/ Tw 2.5 1.5 -
Df / Tf 10.0 18.0 -
Min. Tw (mm) - 5.0 5.0
Max. Tw (mm) - 15.0 -
Min. Dw (mm) - 150.0 -

Dw = Depth of web(mm), Tw = Thickness of web(mm)
Df = Width of flange(mm), Tw = Thickness of flange(mm)

3.4 Results and Discussions

The number of beams in each direction is limited to 1 to S for the longitudinal
beams(girders) and 3 to 12 for transverse beams(stiffeners). The weights and dimensions
of beams and plates for the simply-supported and fixed cases are shown in Tables 2 and
3 respectively. As can be noticed from these tables. the plastic thickness is only a funtion
of stiffener spacing. Another important result is that, in a pontoon deck design problem
under wheel loading only, the plate thickness is a dominant design factor where the weight
of plating is 56 to 88% of total weight. The minimum weight design is certainly with a
large number of girders and stiffeners to give thinner plating. This tendency is shown in
Figs. 8 and 9. This fact suggests that. in grillage design under wheel loading only. the
plate thickness should be reduced by increasing the number of beams in each direction.
Therefore, if the girder numbers are given, the minimum weight design corresponds to a
larger number of stiffeners.
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The optimal design of pontoon deck in this study, within the beam numbers shown in
Tables 2 and 3, 1s with 5 x 11 at simply-supported ends and 5 x 12 at fixed ends. The
present optimum design with the above beam arrangement offers weight saving of about 6%

at simply-supported ends and about 10% at fixed ends compared to the originally proposed
beam arrangement of 2 x 6.

4 Conclusions

In the case of grillage structures under a concentrated load, some formulae are presented
to obtain the limit load for each collapse mode with known plastic bending moment when
the boundary conditions of beams are simply-supported and fixed ends.

Then, those formulae are applied to the pontoon deck problem to find the minimum
weight design. It is observed that optimized design has more weight-saving effect than
preliminary design.

These results can be applied to the design of car deck of car-carrier or heli-deck etc.
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Appendix A: Plastic Collapse Equations
1. Simply-supported grids under a point load

1.1 (m x n) = (odd x odd) grids
(a) Mode A

P

(nzl) X[(nj—l)+(nj~1) x (m—1)] x My

+(m+1)>< 4 2
B (m+1) (m+1)

(b) Mode B; [max. j=(m —1) /2]

_ (n+1) 4 4 .
P = A x[(n+1)+(n+1)x(]_l)]XMpl
+(m;— 1) x [;—k%x(n——l)] X Myt

(c) Mode C; [max. i=(n—1)/2]

1 4 2
pP. = (ni)x[f+—,x(m—l)]prl
A 1 7
(m+1) 4 4

5 Gy P e O D M

1.2 (m x n) = (odd x even) grids
(a) Mode B; [max. j=(m —1) /2]

(n+1) 2
P, = - M,
A ><J><[”+(”+2)]>< o
m+1 4 (n—-1)
+( B )x;x[1+ ] X My
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(b) Mode C';_; [max. 1= n/2 ; max. ) = n/2 +1]
[when i = max., then half value in { }]
[when j = max., then half value in | |[]

_ (n+1) {} |1
PC = -—T [ ] ]X]\/fp[
+B><[ {Z;I} l 1|]><M

1.3 (m x n) = (even x odd) grids

(a) Mode B;_; [max. j = m/2 ; max. k = m/2 +]]
[when j = max., then half value in { }]
[when k = max., then half value in | |]

4 -1} |[k-1]
P, = ZX[1+ 5 + 5 ] x My

X(n+1)x[1+%l+|_}€_l]prt

+(m+1)

(b) Mode C; [max. i=(n—1)/2]

(n+1) 4 (m—1)
P. = Y x;x[1+ 5 ] x My
(m+1) 2 2
+ B sz[mq’h(m—i—Z)}XMpt
1.4 (m x n) = (even x even) grids
(a) Mode B;_; [max. j = m/2 ; max. k = m/2 +1}
[when j = max., then half value in { }]
[when k = max., then half value in | |]
(¥l 2. 2 G-1 , (h-1)
P, = " x[(n+(n+2>)x(1+ 5 + 5 )] x My
(m+1) 2 2 (n—1)
g X [({]—.} + |—k*l) X (1 + ———=)] x My
(b) Mode C;_; [max. i =n/2 ; max. j = n/2 +1]
[when i = max., then half value in { }]
[when j = max., then half value in | |]
poo MAD L @ 20 e
T4 i 7
(m+1) 2 2 i-1) (-1,
+ B ><[(m+(7n+2))x(1+ 2 + 2 )% My
2. Fixed grids under a point load
2.1 (m x n) = (odd x odd) grids
(a) Mode A
~ 2(n +1) 4 2 ,
= < -1 ;l'
Fe i e T < Wb
2(m + 1) 2

— M
B X[(7n+1\1’(zn+])x(n D) x My,
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(b) Mode B; [max. j= (m —1)/2]

2(n +1) 4 4 »
PC = _+ N _l J\rﬁ[
A X[(n+1) (n+1) U I My
(m+1) 4 2
5 X[j+jx‘” )] x ot

(c) Mode C, [max. i=(n—1)/2]
Pc = (njl_l)X[?‘F%X('I?Z*‘l)])(f\/[p[
2(m+1) 4 4 o
B X[(m+1) T <O X M

2.2 (m x n) = (odd x even) grids

(a) Mode B; [max. j = (m —1) /2]
2ln+1) . 2 2
= — — 4 ——1x M
Fe A XJX[TI+(7L+2)]X Pl
+1 4 n—1
(mB ) « ; % [1 + Er_)_:z_)] X ]\/[pt

(b) Mode C;_; [max. i = /2 ; max. j = n/2 +1]

P = (-n'zl) x (m+1) x|

+§ x 1+ +
B 2 2
2.3 (m x n) = (even x odd) grids
(a) Mode B;_; [max. j = m/2 ; max. k = m/2 +1]
(]_1) +(k‘1)]xl?\/-[pl

8
Pc = ZX[1+ 2 9
m+1 1 1
( B )X("+1)X[1+;+g]XMpt
(b) Mode C; [max. i=(n—1)/2]
(n+1) 4 (m-—-1)
Pc = TX;X[l‘}‘ 5 ]X1 pl
2(m+1>x‘x[3+ 2 | x
B hn (m+2) " Pt
2.4 (m x n) = (even x even) grids
(a) Mode B;_; [max. j = m/2 ; max. k = m/2 +1]
20n+1) 2 2 (j—-1) (k=1
P = s — 1 : M
’ A % (n+(n+2))><( + 2 * 2 I P
(m+1) 2 2 (n—1)
B X[(;+Z)X<1+T)] X Mpt
(b) Mode C;_; [max. i =n/2 ; max. j = n/2 +1]
2 2 -1
P = (n+1)><[(*.+—,)><(1+(7l7;‘“))] My
:1 2 J 4
‘ )2 2 -1 (-1
2(m +1 a2, (1 . )+ Q‘.)—‘]X‘th

+- - ( | — |
m o {m42)



Ki-Sung Kim and Yeong-Ho Park

Table 2: Weights and dimensions of Pontoon deck
(Simply-supported Beams)

mxn | Tp(mm) | Twg{mm) | Tws(mm) | Wp Wb Wt | Wp/Wt
Ix3 | 2211 12.63 691 932 [ 160 | 1092 | 083
41 2039 12.63 7.01 860 | 1.95 | 1055 | 081
5 19.10 12.04 7.08 8.05 | 2.25 | 1030 | 0.78
6| 18.08 12.46 7.12 7.62 | 265 | 1027 | 0.74
74 17.24 11.35 7.16 727 1290 | 1017 | 0.72
8 | 1654 12.19 719 | 697 | 334 | 1031 | 068
9| 1594 10.57 722 | 672 | 356 | 1028 | 065
10| 1541 11.89 724 | 650 | 404 | 1054 | 062
11| 1495 9.65 726 | 630 | 421 | 1051 | 0.60
12 | 1454 11.55 7.27 6.13 | 474 | 1086 | 0.56
2x3 | 2211 12.09 560 | 932 | 182 | 11.14 | 084
4| 2039 11.46 5.75 8.60 | 1.95 | 1055 | 082
50 1910 11.62 584 | 805 | 223 | 1029 | 078
6| 18.08 10.60 590 | 762 | 230 | 993 | 077
7| 17.24 11.23 5.95 727 | 267 | 994 | 073
8| 1654 10.26 599 | 697 | 276 | 974 | 0.72
9 | 1594 10.80 6.03 672 | 312 | 984 | 068
0| 1541 9.86 6.07 650 | 3.23 | 973 | 067
11| 1495 1032 609 | 630 | 357 | 987 | 064
12 | 1454 9.39 6.11 613 | 368 | 981 | 062
3x3 | 2211 10.03 580 [ 932 | 191 ] 1122 | 083
41 2039 10.13 526 | 860 | 2.00 | 10.59 | 0.8l
5 19.10 10.12 504 | 805 | 210 | 1015 | 0.79
6| 18.08 1023 508 | 7.62 | 231 993 | 077
7| 1724 9.96 504|727 | 244 9711 075
8| 1654 10.19 519 1697 [ 270 | 968 | 072
9| 1594 9.78 5.25 672 | 281 | 953 | 070
10 | 1541 10.14 529 | 650 | 311 | 9.61 | 068
11| 1495 9.57 532 | 630 | 318 | 948 | 0.6
12 | 1454 10.04 534 | 613|350 | 963 | 064
4x3 | 2211 10.64 533 [ 932 |24z | 1174 | 079
41 2039 933 5.41 8.60 | 220 | 1080 | 0.80
51 1910 10.72 5.00 | 8.05 | 259 | 1065 | 0.76
61 18.08 9.47 500 | 7.62 | 239 | 1001 | 076
7| 1724 10.66 500 | 727 | 2.80 | 1008 | 072
8| 1654 9.42 500 | 697 | 257 | 954 | 073
9| 1594 10.52 500 | 672|310 | 982 | 068
10 | 1541 9.14 500 | 650 | 283 | 933 | 070
| 1495 1035 500 | 630 | 339 | 9.69 | 0.65
12| 1454 8.99 500 | 613 | 313 | 926 | 066
Sx3 | 2211 836 580 | 932 | 217 | 1149 | 081
41 2039 8.69 5.16 8.60 { 225 | 1085 | 0.79
5| 19.10 8.68 5.04 8.05 | 238 | 1044 | 077
6| 18.08 8.87 5.00 7.62 | 244 1 1006 | 0.76
71 1724 8.73 500 | 727 | 252 979 | 074
8| 1654 9.05 500 | 697 {256 | 9.53 | 0.73
9 | 1594 8.88 500 | 672 | 264 | 936 | 072
10 | 1541 8.95 500 | 650 |28 | 932 070
11| 1495 8.71 500 | 630 | 288 | 9.8 | 0.9
12| 1454 8.93 500 | 613 | 310 | 923 | 066
m = Number of girders, n = Number of stiffeners

Tp = Thick. of Plate(mm), Wp = Plate weight(tonnes)
Twg = Thick. of Girder(mm), = Wb=Beam weight(tonnes)
Tws = Thick. of Stiffener(mm), Wt=Total weight{ Wp+Wb)

109
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Table 3: Weights and dimensions of Pontoon deck
(Fixed ends Beams)

mxn | Tp(mm) | Twg(mm) | Tws(mm) | Wp | Wb Wt | Wp/Wt

Tx3 | 2211 8.6 6.91 932 [ 125 | 1057 | 088
4| 2039 7.95 7.01 860 | 156 | 1016 | 085

s| 1910 745 7.08 805 | 1.88 | 994 | 081

6| 18.08 7.05 7.12 762 | 222 984 | 077

7| 1724 6.72 7.16 727 | 255 ] 982 | 074

8| 1654 6.45 7.19 697 | 290 | 987 | o7

9| 1594 6.23 722 672 | 326 | 998 | 067

10 | 1541 6.03 724 6.50 | 3.61 | 1011 | 0.64

11| 1495 5.82 7.26 6.30 | 397 | 1027 | o061

12| 1454 5.65 727 613 | 432 | 1045 | 059
2x3 | 2211 874 560 932 | 125 | 1057 | 088
4| 2039 8.08 575 860 | 1.41 | 1001 | 0386

s | 19.10 7.58 5.84 805 | 160 | 965 | 083

6| 18.08 6.92 590 762 | 1.78 | 940 | 08t

7| 1724 6.60 595 727 | 200 | 927 | 078

8| 1654 6.34 599 697 | 223 | 920 | 076

9| 1594 6.12 6.03 672 | 247 | 919 | 073

10 | 1541 5.92 6.07 650 | 272§ 922 | 070

11| 1495 571 6.09 630 | 296 | 927 | o068

12| 1454 5.55 6.11 613 | 321 ] 934 | 066
3x3 | 2211 6.86 623 932 | 135 | 1067 | 087
4| 2039 6.84 576 860 | 1.45 | 1005 | 086

51 1910 7.03 5.40 805 | 157 | 963 | 084

6| 18.08 7.02 5.12 762 | 164 | 927 | o082

74 1724 6.93 5.14 727 | 181 | 9.08 | 080

8 16.54 6.72 5.19 697 1 1.98 8.96 0.78

9 | 1594 6.56 525 672 | 217 | 889 | 076

10 | 15.41 6.34 5.29 650 | 235 | 884 | 073

11 1495 6.14 532 630 | 252 | 882 | 071

12 { 14.54 5.97 534 613 | 270 | 883 | 0.69
4x3 [ 2211 6.86 562 932 | 140 | 1071 | 0.87
41 2039 6.84 519- | 860 | 1.48 | 1008 | 085

51 1910 7.03 5.00 805 | 1.60 | 965 | 083

6| 18.08 7.02 5.00 762 | 165 ] 928 | 082

71 1724 6.81 5.00 727 | 175 ] 9.02 | 081

8| 1654 6.84 5.00 697 | 188 | 885 | 079

9| 1594 6.70 5.00 672 {202 | 874 | o077

10 | 1541 6.49 5.00 650 | 215 | 865 | 075

11| 1495 6.31 5.00 630 | 228 | 858 | 074
12| 1454 6.07 5.00 613 | 241 | 854 | 072
5x3 | 22.11 6.86 512 932 | 149 | 10.80 | 086
41 2039 6.84 5.00 860 | 156 | 10.15 | 085

S 19.10 7.03 5.00 805 | 167 | 9721 o083

6 | 18.08 7.02 5.00 762 | 1712 | 934 o082

7| 1724 7.1 5.00 727 | 179 | 9.06 | 080

8| 1654 6.95 5.00 697 | 187 | 884 | 079

9| 1594 6.83 5.00 672 | 198 | 870 | 077

10| 1541 6.64 5.00 650 | 208 | 858 | 076

11| 1495 6.48 5.00 630 | 218 | 849 | 0.74

12 | 14.54 6.28 5.00 6.13 | 227 | 840 | 073

m = Number of girders, n = Number of stiffeners

Tp = Thick. of Plate(mm), Wp = Plate weight(tonnes)
Twg = Thick. of Girder(mm), Wb=Beam weight(tonnes)
Tws = Thick. of Stiffener(mm), Wt=Total weight{ Wp+Wb)
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Figure 4: Tire prints of loading wheels
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4-0-My=1W.1-1W.q 2.2
where, 6 =2
M, = (I — 2a)(l + 2a)

Figure 6: Local collapse of beams under wheel load
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Figure 7: Optimum design point for 3 x 5 grid
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Figure 8: Weight curve for simply-supported beams

Fixed-end Beams
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Figure 9: Weight curve for fixed-ends beams
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