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Nonlinear Finite Element Analysis of Reinforced Concrete Planar Members
Using Rotating Orthotropic Axes Model
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Abstract

The objective of this research is to investigate the effectiveness of rotating orthotropic axes model
in analyzing reinforced concrete planar members under cyclic as well as monotonic loading. The struc-
tural members to be addressed are moderately reinforced beams, columns, beam-column joints, and
shear walls, whose failure occurs due to compressive crushing after extensive crack propagation. The
rotating orthotropic axes model which is usually used for monotonic loading is developed for cyclic load-
ing. With the existing cyclic material models of reinforcing steel and bond-slip, this material model is
used for the finite element analysis. For monotonic loading, the analytical results of the rotating ortho-
tropic axes model are compared with reinforced concrete beams which have brittle failure. For Shear
wall members under cyclic loading, the analyses are compared with the experiments for the ultimate
load capacity, nonlinear deformation, and pinching effect due to crack opening and closing.
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1. INTRODUCTION

Orthotropic axes models are frequently used
for the analyses of reinforced concrete mem-
bers because of the simplicity of the model.
The simplicity lessens difficulty in numerical
calculation due to complexity of concrete beh-
avior, Though several researchers tried to use
this approach for multiaxial compression, it is
believed that the orthotropic axes model is
able to produce reliable results only for ten-
sion-compression stress field.

The orthotropic axes models using equivalen-

t uniaxial stress-strain curves are classified
into fixed and rotating orthotropic axes mod-
els, based on the idealization of crack orien-
tation. In the fixed orthotropic axes model,
the cracked concrete behavior is defined by
the shear stiffness and the equivalent uniaxial
stress-strain curves in the orthotropic axes
which is fixed to the initial direction. On the
other hand, the rotating orthotropic axes mod-
el defines concrete behavior in the orthotropic
axes which continuously rotate to current prin-
cipal axes.

For moderately reinforced concrete members
whose failure occurs due to compressive crus-
hing after extensive cracking, the rotating
orthotropic axes model produces better agree-
ment with the experiments than the fixed
orthotropic axes model. In the fixed ortho-
tropic axes model, the compressive behavior
as well as tensile behavior is defined in the fix-
ed orthotropic axes though the principal stress
axes still rotate after cracking. Therefore, the
equivalent unijaxial stress-strain relation and
the reduced shear stiffness in fixed orthotropic
axes can not produce the crushing strength of
concrete in the principal axes. However, the
fixed orthotropic axes model can produce reas-
onable results for tensile cracking failure with-

out compressive crushing. Also, because of the
fixed orthotropic axes, it is not applicable for
cyclic behavior,

In the rotating orthotropic axes model, con-
crete cracking in not idealized by a crack di-
rection. Instead, it is assumed that concrete
cracking occurs progressively as the principal
axes rotate. The progressive cracking process
due to primary and secondary cracking and the
surface contact between existing cracks con-
tinuously imparts behavioral directionality of
concrete in ortating principal axes. Thus, the
orthotropic axes rotate to the principal axes
during loading. The rotating axes model does
not present the directional characteristics of
tensile cracks which is clearly observed in
plain concrete members. However, for mod-
elrately reinforced concrete members, it can
follow the rotation of the principal axes due to
wide-spread progressive tensile cracking. As a
result, under tension-compression, the rotating
orthotropic axes model can follow the com-
pressive behavior as well as tensile behavior in
principal axes.

Because of the rotation of the orthotropic
axes, this approach is applicable for cyclic beh-
avior, However, the rotating orthotropic axes
models which are usually used for monotonic
loading, treat the maximum strain as the ma-
terial damage regardless of the orientation of
orthotropic axes. Such material models pro-
duce unrealistic behavior under reversed cyclic
loading, making the damage of tensile cracks
rotate by 90 degrees. In the material model de-
veloped here, the material damage surfaces of
compression and tension are defined in
two-dimensional stress field so that the ma-
terial damage depends on the orientation of
the orthotropic axes.

On the basis of smeared crack and smeared

reinforcement, this research is concentrated
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developing the orthotropic axes model under
tension-compression of biaxial stress fields,
and on predicting the complete behavior up to
structural failure of reinforced concrete planar
members under cyclic as well as monotonic
loading. The structural members to be addres-
sed are beams, columns, beam-column joints,
and shear walls, whose behavior is affected by
well-distributed cracks rather than a dominant
crack, and which is not significantly affected
by multiaxial compression.

The orthotropic axes model is used in finite
element analysis with exiting cyclic models of
reinforcing steel and bond-slip. Also, a reliable
and efficient solution scheme is developed for
predicting complete structural behavior by
investigating available nonlinear solution strat-
egies, iteration strategies, and convergence
criteria. The analysis program incorportating
the material models and the solution scheme is
tested to predict the behavior of structural
members under monotonic and cyclic loading.

2. ROTATING ORTHOTROPIC AXES MODEL

The two-dimensional stress-strain relation is
defined by two equivalent uniaxial stress-
strain curves in orthotropic axes. Assuming
that principal stress axes coincide with princi-
pal strain axes, the orthotropic axes rotate to
current principal axes during loading history,
The equivalent uniaxial stress-strain curve con-
sists of envelope curves(loading curve) and
unloading-reloading curves connecting the en-
velope curves at the compressive and tensile
damage surfaces (see Fig. 1). The assumption
that principal stress axes coincide with princi-
pal strain axes, used by Vecchio and Collins'?,
produces reasonable results for moderately
reinforced concrete which has well-distributed
tensile cracks. The assumption reduces diffi-

culty in nonlinear numerical calculations, and
it satisfies the behavioral requirement under
cyclic loading that principal stress axes co-
incide with principal stress axes as the cracks
close.

compression
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loading pathi ' loading path
I tension unloading-reioading path i 1D compression

available stress-strain field with current damage

Fig. 1 Equivalent uniaxial stress-strain curve

2.1 Envelope Curves in Tension and Com-
pression

In reinforced concrete, the microcracks com-
posing the primary crack are not uniformly
oriented; they deviate from the principal ten-
sile direction, Therefore, as the cracks widen,
the concrete struts are disconnected and final-
ly crush (see Park™). In other words, the devi-
ation of microcracks from the principal axes
reduces the effective area of the concrete
struts. The compressive strength of concrete
decreases due to the crack opening,

For this phenomenon, the equation of com-
pression softening proposed by Vecchio and
Collins'? is used in the compressive envelope
curve, According to their proposed stress-
strain relation, the compressive strength in a
compressive principal axis decreases as the
principal tensile strain representing the cur-
rent crack width increases in the orthogonal
principal tensile axis. N

u fe

c = T T d g < f’c,
% 0.8-0.34(a /) O W
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where f’. is the cylinder strength, of is the

compressive strength, & is the compressive

strain corresponding to ¢f, and & is the princi-
pal tensile strain.,

To idealize the two-dimensonal tension stiff-
ening stress-strain relation, it is assumed that
each reinforecement layer has its own tension
stiffening stress corresponding to the tensile
strain in the reinforcement direction (see Fig.
2(a)). The effect of the hypothetical tension
stiffening stress oy, on the principal tensile

stress axes is defined as follows (see Fig. 2

(b)):
o = % Y (pi cos® 6; ais /cos 6,), (2)

‘where ayp 1s the equivalent tension stiffening
stress in the current principal tensile axis, pe
=¥ p; cos’@, and 6 is the angle between the
current principal tensile axis and the reinforce-
ment direction.

In Fig. 2(b), for tension softening without
reinforecment,

et
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(a) Hypothetical tension stiffening 3

€ e, T
stress in reinforcement direcuor \\/ [

Mohr Circle for current strain

ol .
(b) Tension stiffening stress
in principal tensile axes

Fig. 2 Proposed tension stiffening model

where G is the fracture energy of tensile crac-
king, and h is the effective length correspond-
ing to a Gauss point.

2.2 Damage Surfaces in Compression and
Tension

Most rotating orthotropic axes models for
cracked concrete regard the absolute value of
the previous maximum strain as the only index
of material damage. If the orthotropic axes ro-
tate during loading history, using the absolute
value causes the rotation of the material def-
ects under general loading. This is contro-
versial because a concrete crack has a certain
directionality and can not rotate. Using the
stress-strain relation of cracked concrete
{equivalent uniaxial stress-strain state), this
research simplifies the damage history of crac-
ked concrete in tension-compression,

In the proposed cracked concrete model,
under tension-compression, the uniaxial com-
pressive stress-strain relation is maintained in
a rotating principal compressive axis. As-
suming that the compressive damage due to
crushing is isotropic, the compression damage
can be defined by the absolute value of the
maximum principal compressive strain in any
principal compressive axis. Accordingly, the
damage surface in compression is uniform in
all directions(see Fig. 3)
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previous envelope
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—
| previous envelope

900 o 8 900 .90«

¢ : prinupal compressive axis

Fig. 3 Compression damage surface
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On the other hand, tensile cracking damage
is obviously limited to the current principal ten-
sile axis and the neighboring directions, In the
proposed model, the damage in the neighbor-
ing directions is defined by the damage influ-
ence surface due to current tension cracking
or principal tensile strain, If a principal tensile
strain exceeds the tension damage surface, the
tensile strain forms its damage influence sur-

face within 30 degrees in either side of the cur-

rent principal tensile axis. The damage influ-
ence surface is defined by

&he = & cos (3A8), (4)

where ¢ is the maximum strain in the current
principal tensile axis, and efx is the maximum
strain in the direction A0 away from the cur-
rent principal tensile axis. The tension damage
surface expands to include the current damage
influence surface. Since the damage influence
surface is not uniform, the tension damage sur-
face is anisotropic, unlike the compression dam
age surface. In eight reference directions, if
the damage influence surface due to current
principal tensile strain exceeds the tension
damage surface, the tension damage surface
expands to the current damage influence sur-
face (see Fig. 4). The maximum strain in a
principal tensile axis is linearly interpolated
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Fig. 4 Tension damage surface

between the maximum strains or the tension

damage surface in the reference directions.
According to the progression of concrete

damage, the cyclic behavior of cracked con-
crete is classified into five developmental stag-
es in Fig. 5:
1) Elastic range without permanent dam-
age:
II) Initial tension damage without com-
pression damage:
II) Initial compression damage without ten-
sion damage:
IV) Damage in both tension and compression
after initial tension damage; and
V) Damage in both tension and compression
after initial compression damage.

Stage | l/\

available stress-strain field
with further damage

Stagel] Stagelll

StageV D\

Fig. 5 Development of concrete damage

%

3. IMPLEMENTATION OF FINITE ELEMENT MET-
HODS

In addition to the proposed cracked concrete
model, existing material models of reinforcing
steel and bond-slip are implemented in the fi-
nite element analysis program, To idealize rein-
forcing steel behavior, a strain hardening mod-
el including the bauschinger effect is used, as
proposed by Brown and Jirsa.® Reinforcing
steel is idealized by either discrete or smeared
elements. The bond-slip model proposed by
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Ciampi et al.” is used: it idealizes the bond
deterioration due to cyclic loading. The
bond-slip elements, which are out-of-plane rec-
tangular elements, connect the in-plane rec-
tangular elements representing concrete and

smeared reinforcement, to line elements repres-

enting discrete reinforcement.

A simplified displacement-control method
(see Ramm®) is used for the nonlinear numeri-
cal procedure, and the Newton-Raphson met-
hod with tangent stiffness is used for iteration,
As a convergence tolerance limit, an incremen-
tal displacement criterion is applied.

4. APPLICATION OF PROPOSED ANALYSIS MET-
HOD

305 Beam A-1

Beam A-2

L = 3660 mm L =4570 mm

Top bars:2-#4 Top bars:2-#4
Bottom bars:4-#9 Bottom bars:S5-#9
Surrups : #2 @ 210  Stirrups : #2 @ 210

560

All dimensions in mm

P2
Discretization 1 (Dn1)

z A

20 eight-node rectangular elements and 10 three-node line elements

Discretization 2 {Dn 2)

. .
416 four-node rectangular elements and 64 two-node line elements

Analytical half-beam model

Fig. 6 Reinforced concrete beam tested by Bresler and
Scordelis

4.1 Reinforced Concrete Beam Tests under
Monotonic Loading (Bresler and Scordelis)

Bresler and Scordelis? investigated the
shear capacity of a series of beam specimens.
The properties and the analytical model of
their Beams A-1 and A-2 are shown in Fig. 6.
These beams have heavy longitudinal re-
inforcement at the bottom, so that inelastic
flexural deformation due to yielding of reinfor-
cing steel is prevented. On the other hand, the
reinforcement ratio of the vertical bars is low,
inviting a shear failure due to diagonal tension
cracking. Also, Discretizations 1 and 2 of the
analytical half beam are shown in Fig. 6.

As shown in Fig. 7, the analytical results
using the proposed approach agree well with
the experiments. The load capacity of the

70

[
o
3

' (ACI 318 : flexure)

o

=4
1
t

= F
sS40+ // :
= | (ACI 318 : shear)
= \ =
g 30+ S Ly
-3 e

20+ )

-—- Analysis (Dn 1)
— Experiment
104+ pe
0 + + + = + ~+
0.0 0.5 3.0 1.5 2.0 2.5 3.0 3.5
Midspan deflection (cm)
(a) Beam A-)
70
60+
(ACI 318 : flexure)

50 F
_ Pl
g 40 T 2= ‘I
£ \ (ACI 318 : shear)
é 30 + \ o
- Z Ve T

% Vo
4
20+ yd
// -=-=- Analysis (Dn 1}
104 —— Experiment
0 t -+ + + + +
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Midspan deflection (cm)

Fig. 7 Comparison between analysis and experiment of
reinforced concrete beam (Bresler and Scordelis)
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beam falls between the flexural and the shear
load capacity values calculated according to
ACI 318-89." The results clearly show that
heavy reinforcement in flexure and lack of
shear reinforcment causes shear-compression
failure without much ductility. It is noted that
the ACI code assumes yielding of the flexural
reinforcement in tension before the complete
crushing of concrete in compression,

For the tension stiffening stress in the web
of the beam, the influence of the main bar in
the bottom of the beam should be considered.
Otherwise, the analysis underestimates the
actual load capacity. This is because the diag-
onal crack width in the web is directly affec-
ted by the deformation of the main reinforce-
ment in the bottom of the beam.

Fig. 8 shows the analytical results of differ-
ent material models and discretizations. Both
Discretizations 1 and 2 using the rotating
orthotropic axes model present good agree-
ment with the experiment, On the other hand,
Discretizaton 2 of the fixed orthotropic axes
model overestimates the ultimate strength of
the beam.

70T

— Experimemt
609 --- Rotating axes (Dn 1}
. Rotaung axes (Dr 2)
504+ --- Fixedaxes (Dn2y

40+

Load (tom)

2.0 c.5 1.0 1.8 20
Midspan deflection (cmi

Fig. 8 Comparison between rotating and fixed orthotropic
axes models

To investigate the effect of bond-slip rela-
tions on beam members, Beam A-1 is idealized
as shown in Fig. 9. in the beam, all of the bot-

tom reinforcing steel bars are cut off at 30.
5cm(12 inches) from the supports. In Fig. 10,
the analytical results of the original beam and
the modified beam are compared. The maxi-
mum load capacity of the modified beam is
much lower than that of the original beam.
This analysis shows that in the modified beam,
the development length of the bottom steel

\

bars is insufficient,

»

AN €

Fig. 9 Discretization of Beam A-1 for bond-slip behavior
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Fig. 10 Bond-slip effect on beam behavior according to de-
velopment length

4.2 Reinforced Concrete Masonry Wall Tests

under Cyclic Loading (Shing et al.)

The proposed analytical method is applied
for the reinforced concrete masonry shear wall
tests performed by Shing et.al. at the Univer-
sity of the Colorado (see de la Rovere”). Sh-
ing’s Walls 7, 10, and 12 are analyzed here. As
shown in Fig. 11, the shear walls have a rigid
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base and a top slab. They are subjected to uni-
formly distributed vertical loads and a concen-
trated horizontal load at the top slab. The ver-
tical loads remain constant during loading,
while the lateral load varies. The shear walls
are reinfored by uniformly distributed vertical
and horizontal steel layers. The loading condi-
tions and the properties of materials are shown
in Table 1. The analytical model is shown in
Fig. 11.

1830
Lo ey
| |
—[ ]
I I B A | !
II—LIIIKIIII ! i} thick
t S

T T T T 1 | ess
T T T T 1 g =

I T T 1 T 1 oc |

| N A N - . .
IILIJ[LIIII i All dimensions
N S A S | 1nmm

T 1 T T |

T T T T 1 1

25 eight-node elements
for wall

5 three-node hine elements
for top slab

DA
Analytical Model

Fig. 11 Reinforced concrete masonry wall tested by Shing
et al.

Table 1. Loading conditions and material properties of
shear walls tested by Shing et al.
Masonry |Horizontal Steel| Vertical Steel | Axial
o'm Px fyy Py fyy load

kg/cm?| % |kg/cm?| % |kg/cm?| ton

7 205.1 0.14 3990 |0/74| 4925 18.2
10 2255 | 0.14 3990 0.38 | 4433 18.2
12 | 225.5 | 0.24 4644 0.38 | 4433 18.2

Wall
No.

Figures 12-14 show the cyclic load-deflection
curves of Walls 7, 10, and 12. Walls 10 and 12,
with similar horizontal and vertical reinforce-

ment ratios, have a maximum horizontal load
capacity of 30 tons, which gradually decreases
with increasing displacement. Wall 12, with
more horizontal reinforcement, shows more
ductile behavior than Wall 10, Wall 7, with
heavy vertical reinforcement, has a large
shear capacity. However, due to the relatively
light horizontal reinforcement, compression
crushing occurs suddenly just after the maxi-
mum horizontal load.

In Figures 12-14, analytical predictons are
compared with experimental results from Wal-
Is 7, 10, and 12. For all specimens, the ana-
lytical results follow the experimental results
reasonably well. This is because the well-dis-
tributed reinforcement and the vertical load
prevent tensile cracks form widening; the ten-
sile cracks spread over large area and material
deterioration due to cyclic loading is minimiz-
ed, which is in accordance with the assump-
tion of the proposed material model. The anal-
yses clearly show nonlinear deformations, the
maximum load capacity, and pinching due to
crack opening and closing. After the maximum
member capacities reached, member behavior
depends heavily on the descending slope of the
compressive softening stress-strain relation of

concrete. In these analyses, oi=q" /20 and &

Lateral force {ton)

— Author’s analysis
------- Shing’'s experiment

.40 o

T T T T T
2 0 2 . 4
Lateral displacement (cm)

Fig. 12 Comparison between cyclic analysis experiments
for Wall 7
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¢
Lateral displacement (cm)

Fig. 13 Comparison between cyclic analysis and experi-
ments for wall 10

Lateral force (ton)
°
|

—— Author’s analysis
~ Shing's expenment

Lateral displacement (cm)

Fig. 14 Comparison between cyclic analysis and experi-
ments for Wall 12

=15 & are used, where o and & are the final

stress and strain,

5. CONCLUSIONS

The rotating orthotropic axes model reason-
ably defines the behavioral characteristics of
reinforced concrete cracks which spread over
a large area and whose width is well confined
due to the influence of reinforcement. The
progressive cracking process due to primary
and scondary cracking and the surface contact

between existing cracks continuously imparts
behavioral dirctionality of concrete in rotating
principal axes.

The assumption that principal stress axes
coincide with principal strain axes, reduces dif-
ficulty in nonlinear numerical calculation,
Also, it satisfies the behavioral requirement
under cyclic loading that two pincipal axes co-
incide as cracks close. The material damage
surfaces of compression and tension are de-
fined in two-dimensonal stress field so that the
material damage depends on the orientaton of
the orthotropic axes. For reversed cyclic beh-
avior, the tensile damage surface provides mul-
tiple crack damage.

The proposed material model produces good
agreement with shear-dominated behavior of
reinforced concrete beams with brittle
shear-compression failure. Also, the material
model with the existing bond-slip model can be
used to investigate the effects of anchorage
length on member behavior. For shear walls
under cyclic loading, the analyses show the
behavioral characteristics of nonlinear def-
ormations and the load capacity.

As far as the basic concept is concerned, the
rotating orthotropic axes model proposed here
can be viewed as an extension of the
strut-and-tie model defined in a load-displace-
ment field, which is frequently used as an ap-
proximate analysis and design method. How-
ever, the rotating orthotropic axes model can
consider the nature of cracked concrete beh-
avior, such as compression softening due to
crack opening and tension stiffening effects.
Also, since it is possible to adjust the direction
of strut-and-tie to current principal axes by
considering equilibrium and compatibility con-
ditions, the proposed model reasonably pro-
duce cyclic as well as monotonic behavior.
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NOTATIONS

a. = Compressive stress of concrete

o, = Tensile cracking stress of concrete

a¢ = Compressive strength of concrete

A Compressive final stress of concrete

f. = Compressive cylinder strength of con-
crete

& = Compressive strain of concrete

& = Tensile strain of concrete

&' = Maximum tensile strain

& = Compressive strain of concrete corre-

sponding to compressive strength ¢°
&« = Compressive final strain of concete cor-

responding to compressive final stress o’

&8 = Maximum compressive strain

& = Strain in current principal tensile axis

g = Strain in the orientation of reinforce-
ment

g’ = Maximum strain in current principal ten-
sile axis

giae = Maximum strain in the direction deviat-

ing by A6 from the current principal ten-

sile axis
fy = Yield stress of reinforcing steel in x di-
rection

fyy = Yield stress of reinforcing steel in y di-

rection
px = Reinforcement ratio in x direction
py = Reinforcement ratio in y direction

REFERENCES

1. ACI Committee 318, Building Code Requirements
Jor Reinforced Concrete( ACI-318-89), American
Concrete Institute, Detroit, 1989,

2. Bresler, B. and Scordelis, A.C., “Shear Stren-
gth of Reinforced Concrete Beams,” American
Concrete Institute Journal, Proceedings, Vol.60,

10.

11.

—126—

Jan., 1963, pp.51-72.

. Brown, R.H. and Jirsa, J.O., “Reinforced Con-

crete Beams under Load Reversals,” American
Concrete Institute Journal, Proceedings, Vol. 68,
May 1971, pp.380-390.

. Ciampi, V., Eligehausen, R., Bertero, V.V.

and Popov, E.P., Analytical Model for Cocnrete
Anchorage of Reinforcing Bars under Generalized
Excitations, Earthquake Engineering Research
Center, Report No. UCB /EERC-82 /83, Univ-
erisity of California, Berkeley, 1982.

. Darwin, D. and Pecknold, D.A., *“Analysis of

R /C Shear Panels under Cyclic Loading,”
Journal of the Structural Division, ASCE, Vol.

102, No. ST2, Feb., 1976, pp.355-369.

. Karsan, I.D. and Jirsa, J.0O., “Behavior of Con-

crete under Compressive Loadings,” Journal of
the Structural Division, ASCE, Vol.95 No.12
Dec., 1969, pp.2543-2563.

. Park, H., Nonlinear Finite Element Analysis of

Reinforced Concrete Planar Structures, Thesis
Presented to the University of Texas at Aus-
tin, in Partial Fulfillment of the Requirements
for the Degree of Doctor of Philosophy, 1994.

. Ramm, E., “Strategies for Tracing the Nonlin-

ear Response Near Limit Points,” Nonlinear Fi-
nite Element Analysis in Structural Mechanics,
edited by Wundelich, W., Stein, E., and Bat-
he, K.]J., Springer-Verlag, Berlin, 1981.

de la Rovere, H.L., Nonlinear Analysis of Rein-
SJorced Concrete Masonry Walls under Simulated
Seismic Loadings, Thesis Presented to the Uni-
versity of California at San Diego, in Partial
Fulfillment of the Requirements for the De-
gree of Doctor of Philosophy, 1990,

Stevens, N.J., Uzumeri, S.M., Collins, M.P.,
and Will, G.T., “Constitutive Model for Rein-
forced Concrete Finite Element Analysis,”
American Concrete Institute Journal , Proceedings,
Vol.88, No.1, Jan., 1991, pp.49-50.

Stevens, N.J., Uzumeri, S.M. and Collins,

P., “Reinforced Concrete Subjected to Rev-
ersed Cyclic Shear-Experiments and Consti-
tutive Model,” American Concrete Institute Jour-
nal, Proceedings, Vol.88, No.2, Mar., 1991, pp.



Aabrzysh A 8 A Al 4 5.(1995. 12)

hya

135-146.

12. Vecchio, F.J. and Collins, M.P., “The Modi-
fied Compression-Field Theory for Reinforced
Concrete Elements Subjected to Shear,” Amer-
ican Concrete Institute Journal, Proceedings, Vo).
86, No.2, Mar., 1986, pp.219-231.

13.

—127—

Vecchio, F.J., The Response of Reinforced Con-
crete to In-Plane Shear and Normal Stresses, The-
sis Presented to University of Toronto, in Par
tial Fulfillment of the Requirements for the
Degree of Doctor of Philosophy, 1981.
(H=dX} : 1995, 7. 23)



