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Abstract -~ A new technique to measure the hydrodynamic entrance length and entrance correction factor for a
power-law fluid in a circular duct has been developed. By using a newly designed capillary tube viscometer which
has two tubes i.e. the long tube to measure rheological properties (n and K) and the short tube to measure the en-
trance correction factor C. Measurements were made with distilled water to verify the present experimental work.
As a result, less than 1% difference including rheological properties as compared with the standard values ap-
peared to be satisfactory. For a power-law fluid, present analysis and experiments(for Carbopol 960 solutions) are
in good agreement within +6% with other investigation reported previously.

Keywords: Rheological property, entrance length, entrance correction factor, capillary tube viscometer, power-law
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1. Introduction and associated entrance pressure correction fac-
tors is required. For Newtonian fluid systems,
In order to properly design piping systems, such information is readily available, for ex-
heat exchangers, etc, for non-Newtonian Fluids, ample, see reference(l1]. However, for even the
a knowledge of hydrodynamic entrance lengths simplest purely viscous non-Newtonian fluid, i.
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e. a power-law fluid, conflicting information had
been reported in the literature. A power-law
fluid is one in which the shear stress at a par-
ticular location in a flow field is related to the lo-
cal velocity gradient by

r:K[i—‘:J =K5/ (1

where K and n are rheological properties called
the fluid consistency and flow index respectively.
The velocity gradient with the symbol :yis called
the shear rate. Another convenient way to write
Eq. (1) is to define an apparent viscosity as the
shear stress divided by the shear rate giving

Vy=n=K(y)r1 )

Eq. (2) indicates that in Log-Log coordinates
the apparent viscosity plotted against the shear
rate yields a straight line whose slope is (n-1)
and whose M, intercept when :Y=1 is log K. This
is the experimental basis for measuring these
rheological properties.

There have been several analytical and ex-
perimental investigation of the entrance cor-
rection factors published previously: meas-—
urements by Lanieve(2] and Boger and Ramar-
murthy(3) and analyses by Collins and
Schowalter(4) and Bogue(5). Considerable diff-
erences exist in the results of the several pap-
ers especially in the experimental meas-
urements. Accordingly, an investigation was
carried out to calculate the entrance length
and entrance correction factors for a power-
law fluid and to confirm the entrance cor—
rection factor calculations by experimental
measurements.

2. Analysis
For practical purposes, the hydrodynamic en-
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trance length for a circular duct is usually de-
fined as the length where the center line velo-
city is within 1% of its fully developed value as-
suming that the entrance velocity profile is flat.
Thus, it is necessary to calculate the changing
velocity profiles throughout the entrance region.

The entrance correction factor is most con-
veniently defined by assuming that the total
pressure drop in duct flow is the sum of the
pressure drop which would occur if the flow
were fully developed throughout the duct length
plus an entrance correction factor, C.

po—p(Z) =f£+C (3)
pu/2 d

where C=C,+C,+C,

Ci=The pressure loss due to the kinetic en-
ergy increase as the fluid goes from zero velo-
city in the reservoir to the average velocity in-
side the tube.

C2=The kinetic energy loss caused by the velo-
city profile change in the entrance region.

C;=The additional wall shear loss in the en-
trance section since only the fully developed
value is built into the friction factor f.

The value of C, is unity because this is simply
the conversion of pressure energy to kinetic en-
ergy. C, can be found by assuming the whole
flow to be one large stream tube with average
velocity U at any arbitrary cross section of the
tube. Therefore, C; can be calculated from the
expression[6).

€= fudA - faa (4)

Using Eq. (4) C; can be calculated from the ful-
ly developed velocity profile for a power-law
fluid in a circular duct. The result of such a cal-
culation is

__ 3(1+3n)2
2

T (1+20)(3+50) ®)
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Because Cs can not be calculated directly, it
can be obtained by solving the momentum
and continuity equations for the total cor-
rection factor C and subtracting C; and C,
from it.

The governing equaticns to be solved in di-

mensionless form can be written as:
Momentum:

Jut dut dp* 1 9 out \a 6
= Vo [r( )1 ®)

u+

Continuity:

out 1 0
[, )=
oz* " r+ ort (vir)=0 ™

Global Continuity:

2utrtdrt=1 8
0
For fully developed flow, the left side of Eq. (6)
is zero and the equation can be integrated
directly to obtain the velocity profile as

2+n
wr= L1430 (1—r+ ™ ) 9)

1+n

For the developing flow region, since the velo-
city field is the unknown variable and the local
apparent viscosity of the power law fluid is a
function of the velocity field, a numerical itera-
tive solution is required. The details of the cal-
culation have been reported in the thesis by
Yamasaki(7]
presented here.

and only the results will be

Since entrance correction factors for Newto-
nian fluids in a circular duct have been reported
extensively, the program was first run for such
a system. Table 1 shows the results of the
present analysis as compared with previous cal-
The cal-
culated value of C=2.249 compares favorably

culated and experimental values.

Table 1. Comparison of entrance correction factors of

Newtonian fluid
Theoretical Investigator C
Atkinson and Goldstein [9) 2.41
Brogue (5) 2.16
Boussinesq (10) 2.24
Compbel and Slattery (11) 218
Collins and Schwalter (4] 2.33
Langhaar (12) 2.28
Siegel(cubic profile) (13 2.08
Siegel(quadratic profile) (13) 2.24
Sparrow, Lin and Lungren {14} 2.24
Tomita (15) 2.22
Present, Analysis 2.249
Experimental Investigator C

Dorsey (16) 2.08, 200
Knibbs (17) 2.21+8%
Nikuradse (18] 2.32
Rieman (19] 2.248+1%
Schiller (20) 2.32+10%
Weltman and Keller (21) 2.2+10%

Table 2. Calcuated correction factor for pseudoplastic

fluids
n C Cl CZ Cg Ca/C(%)
1.0 22490 1 1.000  0.2490 11.07
0.9 21806 1 09557  0.2249 10.31
0.8 2.1066 1 0.9055  0.2011 9.55
0.7 2.0256 1 0.8481  0.1755 8.76
0.6 19358 1 0.7818  0.1540 7.96
Table 3. Calculated entrance lengths

n (Le/d)/Re,”

1.0 0.0545

0.9 0.0543

0.8 0.0537

0.7 0.0529

0.6 0.0515

0.5 0.0494

with previously published results.

Next, the values of C and the hydrodynamic
entrance lengths were calculated as a function
of the power-law flow index, n. The results are
shown in Table 2 and 3. A comparison of the en-
trance correction factors with previously pub-
lished analytical and experimental results will
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be discussed later.
3. Experiment

Values of C were measured using a double
tube capillary viscometer as illustrated in Fig. 1.
For a single vertical tube, the following e-
quation can be written

_2 -2
64 L pu u
= = £ |_ L .
Pe Re; d{ 5 ] pg(H+ )+C2 (10)

Eq. (10) could be used to determine C if the
rheological properties n and K from the power-
law equation were known. However, they are
best measured in a long tube where the unk-
nown term which includes C is negligible. Und-
er these conditions, however, since the C term
is small, it is difficult to determine ex-
perimentally. This problem is resolved in the
present experiment by using the long tube to
measure 1 and A and the short tube to measure
C. Details of the experimental apparatus have

test fluid H

s

L
a
Fig. 1. Schematic digram of capillary tube viscometer to
measure the entrance correction factor.

s ATH A1E, 1995

been reported in (8) and again only the results
will be presented here.

The first measurements were made with dis-
tilled water, a Newtonian fluid, where the flow
index, n, is equal to one and the consistency K
is equal to the dynamic viscosity u. The results
also shown in Fig. 2, where n=1.004, K=p=8.
943%10™ N - s/m®, C=2.23 (Temp.=25.0°C).

The results were that n was different from its
value of unity by 0.14%, 1 was different from
the standard value for water by 0.44% and the
experimental value of C was different from its
calculated value (See Table 1) by —0.93%. These
agreements appeared to be satisfactory and
were within the range predicted by a system er-
ror analysis.

Entrance correction factors were then measur-
ed for Carbopol 960, a pseudoplastic power-law
fluid, in concentrations of 600, 800, 1,000, 1,200,
1,400, 1.600, and 2,000 parts per million by
weight(wppm). Each run had two sets of data,
one for the long tube to determine n and X and
the other for the short tube to measure the en-
trance correction factor C. The results for a typ-
ical run are shown in Fig. 3 for a concentration

Distilled Water (Temp.= 25°C)

7 (N-s/m’)

dpdjdL (N[ m?)

18" L — “J_,‘QL 18

12’ 19
8u/d /9

Fig. 2. Flow curve of distilled water.
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Fig. 3. Flow curve of Carbopol 960 (1,000 wppm).
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Property Change Before and After Experiment
(Carbopol 960 600 wppm)
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Fig. 4. Property change before and after experiment.

of 1,000 wppm, Fig. 4 shows a special run for 600
wppm to confirm that the rheological properties
n and K did not change over the time period in
which C was measured.

The final measured values of C for Carbopol
960 are shown in Table 4. They will be dis-
cussed and compared with other analysis and
experiments in the next section.

4. Discussion of Results

Fig. 5 shows the results of the present analysis
and experiments together with several other in-

Table 4. Measured values on n, K, and C for Carbopol
960 solutions (at 25°C)

wppm n K C
600 0.913 0.0044 2.198
0.927 0.0039 2.215
800 0.873 0.0088 2.180
0.869 0.0090 2.180
0.895 0.0070 2.127
1000 0.847 0.0140 2.127
1200 0.788 0.0302 2.111
0.775 0.0342 2.124
1400 0.760 0.0471 2.053
1600 0.730 0.0929 2.125
0.716 0.0889 2.047
2000 0.626 0.3754 1.990
2.9 - T — : !
2.8
7~7E Entrance Correction Factors
260 For Carbopol 960 Solutions -‘A
25 !
; 2.4
3 2.3
§ a2
daal
BRI -
L8 T T e Sreeer (Anslysis) 4
L7E - _é_ E‘E’i "’E‘Y‘Es).my (Experisent) ‘1
Lsh ° Present Work (Experiment) %
1.5 1 L L " 1 " 1 o
0.5 0.6 0.7 0.8 0.9 1.0
Flow Index n
Fig. 5. Entrance correction factor for Carbopol 960 solu-

tions.

vestigation reported previously. It is of interest to
note that the present analysis falls roughly
between the analysis of Collins and Schwalter(4)
and Brogue(5). Also, the present experiments are
in reasonable agreement with the experiments of
Brogue and Ramarmurthy(3) while the ex-
periments by Lanieve(2) appears to yield values
of C that are much too large. All of the ex-
perimental data except for that of Lanieve are in
good agreement with the present analysis.

Nomenclature

A cross sectional area (m”)
C  : entrance correction factor
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d or D : diameter of capillary tube (m]

f

~ o

5 o

e g s

<

: darcy friction factor(Zg—zd/pﬁz)

* height of test fluid (m)

: power-law fluid consistency (N - s»/m?

: length of capillary tube (m)

* entrance length (m)

. power-law fluid flow index

. pressure drop across capillary tube (N/m?
. gauge pressure [N/m?)

" inlet pressure [N/m?

- dimensionless pressure drop (p-p;pgz/

pud)

: radial coordinate

* dimensionless radial coordinate (r/R)

* duct radius (m])

 Newtonian Reynolds number(ptd/p)

: power-law Reynolds number(pu®"d*/K)
- generalized Reynolds number for a cir-

cular tube (pu?"d/K(3n+1)n g1y
4n

: velocity in axial direction (m/s)
© duct average velocity [m/s)
- dimensionless velocity in axial direction

(W)

: velocity in radial direction (m/s)
- dimensionless velocity in radial direction

(Regv/20)

: coordinate in axial direction (m)
: dimensionless coordinate in axial direc-

tion (2'*"z/Re,D)

Greek Letters

Y
Na

. shear rate (1/s)

 apparent viscosity(t/y) [N - s/m?)
: dynamic viscosity (N - s/m?

: fluid density (kg/m?

gk A7A A1E 1995

T

10.
11.

12.

13.
14.

15.
16.
17.
18.

19.
20.

. shear stress (N/m?
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