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Abstract[]It is shown that two step power transformation is more efficient for the norma-

lization of frequency distribution with the coefficient of skewness of zero in comparison

with others including SMEMAX and power transformations. It is confirmed that the

design low flows calculated using power and two step power transformations used in

this study are generally nearer to the observed data as compared with those of SMEMAX

transformation at all return periods in the applied watersheds of the Kum, Naktong

. and Yongsan rivers in Korea.
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I. Introduction

Hydrologic drought can be defined as the defi-
ciency in water supply in comparison with water
demand. Yevjevich'®'” used the theory of runs
as the basis for an objective definition of droughts.
Drought occurs when there is a deficit in water
including not only precipitation but also surface
water runoff and storage from the hydrologic point
of view. Estimation of design low flows is one
of the requirements for the safe design of hydrau-
lic structures for coping with droughts. Probabilis-
tic approaches for the estimation of low flows of
a return period of n year have heen described
by several hydrologists. Different probability dist-
ributions have been found to fit the low flows
of different streams.. Especially, extreme events

including annual minimum series are rarely distri-

buted normally, but usually asymetricallym? . Data
from extreme value series form their own distri-
bution. Therefore, it is better to find the best
fitting distribution for the given data instead of
fitting a known distribution to the data. When
theoretical or empirical distributions are found
to be inappropriate, the given data could be recon-
stituted by some transformations such that trans-
formed series follows a particular distribution. Be-

) and Chander® et al. have suggested

thalamy®
using the power and SMEMAX transformations
to normalize skewed data respectively. Gupta et
al?® also proposed two step power transformation
method for the normalization of skewed flood data.
This study is mainly conducted to get low flows
of a return period of n year by the normalization -
of frequency distribution through SMEMAX, po-

wer and two step power transformations and to



compare with the results calculated by those me-
thods using annual low flows of applied water-
sheds along Kum, Naktong and Yongsan rivers

in Korea.

II. Transformation Method

1. Power and Two Step Power Transfor-
mation ,
Box and Cox? have suggested the following tra-
nsformation which is called as power transforma-
tion for normalizing the skewed flood series :

Xi)\_ 1

Y= ,in which.Ax0 (1)
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where X;=ith variate of a given series, i. e.

original skewed flows, Y;=ith variate of power tra-
nsformation series, and A=parameter of power
transformation such that Y; have zero skewness.
Transformation equation (1) hold for X;>0.
The parameter, A may be estimated by trial and
error method such that the skewness of the trans-
formed series is reduced to zero or nearly zero.
The value of A generally ranges from —10 to
1.0. The histogram of the transformed series which
the skewness is reduced to zero or nearly zero
becomes symmetrical about the vertical axis pas-
sing through the mean. It is gene}‘ally seemed
that the skewness of the power transformed an-
nual maximum series becomes nearly zero®. Po-
wer transformation in this study is required so
that the given annual minimum series can be nor-
malized with the coefficient of skewness of zero.

For this requirement, a further transformation

procedure of power transformation is needed to

get normalization of skewed data. This double tra- -

nsformation is referred to as two step power tran-
sformation in this study. The coefficient of skew-
ness of skewed data should be equalled to zero
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or become nearly to zero in this two step approach.
The two limbs of the transformed distribution ob-
tained by power transformation of the first step
are equally stretched or reduced by the following

transformation -
T=Y,~ YD (2)

where Y=parameter of TSPT, T;=ith variate
of two step power transformed series, Y —mean
of power transformed series.

Algorithm value of A and Y, parameters of power
and two step power transformations reépectively
should be obtained by iteration such that the ske-
-wness of the transformed series tend to be zero.
When the normal distribution is obtained by two
step power transformation, low flows according to
the return period can be calculated by the follo-

wing equation :
T,=T+K, " § 3

where Tp=10w flows according to pth return
period in the two step power transformed series,

K,=frequency factor according to the pth return
period, and S,=standard deviation of the two step
power transformed series.

Xp, the value corresponding to pth return period
In a given series may be calculated by using the

following equations :

X, = Y, + D (4)
where
Y, =Y +(TOW (5

where X,=low flows according to pth return
period in a given series, Y,=value corresponding
to pth return period in the two step power transfo-
rmed series. A flow chart and program with func-
tions for two step power transformation are shown
in Fig. 1 and Table 1 respectively.



~ Fig. 1. Flow chart of two step power transfor-
mation

Table 1. Program and it’s description of varia-
bles and parameters for two step po-
wer transformation

Item Description
Q(D |Low flows of given data
Y(D) |Variate of transformed series

A |Parameter of power transformation
C |[Coefficient of skewness for Y(I)
T(I) (Variate of two step power transformed series
Y |Parameter of two step power transformation
AK |Kurtosis for T(D
C. |Coefficient of skewness for T(D)

2. SMEMAX Transformation
SMEMAX transformation transforms a skewed
annual minimum series for normalization using

the smallest, median and largest value of the given

series, SMEMAX is based on the median value,
a relatively stable figure that is not affected by
chance outliers. But, the resulting series can still
have appreciable skewness, even though median
value is equidistant from the smallest and the lar-
gest value. '

. Data used for Application

Four watersheds were selected are Gyu Am,
and Og Cheon of Kum river, Jeong Am and Ma
Reuk of Naktong and Yongsan rivers respectively
in Korea. Annual low flows of applied watersheds
are used to estimate low flows of a return period
of n year. Physical characteristics for the water-
sheds are shown in Table 2.

IV. Results and Discuss_ion

1. Basic Statistics

Basic statistics of observed annual low folws .
are obtained from applied watersheds as shown
in Table 3.

Those were within the range of 3.13 to 21.05,
178 to 8.04, 0.37 to 0.57 and 0.299 to 0.855 for
the mean, standard deviatidn, coefficient of varia-
tion and coefficient of skewness fespectively.

2. Efficiency of Transformation

Efficiency of transformation for the normaliza-
tion of frequency distribution can be judged by
checking whether the coefficient of skewness be-
comes nearly to zero, It can be seen from Table
4 that SMEMAX transformation reduces the skew-
ness in comparison with those of original data but
still cannot be considered as a normally distribu-
ted series and in power transformation the skew-
ness could be brought to closer zero to a satisfac-
tory degree than those of original and SMEMAX
transformed data. Two step power transformation



Table 2. Gauging watersheds and their physical characteristics

o] ,_ | Length of |Average basin | Observed
River Watershed (‘?{::f) main stream width ?;:;ge duration Location
- “ (km) (km) i (yrs)
Gyu Am | 8273 3392 24.48 0.07 og | Long 126" 53
" L - Lati. 36° 16
Kum Lo 127° 39
Og Cheon | 2043 1693 17.38 0.10 16 ng. 2ol
Lati. 36° 16
' : Long. 128° 17’
Naktong |Jeong Am. |- 2990 1665 17.96 0.11 18 ong. 280
‘ g . Lati. 35° 19
. 126° 49’
Yongsan |Ma Reuk 684 560 1221 0.22 g5 | Lone 126° 49
. Lati. 35° 08
Table 3. Basic statistics
. Observed: Mean Standard. | Coefficient of | Coefficient of
River Watershed years () deviation variation skewness
(N) () (Cv) (Cy)
Kum Gyu Am 28 21.05 8.04 0.38 0442
Og Cheon 16 9.50 348 0.37 0.299
Naktong Jeong Am 18 5.22 247 047 0.411
Yongsan | Ma Reuk 25 313 1.78 0.57 0.855
Table 4. Effect of different &hnsformations on coefficient of skewness
Original SMEMAX Power TSPT
Observed data transform- transformed data transformed data
River |Watershed| duration ed data nsio : -
(yrs) Lambda Lambda | Gramma
Skewness | Skewness ) Skewness 0D 1) Skewness
Kum Gyu Am 28 0.442 —0.216 0407 |—0.00059( 0.852 0.696 | —0.00045
. |Og Cheon 16 . 0.299 -0.004 0.602 {—0.00070| 0415 1.748 0.00007
Naktong |[Jeong Am 18 0411 0.22 0216 |-—0.00052| 0.350 0.245 0.00009
Yongsan ..|Ma Reuk 25 0.855 0.04 0.342 0.00069( 0460 0.236 0.00008

of original data series was also attempted for the
skewness to be brought as close to zero in this
study. The value of A obtained in power transfor-
mation was used as initial trial value and thereaf-
ter it was subsequently modified with determina-
tion of y iteratively. Consequently, the skewness
of the two step power transformation .could be
broughf fo closer zero in comparison with those
of SMEMAX and power transformed series,
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3. Prediction of Low Flows hy SMEMAX
Transformation

1) Basic Statistics

Basic statistics calculated by SMEMAX transfor-
fnation are within the range of 2.2 to 114, 1.33
to 594 and —0.216 to 0.22 for the mean, standard
deviation and coefficient of skewness respectively
as shown in Table 5.



2) Predicted Low Flows Calculated by
SMEMAX Transformation
Low flows according to the return period were
. calculated by SMEMAX transformation for applied
watersheds as shown in Table 6,
-4. Prediction of Low Flows by Power Tra-
nsformation
1) Basic Statistics
Basic statistics calculated by power transforma-
tion are within the range of 1.2 to 59, 0.699 to

Table 5. Basic statistics calculated by SME-
MAX transformation '

River |Watershed|Mean Stm.ld?rd Coefficient
deviation jof skewness
; Gyu Am | 114 5.94 —0.216
Kum
Og Cheon| 3.8 2.58 —0.004
Naktong . |Jeong Am| 2.2 1.82 0.22
Yongsan = |Ma Reuk | 2.6 1.33 0.04

1.438, —0.00070 to 0.00069 and 0.216 to 0.602_ for
the mean, standard deviation, coefficient of skew-
ness and coefficient of transformation respectively
as shown in Table 7.

The frequency factor, K for normality of the
skewed distribution are given in Table 8 for the
corresponding return period. '

2) Predicted Low Flows Calculated by Po-

wer Transformation

Prediction of low flows, Y(T) for the return

period, T can be made from :
D= Z(M+ DV _ ®

in which Z(T)=7 —Ko,, Z and o, are the mean
and the standard deviation of the transformed Z
series respectively. Low flows of a return period
of n year by power transformation were calculated

as shown in Table 9.

Table .6, Predicted low flows calculated by SMEMAX transformation for the applied watersheds(m®

/sec)
, Return period(yrs)
River Watershed = 10 % %0 100 200
Kum Gyu Am 19.16 14.40 11.98 9.99 7.75 6.25
Og Cheon 9.19 6.60 5.25 4.13 2.87 2,04
Naktong Jeong Am 5.04 3.17 2.19 1.38 047 0.13
Yongsan Ma Reuk 262 172 1.25 0.87 043 0.14

Table 7. Basic

statistics calculated by power transformation

. Mean Standard Coefficient of | Coefficient of
River Watershed (Z) deviation(a,) skewness(C,) | transformation(})
Kum Gyu Am 5.9 1.336 —0.00059 0.407
Og Cheon 4.7 1.438 —0.00070 0.602
Naktong Jeong Am 1.9 0.699 —0.00052 0.216
Yongsan Ma Reuk 12 0.850 0.00069 0.342
Table 8. Frequency factors according to the return period(yrs)
Return period 2 5 10 20 50 100
Frequency factor 0 0.8416 12816 1.6449 2.0538 2.3264




Table 9, Predicted low flows calculated by power transformation for the applied watersheds(m?

/sec)
. Return period(yrs)
River | Watershed 5 m 20 =0 100 200
Kum - Gyu Am 20.15 14.13 1144 9,51 7.85 6.63
Og Cheon 9.25 6.51 5.22 4.26 3.16 2.65
Naktong Jeong Am 4.80 3.08 242 1.93 1.49 1.25
Yongsan Ma Reuk 2.81 1.62 1.16 0.85 0.57 043

Table 10. Basic statistics calculated by two step power transformation

River | Watershed 1\(4%“ iﬁﬁ(so tcrgﬁfsfflgﬁ;ﬁ?;(x) frzifffﬁ;ﬁzfnm fx?f\frfﬁ:gc?)f
Kum Gyu Am 482 1.807 0.852 0.696 —0.00045
Og Cheon 56.29 9321 0415 1.748 0.00007
Naktong Jeong Am 1.76 0.037 0.350 - 0245 0.00009
_ Yongsan Ma Reuk 1.72 0.039 0460 0.236 0.00008

Table 11. Predicted low flows calculated by two step power transformation for the applied water-

sheds(m?/sec)
River Watershed Return period(yrs)
5 10 20 50 100 200
Kum .Gyu Am 20.18 14.06 1141 954 781 6.92
Og Cheon 9.25 6.50 523 4.26 328 2.68
Naktong . Jeong Am 478 3.08 2.40 194 1.49 1.25
Yongsan ° Ma Reuk 281 1.63 116 0.85 0.57 042

5. Prediction of Low Flows by Two Step
Power Transformation
1) Basic Statistics
Basic statistics calculated by two step power tra-
nsformation are within the range of 1.72 to 56.29,
0.037 to 9.321, 0350 to 0.852, 0.236 to 1.748 and
—0.00045 to 0.00009 for the mean, standard devia-
tion, coefficient of transformation A and Y, and
coefficient of skewness respectively as shown in
Table 10.
2) Predicted Low Flows Calculated by Two
Step Power Transformation
The frequency factor, K according to the pth

return period for normality of the skewed distri-

bution are given in Table 8. Prediction of low
flows, Xp according to the return period can be
made from Equation (2) to Equation (4). Low
flows of a return period of n year by two step
power transformation were calculated as shown
in Table 11.

6. Comparison of Design Low Flows Cal-
culated by
Metheds

Design low flows according to the return period

Different Transformation

were calculated by SMEMAX, power and two step
power transformation methods as shown in Table
12,

Comparing the relative suitabilities of the trans-



Table 12, Comparison of design low flows calculated by SMEMAX, Power and Two step power

transformation methods (m3/sec)

. ' Return period(yrs)
River Watershed Method 5 10 20 %0 700 200
SMEMAX 19.16 14.40 1198 9.99 7.75 6.25
Gyu Am Power 20.15 14.13 1144 9.51 7.85 6.63
Kum TSPT 20.18 14.06 . 1141 9.54 7.81 6.92
: SMEMAX 9.19 6.60 525 413 2.87 204
Og Cheon Power 9.25 6.51 522 4.26 3.16 2.65
TSPT 9.25 . 6.50 523 426 3.28 2.68
Naktong - Jeong Am SMEMAX 5.04 3.17 2.19 1.38 047 0.13
Power 4.80 3.08 242 1.93 149 1.25
TSPT 478 3.08 240 1.94 149 125
Yongsan Ma Reuk SMEMAX 2,62 1.72 1.25 0.87 043 0.14
Power 281 1.62 116 0.85 0.57 043
TSPT 2.81 1.63 1.16 0.85 0.57 042
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Fig. 2, Comparison of estimated low flows at

Gyu Am watershed in the Kum river

formation methods including SMEMAX, power and

. two step power transformations,
are plotted along with the observed data on a nor-
mal probability paper as shown in Fig. 2 to Fig
5.

The plotting position is based on the weibull
formula in which the probability of nonexceedance
is calculated as P=1—m/(n+1), in which n is the
sample size and m is the rank commencing with
the largest value. It can be seen from Fig. 2 to

these results -

Percentage probability of nonexceedance

Fig. 3. Comparison of estimated low flows at
Og Cheon watershed in the Kum ri-
ver

Fig. 5 that the design low flows computed by po-
wer. and two step power transformations except
SMEMAX transformation used in this study are
generally much closer to the observed data at all
return periods. It also has shown that computed
design low flows based on two step power transfo-
rmation are almost equal to those of power trans-
formation.
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Fig. 4. Comparison of estimated low flows at
Jeong Am watershed in the Naktong
' river
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Fig. 5. Comparison of estimated low flows at
Ma Reuk watershed in the Yongsan
river :

V. Conclusions

It has been concluded that two step power tran- -

sformation seems to be more efficient for the nor-
malization of frequency distribution than power
and SMEMAX transformation in making the coef-
ficient of skewness nearer to zero. Design low
flows of different return periods estimated by two
step power transformation were compared with
the results computed by power and SMEMAX tra-

nsformations with annual low flows of four water-
sheds along Kum, Naktong and Yongsan rivers
in Korea. The results were analyzed and summari-
zed as follows.

1. It is proved that two step power transforma-
tion is more efficient to make the coefficient of
skewness into zero than those of SMEMAX and
power transformations.

2. Design low flows according to the return pe-
riod were derived by SMEMAX, power and two
step power transformation methods for the applied
watersheds. |

3. Judging by the relative suitabilities of the
three transformation methods, it was confirmed
that the design low flows calculated using two step
power and power transformation methods are nea-
rer to the observed data as compared with those
of SMEMAX transformation method at all return
periods. It has also shown that design low flows
based on two step power transformation are almost

equal to those of power transformation.
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