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ON THE UNICELLULARITY OF AN OPERATOR

Joo Ho KANG AND YoUunG Soo Jo

ABSTRACT. The unilateral weighted shift operator W, with the weighte

sequence {r™}2 is unicellular if 0 < r < 1. Ir general, A + B 1s not

unicellular even if 4 and B are unicellular. We will prove that W, + W2
is unicellular if 0 < r < 1.

1. Introduction

The problem of invariant subspaces is one of the most important,
most difficult, and most exasperating problems of operator theory. One
of the questions about invariant subspaces is the following : is there
an operator whose lattice of invariant subspaces is isomorphic to the
positive integers? In other words, is there an operator for which there is
an one-to-one and order-preserving correspondence n — Ay, for each
n=0,1,2,---,oc, between the indicated integers(including oo) and all
invariant subspaces? We have such well-known operators ; Donoghue
weighted shift operator, Volterra operator, Discrete Volterra operator,
etc. And there are many ways to solve the problem. We have investigated
and found a sufficient and necessary condition which a strictly lower
triangular operator can be unicellular and showed the unicellularity of
the Donoghue weighted shift operator under a certain condition by the
way in [7].

In this paper we want to show that an operator W, + W7 is unicellular
under a certain condition related r, where 1V, + W2 is a strictly lower

. v r . . o0
triangular matrix whose the first off diagonal i¢ {r"},_, and the second

n=
2n-1 }0"
n=1"

off diagonal is {r
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We first introduce some definitions and given theorems. Let H be a
Hilbert space and 4 an operator on H. Let A denote a subspace of H.
M is invariant under 4 means that Ar € Af for all v € M. The collection
of all subspaces of H invariant under A is denoted by Lat4. An operator
A is unicellular if the collection LatA4 is totally ordered by inclusion. If
K is a subset of H, the span of I is the smallest subspace containing Iy
and denoted by spank. If « € H then span{r, Ax, 422, - } is invariant
under A. The vector x is cyclic for 4 if span{z, Ax, A%z, - - }=MH and M
is a cyclic subspace for A4 if span{z, 4o, 4%2,---} = M for some = € H.

Let A be a bounded operator with || A || < 1 on (2, and let {eg, ¢, e,
-++ } denote the standard basis for (2. Let @ be a column vector in (2.
Then A"z is a column vector in €2 for each 11 = 1,2,.--. Then we have an
infinite matrix [x, Az, A%y . ‘]t which will be denoted by S,(A). The
matrix S;(A4) is a bounded linear transformation on ¢2. Let A4 be an
bounded operator with || 4 || < 1 on (? represented by a strictly lower
triangular matrix. Let A{, be the subspace span{en. €1, €. } for
eachn =0,1,2,--.. Then each M, is invariant under A and {M, |n =
0,1,2,---} is totally ordered by inclusion :

[’2 — ‘7\'[() D 4’7\[1 o ‘\‘[2 Do

Hence A4 is unicellular if its only invariant subspaces are {0} and M,,.
n=10,1,2,---, ie. the collection Lat4 of all subspaces of £2 which are
invariant under 4 is {{0}. M, | n = 0.1,2,---}. Let M be a subspace
of ? and M* = { S cnen - Sy Cutn € M b1 we let

Ly = (0, - ,0, 1,.I'N+1,' - ) € [2. ‘J\Ii'_,\' = S])(l.‘ll{ﬁ_'}\r.:‘l.’l_fN,flz;LN.' s }
N e’

N—terms

then ]\/IENJ“ = (KerS,, (4))" and always Myt C (NerS, (A)™

LEMMA 1 [7]. Let A be a strictly lower trianguler operator on 2.
Then (U*NAU N ‘)‘”C"*N = l,"*"\j.{“PN forevery n, N = 0,1,2. .-, where
U is the unilateral shift on €% and Px the orthogonal projection on My .

LEMMA 2 [7]. Let 4 be a strictly lower triangular operator with
Al < 1 on (*. N a non-negative integer and let x\=(0,--- 0,1,

LS

N—terms
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TN+1,- ) € My. My is a cyclic subspace for 4, ie. My = M, if

and only if SU.NiN(U*N_'—'lUN) is one-to-one.

THEOREM 3 [7]. Let 4 be a strictly lower triangular operator with
Il 4 || <1 and U the unilateral shift on (*. Then A is unicellular if
and only if for any « = (1,21.---)" € (2. S, (U*™ AUY) is one-to-one for
every N =0,1,2,.--.

We need some properties of strictly upper triangular matrices in order
to determine whether they are one-to-one . The following theorem leads
to results on unicellularity.

THEOREM 4 [7]. Let T and S be bounded operators on a Hilbert
space 'H represented by upper triangular matrices with respect to a
fixed orthonormal basis. Assume that all diagonal entries of T are non-
vanishing, and that all diagonal entries of S are 0. If T is invertible and
S is compact, then T + S Is one-to-one.

2. The unicellularity of 1V, 4 1172

In this section, we will study an extension of the unilateral weighted
shift operators and apply the pievious techniques.

PROPOSITION . If 4 is compact and has a strictly lower triangular
representation with respect to some basis, then A4 is quasi-nilpotent.

PROOF. Since 4 is compact, o(4) = {0} U mg(4). So, it is enough
to show that mo(A4) N (C' = {0}) = @. Else, there exists a # 0 and
z # 0 in €2 such that Arx = axr. By hypothesis, 4 = {A,'j}f‘oj:() with
respect to a fixed orthonomal basis and 4;; = 01if j > 7. But this entails
0=azg,Apry = axy, Ay +aog 1 = aro, -, Apero + 41+ -+
Apn—1Tn_1 = «xy, . Thus 0 =2y = vy = -+ . So r =0 which is a
contradiction.

Let W* be the Donoghue weighted shift operator with the weight
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sequence {r"}2% . Then

01 0
0 » 0 0
W, = 0 2 Q0
0

In this case, if » < 1, then {r"}s=0 is monotone and belongs to 2.

Therefore, W is unicellular [7].
We consider the following operator. when 0 < r < 1.

01 » 0
0 » 0 4]
r2 . -
VV,- + I/‘/r = 0 ],2 P 0
0
L 1.

Now W, + W2 =W,(I+W,). So.

(W, + W2)"
=W (I +W,)"
=W I+ 2 CLW, + 0 CoWr o s W W)
=W+, GV 4 G G W gy

0 J=0,

First we find W™, Weej = { ] ,
M ey > 1
Then

Wle; = .
r vy pi=1 ""‘J—n("_l'—“ — ’,nJ—n(n—f—l)/’26}__2 J>n '

{O J < m,
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So,
(W =< Wlej,ex >
pri—nint)/2 _ aln+2k=-1)/2 p _ 7 —n>0,
= { 0 otherwise.
That is,
n—terms
6""6 nln=1)/2 0
wr=|0---0 0 prin/rg

(W + W2y = (W) + 2 CLW e Culh WP W)

' Tri—& ¢ i, f L, . p
— { n 'j*k—r?(I/V] k)kuj = IICj—k—III"z(] KO+k-1) n<y— ’ffzna

r

0 otherwise.

Hence n 2.0
(W + W27 = (W + W),

{ nC'j—-k—-n"'.;(j_k)(j*_k—]) n S./ -k <2n

0 otherwise.
r 0 .
0
7,n(11.~1)/2 0
,,C’ly'("+1)"/2 prin+1)/2 0

* 1

(W, + W2 =
,"('211—-1)'2”/2 ’Cv]_l,,(‘ln—l)Zn/?

0 7,2n(2n-4}—l)/2




912 Joo Ho Kang and Young Soo Jo

'Let # = (1,21,---)' € ¢*. Then

m
r2 %7 — . 72 %7 5
[(H/r + 135 r )* -l']n—f—m - L[( 2 v+ TV r )* ]n+m.k1 k
k—0
m
— Z , Cv’”_k‘r(n+nz-—k)(n+nl-}-k—l)/.’.l‘k
k=0

where m = 0,1,2,--.. But,if m -k < Oor m—h > n, we will set

ncm-k = 0 SO,

[( VVr -+ I"I”r,‘vz )* " l] n+m

(”+m_k)("+l”+k_1)/2'l'k

(1) k=0 nCom—pr 0<m < n,

;::U ”Cvn_k"}_(n+m—/\'](n+m-+—l.'—l)/2‘l,m—”+k no< m

o —terms
0]
prln—1)/2

,,C'] r(11+l)n/2 + 7,11(77-{-1)/1‘1,l

(We + WE* e =

1,211(211—1)/‘2 + nc'vn—l71(2’1_1)271/24171

4t ’_n(n+2n—1)/2‘,1,”

7'2‘1l2“+”/2.l'1 + I'Cvll_],_(‘2:1—1)('3:1.+‘2)/2;l.2
2 2

4ot I'”(”+'"+1)/"l'7,. ]

Now we consider conditions sufficient to ensure that S AW+ W2y
is one-to-one. Sy[(W,+W2)*|=[r. (11, + W2)ya (W, +W? )*2.1,'. -
Le Se[(We + W2 uingm = (W + T2 2]igm, for n >0 and m > 0.
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SA(Wr + WhH*) = 0 0 - 2 4132y
0 0 0 3
1 ] r1 £ X9 &3 ce
1 0 0 1 e a4 rtas
= r 0 0 1 2% 40ty
0 3

Then,

| Avontm | = [(We + W5 2+ m/[(OV, + W 00 |

S Z “C'”‘_k,,(n+/n—/\')(n+m—l+k)/‘2—-u(n—l)/‘.2 l Xk l

k=0
mn

— 2 :“Cvlll_l“,_llrlll).(III-—’\’)(IH-\*—I»‘-I)/:Z l-’l'k l
k=0

m

<3 W™ I |

k=0

nt

< Z wCopr™ g | forall m > 1

k=0

(2)
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m m
2 . 2,2 2
,Aﬂ.n-l-m l < (ncm—-k) Pt Z , i l
k=0 k=0
m
SMY (W Co k52 for all m > 1
k=0

where M = 5" | 2, |’< .

En ]Zm"l I 477 Jntm ’ < I\I [Zn—l Zm——l A z:in 0( C"”*k)z
oo + Z:o:l Z?::n-{—l 7‘2”,” :——U("C"'-k)z]‘

2 ‘)
Let Z Z i Z (0 Ch—t)” and

n=1mm=l k=0
n

PP IRLID y i

k=0

It is sufficient to show that I and I7 are finite.
(,IC,,,v-k)‘z =nn-=1)--(n—(m— k) ] Jl(m = k) ]
S ”‘2(111—k) S ”217).

So Zm Cri—)? < (m + 1)n?m, Since Z:zo O =27,

p O(nC,l_v 2 < 22" Hence peolnConoi)? < mim{2*" (m+1p 2m )
for m < n.

.9 o n
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n=1 m=n+1 k=0
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Choose Ny such that 4,27+ % for all n > Nyg. Then
=
I<Z 2(n+1) /(1 _.7_)_}_ Z (;)11/(1_7)
n=1 n=Ng+1
1\"0 . 1 ‘
=) =)+ ()Y /(1 =) < o0
n=1 -

Choose Ni such that r*(m-+1)1/™ n% <lforal n>Nandl <m <n.
Then for all n > Ny, »™(m + 1)n*™ < 1.

Then,
N n n c n
2nm v 2 n 1/m n
ISy Y " S (Cuoi) + P 4 1) Y
n=1m=1 k=0 n=N+1 m=1

S and

M?

/y n m
2nm ‘ \
§ T § (nCm——I\‘)
1 m=1 k=0

-:
F‘MR

I
ii
~
+
[

n

o "
Z Z 1 < ',A\.+l/<1_7.)2 < o

n=N;+1 m=1

So, 4 is Hilbert-Schmidt. Thercfore, S, (W, -+ W2)*) is one-to-one by
Theorem 4, and (T, + ¥ 3)* is unicellular. Hence we have the following
Theorem.

THEOREM 6. If0 < » < 1, then (W, + W2)* is unicellular.
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