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ON CERTAIN MAXIMAL
OPERATORS BEING 4, WEIGHTS

CHoOON-SERK Sul

ABSTRACT. Let f be a measurable function on the unit ball B in ¢,
then we define a maximal function Af,(f), 1 € p < co, by

1 di(z) Y
M =sup | ———— N T
PO = sup (o(ﬂ(c‘é))/[me ) (1—|z|)n>

where o denotes the surface area measure on S, the boundary of B,
and T(3(¢, 6)) denotes the tent over the ball 3((.&). We prove that the
maximal operator A, belongs to the Muckenhoupt class 4.

1. Introduction

Let S be the boundary of the unit ball B in the complex n-space C'".
Then we shall consider a maximal operator M, defined on S; let f be a
measurable function f on B and 1 < p < x, then we define a maximal
function M,(f). for ( € S, by

1/p

. 1 . dv(z)
M = 81 —— P
p()0) ;1;13 o(8(6,9)) /['(13((,&)) )] (1—[z])n

Here o denotes the surface area measure on S, and T(/3((.6)) denotes
the tent over the ball 4((,é).

In this paper we study that the maximal opcrator M, belongs to the
Muckenhoupt class A4;. To prove this we need te prove that this operator
M, 1s of weak type (p,p) for 1 <p < .
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2. Preliminaries

Let 2 = (z1,...,2,) and w = (wi....,wy) be two vectors in the
complex n-space C". Then the inner product (z,w) of z and w will be
given by

n
(z.w) = Z 2w,
=1

where W; is the complex conjugate of w;, and the associated norm |z] of
z will be denoted by

" 1/2
5] = (z,2)/* = (Z [:4'-’) :

The open unat ball of C" will be denoted by B,i.e., B = {z € C": |z] < 1}.
The boundary of B is the sphere S, that is, the set S = {z € C™ : |z| = 1}.

Throughout this paper, we let ¢ denote the surface area measure on
S. Note that the Lebesque measure v and the measure o are related by
the formula

(2.1) flz)dv(z) 2211/ pEn =ty /f(7( do (¢
on 0 N
For (2.1) see [, p.13].
For (,np € S and 6 > 0, let

M) =11 —={(C.n)|

and
ACo)={neS:|1-{{n)]<é}.

Then it is easy to check that p defines a pseudo-me:ric on S and the
triple (S, p,da) becomes a space of homogeneous type (see (1)).
For « > 1 and ¢ € S, the set

Aa(Q)={:€ B:]1 - {z,¢}| < a(l - |z])}.

is called an edmissible approach region. This terminology is due to
Koranyi [3].
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For a closed subset FF C S, we define the tent over an open subset
O = F° as
T(0) = B\ | J Au(¢).

CEF
For a measurable function f defined on B and 1 < p < o0, we define
a maximal function M,(f), for ¢ € S, by

1/p
1 . dv(z)
22) M =sup | ——— N
(2.2)  Mp(£)(¢) Sup (a(H(C-O))/'Iw(c.b‘nm ) (1—|zl)")

As usual, throughout this paper € will denote a constant not neces-
sarily the same at each occurrence.

3. Main result

LEMMA 1 (COVERING LEMMA, [1]). Let E be contained in some ball
in S. Let §(¢) be a positive number for each ¢ € E. Then there is a
sequence of disjoint balls 3((;,8((;)). (i € E. such that

E |34,

where I{ is the constant in the triangle inequality. Furthermore, every
( € E is contained in some ball 3((,. 4K°6((i)) ~atisfying o(C) < 28((3).

PROPOSITION 2. Let M, be defined as in (2.2). Then the maximal
operator M), is of weak type (p.p) for 1 < p < cc.

Proor. Fix A > 0, set
Ex={Ce€S:M,(f)(¢)>A}.

For each ¢ € E}, let

1/p
: 1 X du(z)
) =g 6>0: | —— P ——— > A
(€)= sup (0(3(@_»(’)) ./T(,d((.b)) 1#=) (11— |Z!)")
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Thus for each ( € Ey, we have 6(¢) > 0 and

1 . duv(z)
3.1 S — s —_— > AP,
(3.1) o(f3(<,6(c>,)>/m.mm P Ty 2

Apply Lemma 1 to the balls 4(¢.8(¢)) to obtain a sequence of disjoint
balls 8((;, 8((;)), so that

Ex 3G 4R 0(G)),
Then it follows from the doubling property of o [1] and (3.1) that
o(Ex) <) o(B(CARS(C)))

< C'Za 1
C / . dviz)
< — HW
A Z T3¢, 8(¢ 1)) 1 I (1-— |3|)n

=) (/1
< /\,,/ P
CULfl /NP

since the balls 3({;, ¢(¢;)) are disjoint. Hence the maximal operator M,
is of weak type (p,p). The proof is therefore complete.  #

H

LEMMA 3. Let M, be defined as in (2.2). Then there is a constant C
such that

W (F)E) < CALF)n)
for any £,1 € 3((,8).

PROOF. Let &,y € 3(C. o). If Mu(f)(€) # 0, then clearly y € 3(€,C#)
with €' > 1. Thus

1/p
, 1 Av(=)
M, < sup ————— 2
SR PRy (./rw(e,(w HITaE |:4>")

S C'A[p(f)(ll)

The proof is therefore complete.  #
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THEOREM 4. Let A, be defined as in (2.2) and 1 < p < co. Then
the maximal operator M, satisfies the A, condition [4]; more precisely,
there is a constant C such that

1
T M, d “inf M
TGN Sy NI = C L) M

for all balls 3((,8) containing €.

ProoF. Let

) 1 ‘ dv(z)
Mi(u =g _— N
M) = SR o) ./Y'(,d(g‘.b)) T

where u(z) = |f(z)|P. For any ball 4(¢,6) in S. decompose
w(z) = gl 3) + ualz),

where
wr(z) = u(zI\ e, conls) for ¢ > 1L

Since M; is of weak type (1.1), by the Kolmogorov's inequality there is
a constant C such that

(3.2)
/ M, (1 (€)' /P do(€)
B¢, 6)
. - 1/p
< Clo(B(¢. o)) 77 (/ m:)_ff"—(l)——)
B (1—|z[)"
Thus it follows from (3.2) that

1

—reem A l/l,l
o(/j(g,(s))/m) (e (€)M dor(€)

1 i dir(z) >1//,
<O —— | )=
= (a(d(c.w/n”“ R

1 ' e )
dv(z

< C’ e ——— )

. (a(d(a,on./Iw,m,“( )(1—l:|)")

< CM(u)(E)V?
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for any £ € #((,4). Thus

1
3.3 —_— A s <C i L ( 1p
(3.3) A(BC D) Jsem i )(§) o) < Cseg(g,a)lh(u}(é)

On the other hand, it follows from Lemma 3 that
(3.4) My(u2)(&) < CMy(ua)(n)

for any £, € 3((,¢). Thus (3.4) implies that

(3.5)
1 -
- . AI 2 1/1’ [ < Cv B f A[ o ) l/l’
a(B((.6)) /H(g‘,b) 1{u2)(§) " da(€) < 116,181?(;.5) 1(u2 )(1)
<Coinf My(u)(n)r.
nES((.8)
Since

My(u)(E)'r < ¢ (Ml(un(f)”" + Jh(uz)cf)”") ,

1t follows from (3.3) and (3.5) that
_r
o(B(¢.6))

Cv
= 2B M, (€)' / My(uz)(€)'/7d
~ o(B((,6)) (v/»’f((,n‘) i )(E) M da (&) + ) 1{ws)(€) ca(f))

< C inf  My(u)&)Hr,
§eB((,8)

/ Ay () (€12 dar(€)
B(¢.6)

Thus My (u)'/? = M,(f) € 41. The proof is therefore complete. #
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