Comm. Korean Math. Soc. 10 (1995), No. 4, pp. 815-821

WEAKLY POSITIVE IMPLICATIVE BCI-ALGEBRAS

SH1 MinGg WEI AND YOUNG Bar JUuN

ABSTRACT. We introduce the concept of weakly positive implicative
ideals in BCl-algebras and give some characterizations of weakly positive
implicative BCI-algebras and weally positive implicative ideals.

In 1978, K. Iséki and S. Tanaka [3] introduced the concept of positive
implicative BCK-algebras. M. A. Chaudhry [l] defined the notion of
weakly positive implicative BCl-algebras as a generalization of positive
implicative BCI-algebras and gave a characterization of a weakly pos-
itive implicative BCl-algebra. In this note, we establish the notion of
weakly positive implicative ideals in BCI-algebras, and investigate some
properties of it. Some characterizations of weukly positive implicative
BCl-algebras and weakly positive implicative ideals are given. First of
all we recall some definitions and results concerning BCI-algebras.

An algebra (X;*,0) of type (2, 0) is called a BCI-algebra if it satisfies
the following axioms:

(I) (2 y)* (@ %)) * (=% y) =0,

(IT) (2 *(x*xy))*y =0,

(II) @ *xa =0,

(IV) 2xy =0 and y xa = 0 imply 2 = y.

A partial ordering < on a BCl-algebra X can be defined by » < y if
and only if z xy = 0.

If a BCl-algebra X satisfies the identity

(V) 0z =0forall z € X,
then X is called a BCK-algebra.

In a BCl-algebra X, the following hold:

(1) 2 <0 implies = = 0.
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(2) z+0=1z.
(3) (zxy)*2=(a*z2)xy.
(4) Ox(z*y) = (0x2)x(0*y)
(B) zx(zx(z*y)) =axy.
(6) ((z*xz)*x(y*2))x(a*y)=0.
(7) z+y =0 implies (2 * z) * (y * ) = 0 and (z*y)*(z2*2)=0.
A non-empty subset [ of a BCl-algebra X is called an ideal of X if it
satisfies:
(i) 0€ I,
(i) z*yeTandy € I imply v € I.
Anideal I of a BCl-algebra X is called closedif z € I implies Oxz € I.
Any ideal I of a BCI-algebra X has the following property:
(8) c€landy < implyye Il
C. S. Hoo [2] gave a characterization of closed ideal as follows: An
ideal I of a BCl-algebra X is closed if and only if I is a subalgebra of X.
J. Meng and X. L. Xin [5] introduced the notion of atoms. An element
a of a BCl-algebra X is called an atom if 2 ¢ = 0 unplies ¢ = a for all
z € X. Let L(X) denote the set of all atoms of X. For all @ in L(X),
V(e)={x € X :a*x =0} is called a branch of X

PROPOSITION 1 ([5]). Let X be a BCIL-algebra. Then the following
hold:
(i) Foranya € X,0%(0xa)e L(X)and z € V(0 *(0xa)).
(i) If a,b € L(X), then ax b ¢ L(X) and x *y € V(ax*b) for all
x € V(a) and all y € V(b).
(i) Ifa,b € L(X), then a *x x = a * b for all » € V'(b).
(iv) L(X) is a subalgebra of X .
(v) a€ L(X)ifand only if 2 » (v xa) = a for all 2 € X.

For any non-empty subset 4 of X, we denote
L(4)={0*x(0*z):a € A).

PROPOSITION 2 ([4]). Let I be an ideal of a BCI-algebra X. Then
(i) L(I) = INL(X).

(i1) L([I) is an ideal of L(X).

(iii) I is closed if and only if L(I) is closed in L(X).
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PROPOSITION 3 ([4]). Let X be a BCl-algebra and A a non-empty
subset of L(X). Denote I = UAV(U)' Then I is an ideal (resp. a
ag A

subalgebra) of X if and only if A is an ideal (resp. a subalgebra)' of
L(X).

Let I be an ideal of a BCl-algebra X. By CL(I) we denote the set
U V(a).

acL{I)
From Propositions 2 and 3 we have the following corollary.

COROLLARY 4. Let I be an ideal of a BCl-algebra X. Then
(i) CL(I) is an ideal of X.
(i1) CL(I) is closed if and only if I is closed.

A BCK-algebra X is said to be positive implicative [3] if (v*z)*(y*xz) =
(z*y)xzforall z,y,z € X. A BCl-algebra X is said to be weakly positive
implicative [1] if ((z*z)*xz)* (y*z) = (2 xy) ==z for all z,y,z € X.

We propose a characterization of a weakly positive implicative BCI-
algebra.

THEOREM 5. Let X be a BCl-algebra. Thern the following are equiv-
alent:
(i) X 1is weakly positive implicative.
(i) ((z*y)*y)*(0*y)=a*y.
() zx(r*y)=((x*x(rxy))x(r*y))*(0 ( * 7
() ((zxz)*z)*(y*z)=01nnplies (x xy)*xz =
(v) ((x*y)*xy)*(0*y) =0 implies x x y == 0

y)).
0.
PROOF (1)¢>(i1): See [1, Theorem 3.

(ii)=>(ii1): In (ii), if we substitute @ * y for y. then we have (ii1).
(iii)=-(ii): In (iil), substituting @ * y for y; then

zx(x*x(zxy))=((zx{rx(x*xy)))x(vx(x*xy)))«(0=*(x*(x*xy))).
It follows from (3), (4), (5) and Proposition 1(v) that

cry=((xxy)*r(xx(x*xy))*x({(0*x2)*((0*2)*(0xy)))
=((z*(x*x(x*xy)))*xy)x(0xy)
= ((x*y)*xy)*(0*y).
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Hence (ii) holds.

(1) =(iv): It is an immediate consequence of weakly positive implica-
tivity.

(iv) =(v): It is trivial.

(v) =(ii): Putting u = ({(x % y) * y) * (0 * y); then u * (x*xy) =0 and
((xw)xy)+y)x (0xy) = (((x+y)*y)* (0= y)) xu = 0. It follows
from (v) that (z *y) * u = (2 * u) * y = 0. Hence 2 xy = u, and so
((z*y)*y)* (0xy) = 2w * y. Therefore (i) holds. 01

DEFINITION 1. A non-empty subset [ of a BCl-algebra X is called a
weakly positive implicative ideal of X if
(i) 0 eI,
() ((z*y)*y)*(0*xy))xz€Tand =€ T mply vy € 1.

THEOREM 6. Any weakly positive mmplicative ideal is an ideal.

PROOF. Let I be a weakly positive implicative ideal of a BCl-algebra
X and let 2,y € X be such that vy € I and y € 1. Then by using (2),
we have (((x *0)*0)+ (0%x0)) *+y = 2+ y € I and y € 1. It follows from
Definition 1(ii) that @ = &« * 0 € I. Therefore I is an ideal of X, [J

The converse of Theorem 6 is not true. as seen in the next example.

EXAMPLE 1. Let X = {0,1“2.3.4.5}. The binawy operation # is
defined by the following table:

* 0 1 2 3 4 5
0 60 0 0o 0 5
1 1 0 1 0 5
2 22 0 0 5
3 3 3 3 0 0 5
4 4 4 4 3 0 b
5] 5 5 5 5 5 0

By routine calculations we know that X is a BCl-algebra, and I = {0,1}
is an ideal of X but not weakly positive unplicative, hecause

(((4%3)*3)%(0%3))*x1 =(3%3)*x1=0€/ and
1el but 4x3=3¢1.
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THEOREM 7. Let I be an ideal of a BCI-algebra X . Then the follow-
ing conditions are equivalent:
(1) I is weakly positive implicative.
(if) ((zxy)*y)*(0xy) € I implies & xy ¢ I.
(1) ((zxz)*z)*(y=*z) € I implies (x vy +z € I.

PROOF. (i)=(ii): Suppose I is a weakly positive implicative ideal of
Xandlet 2,y € X. If ((a*y)*y)*(0xy) € I then (((axy)*xy)*(0%y))*0 € I
and 0 € I. It follows that x *y € [.

(ii)=>(iii): Suppose (v *x2)* ) (y* =) € I for 2,y,z € X. Putting
u =z *y, then we have

and hence ((wx* z)*z)* (0* =) € I. From (ii) it follows that (x % y)* z =
u*xz €l

(ii1)=>(i): Obviously 0 € I. Suppose (((x*y)*y)*(0*y))*xz € [ and
z€lforz,y.x € X. Then ((w*y)*y)*(0*y) = I as I is an ideal of X.
By (ii1), we have x xy = (0 x0) * y € I. Therefore [ is a weakly positive
implicative idal of X. O

THEOREM 8. Let I be a closed ideal of a BCI-algebra X . Then I is a
weakly positive implicative ideal of C'L(I) if and only if for alla € C L(I),
the set A, == {0 € X : v+« € I} is an ideal of X.

PROOF. Suppose I is a weakly positive mmplicative ideal of C'L(I)
and let « € CL(I). Then clearly 0+ a € T or C € 4,. Let x,y € X be
such that t*xy € A, and y € 4,. Then (v *y1*a,y*a € I C CL(I),
and hence x,y € CL(I) because C'L(I) is an ideal of X. Noticing from
(3) and (6) that ((x *a)*a)* (y*a) < (v *y)*a and using (8); then
((zxa)xa)*(yxa) € I and hence (wxa)xa € I. Thus ((wxa)*a)*(0xa) € T
as I is a closed 1deal and so a subalgebra. It fol.ows from Theorem 7(ii)
that  xa € I or @ € 4,. Therefore A4, is an idcal of X.

Conversely suppose that 4, is an ideal of X for all « € CL(I). If
((zxy)xy)*x(0xy) € I for x.y € CL(I). then (v xy) (0 xy) € A,.
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By Proposition 2 we have (0 *y) xy € L(CL(I)) = L(I) C I, and hence

¥,0xy € A,. It follows that « € 4, or @ *y € I. Therefore I is a weakly
positive implicative ideal of C'L(I). O

COROLLARY 9. Let I be a closed ideal of a BClI-aigebra X and L(X)
a subset of I. Then I is a weakly positive implicative ideal of X if and
only if for all a € X, A, is an ideal of X .

COROLLARY 10. Let I be a closed ideal of a BC(Cl-algebra X. If I is
a weakly positive implicative ideal of X, then for all a € CL(I), A, is
an ideal of X

THEOREM 11. Let A and B be ideals of a BCl-algebra X such that
A C B. If A is weakly positive implicative, then so is B.

PROOF. Assume that A is a weakly positive implicative ideal of X.
Let z,y € X be such that ((x*xy)*y)*(0*y) € B. Putting u = ((x*y)*
y)*(0*y) and using (3); then we have (((rxu)*ry)*xy)x(0xy) =0¢€ A. It
follows from (3) and Theorem 7(ii) that (2 *y)*u = (rxu)*y € AC B,
and hence z *y € B. This proves that B is a weakly positive implicative

ideal of X. O

Finally we give a characterization of weakly positive implicative BCI-
algebras in terms of weakly positive implicative ideals.

THEOREM 12. Let X be a BCI-algebra. Then the following are equiv-
alent:
(1) X is weakly positive implicative.
(ii) {0} is a weakly positive implicative ideal of .
(iii) Every ideal of X is weaklv positive implicative.

PROOF. (i)=-(ii): Suppose that X is weakly positive implicative. If
((z*y)*xy)*(0*y) € {0} for 2,y € X, then (( y)xy)*(0xy)=10. It
follows from Theorem 3(v) that @ * y = 0 € {0}. Hence {0} is a weakly
positive implicative ideal of X .

(ii)=>(iii): It is an immediate consequence of Theorem 11.

(iii)=>(1): Assume that every ideal of X is weakly positive implicative.
Setting u = ((x xy) * y) * (0 x y) for all v,y € X and using (3); then we
obtain u * (2 * y) = 0 and (((x *«) * y) * y) * (0 * y) = 0. Since {0} is
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a weakly positive implicative ideal of X, it follows from Theorem 7(ii)
that (z+y)*u = (zxu)*y =0, and hence v xy == u = ((x*y)*y)*(0*y).
Therefore X is weakly positive implicative. OJ
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