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SOME FIXED POINT THEOREMS FOR
COMMUTING AND COMPATIBLE
MAPPINGS IN NONARCHIMEDEAN
MENGER PROBABILISTIC METRIC SPACES

NAN-JING HUANG, BYUNG-S00 LEE AND YONG KAB CHOI

1. Preliminaries

Let R denote the set of real numbers , Ry the non-negative real num-
bers and D the set of all distribution functions.

DEFINITION 1.1. Let X be a nonempty set and F : X x X — D
. (X, F) is called a nonarchimedean probabilistic metric space if the
following conditions are satisfied (for z,y € X, the distribution Flz,y)
is denoted by F; ,) :

(i) Fry(t) =1for ¢t > 0 if and only if z = y,

(ii) Fpy = Fy ; for any z,y € X,

(iii) Fz,4(0) = 0 for any z,y € X,

(iv) If F;4(t) = 1 and Fy.(s) = 1, then Fy .(max{t,s}) = 1 for any
z,y,z € X.

DEFINITION 1.2. A triplet (X, F,T) is called a nonarchimedean Men-
ger probabilistic metric space if (X, F) is a nonarchimedean probabilistic
metric space and- T is a T-norm ([5]) with the following condition ;

(v) Fy .(max{t,s}) > T(F, ,(t),F, .(s))fort,s € Ry and z,y,z € X.

Let

2={glg : [0,1] - R4 is continuous, strictly decreasing, ¢(1) =0
and ¢(0) < oo}.
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DEFINITION 1.3. A nonarchimedean Menger probabilistic metric sp-
ace (X, F,T)is called a (C), type nonarchimedean Menger probabilistic
metric space, if there exist a g €  such that

9(T(s,t)) < g(s) +g(t) for s,¢€[0,1]

ProprosITION 1.1. ([2]) (1) If(X,F,T)isa(C), tvpe nonarchimedean
Menger probabilistic metric space, then

9F; y(t) < gF; . (t)+ gF; 4(t) forany z,y,z € X and t>0.
(2) If (X, F,T) is a nonarchimedean Menger probabilistic metric space
and T > Ty, where Ti(a,b) = max{a + b — 1,0}, then (X,F,T) is a
(C), type nonarchimedean Menger probabilistic metric space, in which
g(t)=1-—1t.

In the sequel we will suppose that X is a complete (C'), type nonar-
chimedean Menger probabilistic metric space.

DEFINITION 1.4. Let A and S be mappings from .X into itself. A and
S are said to be compatible if

im ¢Fasqz, s4:,(t) =0 for t>0,
n—o0

whenever {z,} is a sequence in X such that lim, . AX, = lim,_,
SX,=uelX.

Obviously, commuting and weakly commuting mappings are compat-
ible, but the converse is not true (see [3,4]).

PROPOSITION 1.2. ([2]) Let A and S be mappings from X into itself.
If A and S are compatible, and Au = Su for some u in X, then ASu =
SAu.

LEMMA 1.1. ([1]) Let ¢ : Ry — R4 be non-decreasing, upper semi-
continuous and ¢(t) < t for all ¢t > 0, then

(1) for any sequence {t,} of nonnegative real numbers satisfying the
following condition:

tn+1 S"P(tn)a n = 1525"'5

we have limy oo tn = 0.
(2) especially, for any t in Ry satisfying t < (t), we have t = 0.
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LEMMA 1.2. ([2]) Let {yn} C X be a sequence satisfying lim,—oo g
Fy, y.+1(t) = 0 for all t > 0. Suppose {y,} is not a Cauchy sequence
in X, then there exist ¢, to > 0, and two sequences of positive integers
{m(?)} and {n(2)} such that

(i) m(2) > n(i) + 1 and n(i) — co (i — o).

(ii) ngm(i)yyn(i)(to) > ¢ and ngm(i)—lyyn(i)(tO) <eg =12,

2. Common fixed point theorems

THEOREM 2.1. Let A,B,P and Q be mappings from X into itself
such that AP = PA,BQ = QB and for any z,y in X, any t > 0,

(gFAPI,BQy(t))2 < (I)((gFl,y(t)V’ ng,AP:r(t)gF ,BQy(t),
(2.1) 9F2,BQy(t)gFy, apP=(t). 9 fy,aP:(t)gFy Bgy(t),
gFr,y(t)ng,APr(t),ng,AP:c(t)ng,APz(t)),

where @ : Rﬁ_ — Ry is upper semi-continuous, nondecreasing in each
coordinate variable and satisfies

max{®(t,t,0,2t,t,2t),®(¢,0,¢,0,0,0)} = »(t) < t for t > 0.
Then there exists a unique u in X such that

Au = Bu = Pu = Qu.

Proof. For zp in X, let
(22) To2p+4+1 = APIzn and Top42 = BQ(I)2,,+}, n= 0, 1, 2, LRI
It follows from (2.1) and (2.2) that
(gFI2n+1,12n(t))2
= (gFAPI2n¢BQT2n—1(t))2
S Q((gFIZn s T2n—1 (t))z’ gFIZn yE2n 41 (t)ng2n—l vx2n(t)’

gF$2nyz2n (t)gFI2n——l T2n41 (t)’ ng'zn—l 1T2n 43 (t)gF1'2n~1 yT2n (t)’
gFI2n|I2n—l(t)ng2n :$2n+1(t)’ gF32n1132n+1(t)gFI2n—ly132n+l(t))'
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¥ gF:,, 0n4:(t) > gFz,,_ 1 2,., from Proposition 1.1 and above inequal-
ity, we have

(9Frpnpr 220 (1)
< B((9Fzp,20m41 (D)% (9F s 22041 (1)2,0,

29F ez 22m510 (1)) (9F 2 22010 (1))25 2(9F 2 22040 (1))
= P((§Fe3n 2201 (1))?)
< (gFrsmz0n4: (1)),

which is a contradiction. It shows that gFr,, z,,,1(t) < ¢Fr,,_; 2:,.(1)
for ¢t > 0, so

(9Fz2ns1.200 (1))
< @(9F2m50m-1 (1)) (9F 22,2201 (1))%,0,

2(9Frzn,zzn+1(t))2a (ngzn,rzn_l (t))za 2(9F1:2n,zzn_1 (t))2)
= 0((gF ey, 29._,(1))?), for all t > 0.

Similarly, we can prove that

(9F12n+2,12n+1 (t))z S SD((ng2n+lyI2n (t))z) fOI‘ t> O

In view of Lemma 1.1 and above inequalities, we have

(2.3) nlingo 9F:, r,,,(t) =0fort > 0.

Now we show that {z,} is a Cauchy sequence in X. By (2.3), it is
equivalent to show that {z2,} is a Cauchy sequence in X. Suppose that
{z2n} is not a Cauchy sequence. By Lemma 1.2 and (2.3), there exist
e >0, to > 0, and two sequences of positive integers {m(7)} and {n(7)}
such that

(1) m(z) > n(¢) + 1 and n(i) — oo (i — o0);

(ii)gFIzm(‘.),I._,n('.)(tg) > ¢ and gFrzm(;)_l,rznm(tO) <<g, 1=1,2,---.

This leads to

€< gFIZm(i)vz2n(i)(tO) <e+t gFrzm(.‘)_z,Izm(.‘)_x(tU) +9F12m(.‘)-1 >I2m(i)(t0)’
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and so
(2.4) lim gFIzm(-‘),tzn(.')(tO) =&
1—0o0
On the other hand, we have
(ngzm(e),l‘zn(.').*.l (to))?
= (QFAP::::"(;),BQ:Z,"(,-)_I(to))z
2
< @((e+ ngZm(x')—ly"'2m(i)—2(to)) 1982001y T 2n(i)41 (tﬂ)ngzm(-')_1~xzm(.')(t0)’
ng?n(i)!z2m(|')(to)(gFI2m(i)—1vx2m(i)(t0) + ng?m(£)7m2n(i)(t0)
+ 9Fz 00y 2n iy 41 (10))s (9F 23 iy 1,2 2m (i) (80) + 9 F iz 4y,200 (5 (P0)
+ gF$2n(i)v""'2n(i)+1(to))gF"'Zm(i)—1v"”?m(i)(to)’ (ng'zm(l')-lvrzm(i)—I(to)

+ e)gFi‘zn(i),l‘zn(i)+1 (iO)»gF:tz,,(.'),:rg“(.')+1(to)(gF’—’zm(i)—1»1‘2m(i)(t0)
+ gFfzm(-')vzzn(.')(tO) +9Fz,, ) % an(iy41 (to)))-

Letting ¢ — oo and taking an upper limit, using (2.4) and the upper
semi-continuity, we obtain

(2.5) i@(gFm“),m“m(to))2 < ®(¢2,0,6%,0,0,0) < &2

Since

€< ng2m(l')vI2n(i)(t0) < ng2m(i)1I2n(i)+l(t0) + ng2n(i)+l7r2n(i)(t0)’
it follows from (2.5) that

e < lim gFI2m(i)vz2n(i)+l(t0) <¢,

11—

which is a contradiction. Therefore, {z3,} is a Cauchy sequence in X
and so {z,} is also a Cauchy sequence in X. Let z,, - u € X (n — o0).
By (2.1) and (2.2), we have
(9F4Pu,X2a (1))
= (gFAPu,Blen-l(t))2
< (I)((gFu,xzn_1(t))zagFu,APu(t)ann_x,rzn(t)v
gFu,Zzn (t)ngz,,_‘,APu(t), gFI2n—1,APu(t)gF1:2n——1;I2n(t)7
gFIZn_l,u(t)gFu,APu(t)agFu,APu(t)gFlzn- I,APu(t)) for ¢t > 0.
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Letting n — oo and taking an upper limit, we obtain

(gFAPu,u(t))2 S ¢(07 03 03 0, 07 (gFu,APu(t))z)
< o((gFy, apu(t))?) for t > 0.

It follows from Lemma 1.1 that
9FApyu(t) =0fort > 0.

This implies © = APu. Similarly, we can prove that ©« = BQu. Since
AP = PA, from (2.1) we have

(9Fpu,u(t))® = (9Fappu,BQu(t))’
S (I)((gFPuyu(t))2’ 0’ (gFPu,u(t))zs 03 070)
< @((9Fpu,u(t))?) for t > 0.

This shows gFpy .(t) = 0for t > 0. So Pu = u. Similarly, Qu = u.
Therefore,
Au = APu=u = BQu = Bu.

From (2.1), it is easy to prove that u is a unique common fixed point of
A,B,P and Q.

This completes the proof of Theorem 2.1.

THEOREM 2.2. Let A, B and S be self mappings of X which sat-
isfy A(X)UB(X) C S(X), A and S are compatitle and B and S are
compatitle. Suppose further that

(QFAI,By(t))2 S(I)(gFSI,AI(t)gFSy,By(t)7 gFSJ',By(t)gFSy,Az(t)’

(2.6)
9Fsz,42(t)9Fsz,By(t), Fsy a-(t)gFsy By(t))

for t > 0 and x,y in X, where & : R4 — Ry is upper semi-continuous
and nondecreasing in each coordinate variable, and satisfies

®(t,t,ait,a2t) < t fort > 0,
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where a1,az € {0,1,2} with a1 + a2 = 2. If S is continuous, then A, B
and S have a unique common fixed point.
Proof. Since A(X)U B(X) C S(X), for any given zo in X we can
choose {z,} in X such that

Azyp = Stont1, Bropg1 = Szopte, n=0,1,2,.--

As in Theorem 2.1, we can prove that {Sz,} is a Cauchy sequence in
X. Letting Sz, — u (n — o0), we know that

Azgn — u, B4 —u (n — 00).

Since S is continuous, SSr2, — Su, SAze, — Su, and since A and S are
also compatible, ASz;, — Su by Definition 1.4. Similarly, BSz2,4+1 —
Su and SBzyn41 — Su.

From (2.6) we have

(gFASI2" ,Bu(t))2
L ®(gFssz,,,45250(1)9F su,Bu(t), 9FSSz0n,Bu(t)9F Su, ASz,, (1),
9FSSz4,,4525,(1)9F5S12,,,Bu(t), §Fsu, 4524, ()9 F5u,Bu(t))

for t > 0. Taking the limit as n — oo yields

(9Fsu,Bu(1))? < ©(0,0,0,0) =0 for ¢t > 0.

Therefore, Su = Bu. Similarly, Su = Au. Since A and S are compatible,
and B and S are also compatible, it follows from Su = Au = Bu and
Proposition 1.2 that

SAu = ASu and SBu = BSu.
Now (2.6) implies
(9Fasu,5u(t))? = (gFasu,Bu(t))?
< ®(gFssu,45u(1)9Fsu,Bu(t), 9FsSu,Bu(t)gFsy, a54(1),

9Fssu, asu(t)9Fssu,Bu(t), §Fsu,a5u(t)gF su,Bu(t))
< ®(0,(gFasu,s4())%,0,0) for ¢t > 0.
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Hence g Fasy,su(t) = 0fort > 0. This implies that ASu = Su. Similarly,
ASu = Su. So we have SSu = SAu = ASu = Su. These show that Su
1s a common fixed point of A, B and S. From (2.6), it is easy to prove
that Su is a unique common fixed point of A, B and S. This completes
the proof of Theorem 2.2.

The following is an immediate consequence of Theorem 2.1.

THEOREM 2.3. Let A; and P; be mappings from X into itself such
that A;P; = P;A;,i =1,2,--- and for any =,y in X and any t > 0,

(9F 4, Piz, Aiys Pipry(t))

SO((9F2,y(1))*, 9F 2,4, Pi(D)9Fy, A1y Py (1),
9F a1 Py (D9Fy, 4 Piz(8), 9 Fy APz (D)9 Fy Ay Pigyy (1),
gFI,y(t)gFI,AiP;z(t)’gFr,A.-P;Z(t)ng,AsPir(t))»

where P : Rﬁ_ — Ry is the same as in Theorem 2.1. Then there exists a
uique v in X such that

u=Au=Pu,1=1,2,---.

References

1. S. S. Chang, Fized Point Theory with Applications, Chongging Fublishing House
Chonggqing, 1984.

2. 8. S. Chang, N.J. Huang and D.P. Wu, Common fized point theorems for com-
patible mappings in nonarchimedean Menger probabilistic metric spaces with ap-
plications, J. Sichuan Univ. 28 (1991), 19-25.

3. G. Jungck, Compatible mappings and common fized points, Internat. J. Math.
& Math. Sci. 9 (1986), 771-779.

4. G. Jungck, B. E. Rhoades, Some fized point theorems for compatible maps, In-
ternat. J. Math. & Math. Sci. 16 (1993), 417-428.

5. B. Schweizer, A. Sklar, Probabilistic metric spaces, North-Holland, 1983.

Department of Mathematics
Sichuan University Chengdu
P. R. China



Some fixed point theorems

Department of Mathematics
Kyungsung University
Pusan 608-736, Korea

Department of Mathematics
Gyeongsang National University
Jinju 660-701, Korea

65



