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AN EXTENSION THEOREM FOR
THE FOLLAND-STEIN SPACES

YoNNE M1 KIM

1. Introduction

This paper is the third of a series in which smoothness properties of
functions in several variables are discussed. The germ of the whole theory
was laid in the works by Folland and Stein[4]. On nilpotent Lie groups,
they defined analogues of the classical LP Sobolev or potential spaces
in terms of fractional powers of sub-Laplacian, £ and extended several
basic theorems from the Euclidean theory of differentiability to these
spaces: interpolation properties, boundedness of singular integrals,...,
and imbedding theorems. In this paper we study the analogue to the
extension theorem for the Folland-Stein spaces. The analogue to Stein’s
restriction theorem were studied by M.Mekias[5] and Y-M.Kim[6]. First,
we have the space of Bessel potentials on the Heisenberg group intro-

duced by Folland[4].

DEFINITION. The Heisenberg group H™ is the Lie group of real di-
mension 2n + 1, whose underlying space is R x C", and whose group
law is given by

(t,z)(t',2") = (t + ¢ +2ImzZ', 2 4+ 2').

It’s Lie algebra is generated by the left invariant vector fields X, Y;, T,
j = 1,...,n, given by

0 0 0
XJ == __’ }/} = —“—’ T = ‘—' .
Oz Oy; ot
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The homogeneous dimension of H™ is Q = 2n+2. We define the norm
on H" by
I(t,2)] = (¢ + |=*)'/*.

2. Sublaplacian

We define the sublaplacian on the Heisenberg group by the following.
Let

n

L=-3(X?+YD).

j=1

The operator £ is homogeneous of degree 2, and £' = £. The funda-
mental solution to £ is given by

22—-2n7,rn+l

_ 4 2\—n/f2 o ___
¢—C(|Z| + %) ,C= F(n/.‘Z)” :

Thus £ is locally solvable. The convolution of two functions f and g in
H™ is defined by

f*g(u) :/f(v)g(v“lu)dv.

3. The Bessel potential and spaces S?
We define S%, to be the image of L under the operator (I 4 L)~/

If feL?,1<p<oo,then (I +L)"/2f = fx.J,, where J, is the
Bessel potential defined by

1
I'(a/2)

Jo(z) = /O /2 eth(z, t)dt.

Here h(z,t) is the fundamental solution to £ + 56?' For more properties
of h(z,t) see Folland[4]. We have the following properties of J.,.

(1) Ja is defined for all z # 0 and even for £ = 0 when o > Q. And
Jo 1s C* away from 0.
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(2) Asz — 0,
[a(2)] = O(|z|*"9) if « < Q
= O(log 1) if a=Q
(3) Asz — oo, |Ja(z)|] = O(Jz|~N) for all N. Hence, J, € L for
all a > 0.

The spaces APY(H™) is defined to be the space of those functions in
L?(H™) for which the following quantity is finite.

/ 1
Hn |u|Q+aq

1 ) . q/pd N
/Hn |u|@t+eg [/Hn [f{uv) + fluv™") — 2f(v)| du] u< oo, a>1.

For convenience’s sake we will notate the convolution operator with J,
as J9, ie.

q/p
/ |f(uv)——f(v)t”dv] du < oo, 0<a<l.
Hﬂ

(I+£)a/2¢=¢*']a=ja¢
There is a theorem of Folland[4] which will be used freely in the course
of the proof.

THEOREM 1. (Folland [4]) f € S, ifand only if X f € S, for all X
such that £ = X:X]2 Furthermore ||f||p.a+1 and || fllp,.o + 2 11X fllp,o

are equivalent.
For the motivation we will introduce a theorem of Stein[2,3].
THEOREM 2.
(a) The restriction map R : LA(R") — AR?(R™) is a bounded map
as]ongasﬂ:a—-"—;—"l>0, 1<p<oo.
(b) Conversely, there exists an extension map E
E: AY"(R™) — LA (R") such that
R(E(g)) = g for all g € ARP(R™), 8>0, 1 <p< oo

For the proof of the theorem, the reader may consult [5]. Now we will
state an analogous theorem for the Folland-Stein spaces. This kind of
general Lipschitz spaces are first studied by Folland[4], and Stein[7].
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THEOREM 3. There exists an extension map E : A‘;’p(Rt x R?=1)
SP(H™), where Ry x R?"~! is one of hyperplanes of R; x R*" such that
R(E(g))_.ngrangAP’P(RtX}#n l,n"ﬂ—o—i— > 0, 1 < o<
1,1 <p< .

The proof of the theorem consists of three parts. First, we define the
extension map F and show it’s well defined. Second, we show the bound-
edness of the extended map compared with the original map. Lastly, we
need to show the smoothness of the extended map in terms of the L?
norm.

Proof. We define the extension map as follows. Let ¢ € Ap P(R x

R?"=1), choose ¥ € C§°(R x R*™!) such that [oiy)dy =1, ¢(y
0 for |y| > 1. Also choose A € C§°(R) such that A(0) = 1. Deﬁne the

extension map as follows.
Blg) = f(2,6) = MO [ gay~ o (L)
Then

£(2,0) = lim XOIE [ g(ey™)p (L )dy

€
= im MO [ glallely) ™ ()1 dy
= [ sy = g(z).
Note that || f(,)|lp < llg]lp - Indeed,
5,6 = MO [ oty () ay
= g+ Ke(y),

Where K¢(y) = AM€)[€]79F y( Iél) Note that [Re(y)dy < A < oo
independent of £ and g € L?. Hence

G < lgllp-
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Now we have to show that f € SE(H™). Put F = J'~°f,for0 < a <
1. Since J'~ is an isomorphism between S? and ST, f € SE(H") if and
only if F = J1=%f € SP(H™). So it suffices to show that F € S}(H"),

i.e.,
oF OF
FecIP(H" _— = PHT
€ LP(H"), and 92, OF € LP(H™).

First, F € LP(H") is clear because f € L*(H") and F = Jiof =
f* Jl—a,

WF L (any < Wi-allramfllze(my < ClFllLpan)

since ||Jg||z: < C for any # > 0. Now we will consider 2

Fa8)= [ [ heatem oz en™ dzdy
- / [ dieatzn (e 6 = mydzan
R2n JR

Note that f -i(z)dzr = 0, and because ¥ vanishes outside the unit
sphere, we have

_é_)_f_ B _ —Q zu~ ! % Y
6xk( ’6)‘ AEN |»/IyISIEtg( i )ayk(|f|)dy‘

< Alg|-eH / lg(2y™") — g(x)] dy

ly1<1€)
From the size of Ji_q(z, £), we can say that there exists a constant C'
such that

[i—a(z, 6 < C(l21% + |62~

Then the following estimate holds.

dzdn

OF
Z@ols [, [ el |z e
<A Ji_alz,ml} — 0|~ “1,=Y - g(zz™Y)| dydzd
/ /I 1—alz, M = nl~ /|y|<|£ nlly(zy ) — g(zz™1)| dydzdn
<A 212 — Q sy~ lz71) — 2~ Y| dydzd
/ /(|| e /M{_"lm( y=1z71) - g(zz™1)| dydzdn
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Consider the function

&((z,£), (z,m))
= + I =F e =017 [ gyt — gl
ly|<[€—n]

We will apply to it Minkowski’s inequality for integrals. First, we will
estimate the following integral.

/ [9((=,6), (2, )P de
RxRIn-1

(217 + 2y =52 ¢ _ pp-er
ly

=(|z|? 2&—‘1{_‘&2 i
(12l + Inf?) €=l /(/I

Then, by Minkowski’s inequality, we obtain the following inequality.

P
lg(zy™'271) = g(zz~1)| dy) dz
[<lE=nl

P
Iy(zy'lz_i)—g(u"l)ldy) dz.
I<I€=mnl

/ 1®((,€), (z,7))[Pdz) /P
RxR2n~1

<2 + [P)SF2 e — o) Q/qu oo™ = ol
Yy ht/]

Set w(y) = |lg(xy™") — g(*)|l, and

Qp) = (p)!=2° / w(y)dy.

lyl<p

With these notations, we find the following estimate holds.

“a 0, <C//R R R T S TR

/ lg(+u™") = g(#)llpdydzdn
lyl<lE—n)

<c [ (/ (2] + Inf2) =52 dz) € — = +2QJ¢ — nl)dn
R RxR2n-1
<c /R I€ = nl =120l — nl) 0]~ dn,
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and therefore

/ |- <c / Qo) dp
= C/ (p_Q+1_°’x(7“ < p)rQ"2+°’-li:)dr>p dp
0 T
<c| TP,

llg(oy‘l)—g(O)llpd <o

=C [y|@—1+PP

RxR2n-1

where w(r) = r>~9 f|y|-_-r Ho(xy~) — g(y)lIpdy-

The first, third inequality holds by Hardy inequality (see Appendix A
in[8]) and the last inequality holds by the assumption that g € ARP(R x

RZ"_I).

Here, constantd C may differ in each occurence. From this we have
showd that aﬁﬁ' € LP(H™). The fact that %—Ig- € LP(H™) can be proved

in a similar way.
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