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UPPER BOUNDS FOR SUBPERMANENTS
OF NONNEGATIVE MATRICES

GI-SANG CHEON

1. Introduction

For an n x n matrix A = [a;;], the permanent of A, per A, is defined
by

Per(A) = Z A1g(1) """ Ano(n),

o

where o runs over all permutations of {1,--- ,n}.

For positive integers k, n such that 1 < k < n, let Qk,» denote the
set of all strictly increasing integer sequences of length & chosen from
1,---,n. For a, B € Qk,n, and for an n x n matrix A, let A[a|A] denote
the k x k submatrix of A lying in rows a and columns 3. The perma-
nent per(A[a|f]) is called a permanental k-minor of A, or sometimes a
permanental minor of A. The sum of all permanental k-minors of A is
denoted by ox(A). i.e.

(1.1) or(A)= Y per (4lald]).

a,ﬁEQk,n

We define 00(A) = 0, and note that ¢,(A4)=per(4). We call ox(A) a
k-th subpermanent of A or subpermanent of A. If the matrix A is a (0,1)-
matrix, then ox(A) counts the number of different selections of & 1’s of
A with no two of the 1’s on the same row or column.

A nonnegative square matrix whose row sums do not exceed one is
called substochastic. We denote by S, the set of all n x n substochastic
matrices. Brualdi and Newman [1] obtained an upper bound for ¢ on

Shn.
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THEOREM 1.1. (Brualdi and Newman) If A € Sy, then

(1.2) ok(A) < (Z), k=1, ,n

with equality holds for k > 2 if and only if A is a permutation matrix.

For general complex matrices, Marcus and Gordon [4] obtained upper
bounds for the sum of the squares of absolute values of all permanental
k-minors.

In this paper, we obtain an upper bound for the subpermanents on
classes of general nonnegative matrices using the techniques of vector
majorization, and we find the class of n x n substochastic matrices such
that our bound for o is shaper than that in (1.2).

2. Upper bounds for subpermanents

For integers k,n such that 1 < k < n, let Vi, denote the set of all
n x 1 (0,1)-matrices whose entries have sum k. For real n-vectors, i.e.,
real n x 1 matrices x and y, we say that x is mojorized by y (or y
majorizes X ),written as x < y if

(2.1) max{vIx|v € Vin} < max{v y|ve Vi.}

forallk = 1,--- ,n and equality holds in (2.1) when k¥ = n. x is said to be
submajorized by y, written as x <, y if (2.1) holdsfor all k =1,.--- ,n.
Similarly x is said to be supermajorized by y, written as x <* y if

(2.2) min{vTx|v € Vin} > min{VT)’|V € Vin}.

EXAMPLE 2.1. For an n x n real matrix A = [a;;] with per 4 # 0,
let S = [sij]lnxn Where s;; = a;jper A(¢|j)/per A, ¢,; =1,--- ,n. Then

T
1 1 .
(—’...’—> K(Si17”'~,sin)T7 2:1,--',n.

n n
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From now on, for k¥ € {1,---,n}, let Sk denote the k-th elementary
symmetric function of R", i.e.,

(2.3) Skx) = > [
OEQI,‘,, iIEa
for x = (z4,--- ,zn)T € R".

The following lemma provides a very useful mechanism for determin-
ing some upper bounds for subpermanents.

LEMMA 2.2. (Muirhead’s Theorem (7)) Let x = (21,2, -- ,2,)T €
R" andy = (y1,y2, - - ,yn)T € R". Then for all positive real n-vectors

a=(ai,az,- - ,a,)Y, x <y ifand only if

(24) > A0l At S D ey ahiy agln);
a a

where o runs over all permutations of {1,--- ,n}. Similarly,

(2.5) X <oy tfandonlyif (2.4) holds for all a € [1,00)".

(2.6) x <"y if and only if (2.4) holds for all a € (0,1]".

THEOREM 2.3. If A = [a;;] is an n x n nonnegative matrix then

2
n\~ k!
(2.7) or(A) < ( ) = afj, k=1,---,n,
kjon® 4

with equality holds in (2.7) if A is a scalar multiple of J, = [1/n]nxn or
k=1.
In particular,

(2.8) per(A4) < % Z al.

1,7
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Proof. We prove (2.7) for an n x n positive matrix A = [a;;] first. Let
Sn denote the symmetric group on the set {1,---,n}. For o € S,, let
do = (d1, - ,dn) :=(a14(1)s" ** , @no(n)). Then since

(1,---,1,0,--- ’O)T < (k,0,- - ,0>T,
N oo’

k times

we have from (2.4), that

(2.9) Y dey o dey S Y oy
TES, TES,

Note that

(2.10) > drqry - dry = K(n — £)1S(d,)
TES,

and

(211) D Ay = (=1} +---+dy).
TES,

Summing (2.10) and (2.11) respectively over ¢ € S, we have

(2.12) Ki(n— k) Y Si(ds) < {(n - 1)1}? Z ak;.

o€ES, i,7=1
Since
(2.13) > Sk(ds) = (n — k)lox(A),
gES,,
we have

E{(n = B)Por(4) < {(n - DY* ) _af;

which is equivalent to the required inequality

2
n\ k!
z)]
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Once the inequality (2.7) holds for positive matrices, then we can show
that it holds for nonnegative matrices too using the limiting process.

If k¥ =n in (2.7) then we obtain the inequality (2.8), and it is easy
to show that the equality in (2.7) holds if A is a scalar multiple of
Jn = [1/n]nxn or k = 1. This completes the proof.

Now, we will show that the upper bound of ox(A) in (2.7) for A
belongs to a certain class of n x n substochastic matrices is shaper than
that in (1.2). We shall require the following Lemma.

LEMMA 2.4. For positive integers k, n such that 2 < k < n,

k
1 (n—k)!
. —_ | <« 2
(2.14) (m) ST
with equality holds for k = 2.

Proof. We use induction on k for a fixed n. If k = 2 then the equality
holds. If k = 3 then it is easy to show that (2.14) holds. Now assume
that (2.14) holds for £ = m. Then we get

m+1 X
1 (n~m-1) /(n—m)n-m)\?
(\/n(n—l)) < n! ( n(n —1) )

S(n—m—l)!

n! ’

which completes the proof.

THEOREM 2.5. Let A = [a;;] be an n x n substochastic matrix such
that

1
Vn(n —1)

Then the upper bound of ox(A) in (2.7) improves that of Brualdi and
Newman in (1.2).

Proof. Tt suffices to show that

2
n\ " k! & n
(2.16) (k) 2 E a;; < (k)’ k=1,---,n

i!j

(2.15) max{a;;} <
4,2
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for any n x n substochastic matrix A = [a;;] with (2.15).
Note that if £ = 1 then (2.16) holds. Now, let ¥ > 2. Then from
(2.15) and (2.14) we get

() 2= () (i)

i,J
(n “kl(n — k)!
~—\k n!

which completes the proof.

EXAMPLE 2.6. Let A be 3 x 3 substochastic matrix of the form

T 10

Then we get from the bounds given by Theorem 2.3 and (1.2) the fol-
lowing;:

ny 2 k! n
k ok(A) (k) n? Eij afj (k)
1 2 2 3
J08
3 To0g 1000 1

A conjecture related to the subpermanent is the following one pro-
posed by Dokovi¢ [2] :

CONJECTURE 1. (Dokovié) If A is an n x n doubly stochastic matrix
then

(n—k+1)°

(2.17) -

ok1(A) S on(d), k=1,---,n

The Dokovi¢ conjecture for k < 3 was proved by Dokovié himself [2].
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THEOREM 2.7. Let A = [a;j] be an n X n nonnegative matrix. Then

(n—k+1)2
k

(2.18) (a) ox(A) < or-1(A4), k=1,---,n,

if 0<La;;<1forall ¢, j=1,---,n, and

— 1)2
(219) (b) Uk(A) 2 -(n—lz;+—)—-0k—l(‘4)a k= 1a Tty T,
if aj;>1forall i, j=1,---,n.

Proof. (a) The limiting process enables us to assume that 0 < a;; <1
foralli,j =1,--- ,n. Since

(1’...’1,0,...’0) _<°( ]_, ,1 ‘0,...,0)’
R g N —

k times (k—1) times

we have from (2.6),(2.10) and (2.13), that
K(n — B! 2ox(4) < (k = DH(n — k= D)ok (4)

which is equivalent to the inequality (2.18).
(b) The inequality (2.19) can be proved similarly. This completes the
proof.

REMARK. If we confirm the inequality (2.17), then from (2.18) we
have

—k+1)” — k1)
@_nku_ak_l(A) < ax(4) < ("_kj'_)_gk_l(A), “1m

for every doubly stochastic matrix A.
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