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ON THE C" CLOSING LEMMA

JONG SUH PARK AND CHIN Ku CHU

1. Introduction

Before state precisely our main theorem, we want to make some
brief historical comment.

R. Thom, in 1960, was the first to consider the following problem.
Can a vector field with a recurrent trajectory through a point p be
perturbed so as to obtain a new vector field with a closed trajectory
through p? He claimed an affirmative answer, but his argument was
valid only for a C° small perturbation. The perception that this prob-
lem is trivial in class C? and very difficult in class C",r > 1, is due to
M. Peixoto in [ 6 |. It should be remarked that the C” closing lemma,
r > 1, in the case that M is the 2-torus T2 and the vector field never
vanishes was proved in 1962 by M. Peixoto [6 ]| and recently by C.
Gutierrez [3 ] for the so called constant type of vector fields on T? with
finitely many singularities. In 1965, C. Pugh proved the C? closing
lemma for compact manifolds of dimension two and three. In 1967, he
proved the C! closing lemma for compact manifolds of arbitrary di-
mension and extend it to the case of closing a nonwandering trajectory
rather than a recurrent one [ 7 |.

In 1983, C. Pugh and C. Robinson established the C'! closing lemma
when M is noncompact, provided that the point p lies on Q¢ = {p €
| a(p) Vw(p) # 0}.

In this paper, we prove the C7 closing lemina.

THEOREM. Let M be a manifold, X a C” vector field on M, and
p a nonwandering point of X. Then for each € > 0, there exists a
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C7 vector field Y on M such that p is a periodic point of Y and that
X - Y|, <e.

2. Preliminaries

PROPOSITION 2.1. Let M be a manifold. For each C” vector field
X on M, there exist an open subset D of M x R and a C" map
6:D — M,(p,t) — 8,(p), such that

(1) for each p € M, there exist a(p) < 0 < b(p) such that DN

({r} xR) = (a(p), b(p)), denote I(p),
(2) 6o(p) =p forallpe M,
(3) for allp € M and all s € I(p), %6,(p)|¢=s = Xo,(p)

(4) if (p,t) € D, then a(8:(p)) = alp) —1,b(8:(p)) = blp) -
t and moreover for any s € I(8:(p)), 63+t(p) is defined and

85(6:(p)) = 8544(p).

The map 6 is called the local flow generated by .X. Let 8 be the
local flow generated by a C” vector field X on M. For any p € M, we
define the first positive prolongational limit set J*(p) of p by

J*(p) = {g € M| 8,,(pa) — q for some sequences p, — Pytn — oo},
p 1s called a nonwandering point of X if p € J*¥(p).

The following lemma is well known (cf.[2], Chapter 4, Theorem
3.14).

LEMMA 2.2. Let X be a C” vector field on M and let 6 : D — M
be the local flow generated by X. Let p be a point of M and X, #0.
Then there exist a C” coordinate neighborhood (V,4 of p,v > 0 and
a neighborhood W C V of p such that 8 restricted to W x (—uv,v) is
given by

(T1,...,2n,t) > (21 + t,22,...,20).

In these coordinates X = (52 5-) on W.

3. Proof of the theorem

To prove the theorem, we need the following lemma.
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LEMMA 3.1. Let v > 0. For each £ > 0, there exists a 6,0 < 6 < v,

such that any two points p € {~v} x [=6,6]" 7!, ¢q € {v} x [-6,6]""!
are connected by a trajectory arc of a C*> vector fleld Y on R" with

e v E o

85(,'1
Proof. For —1 < wuy,...,up_1 < 1, define a C vector field
Y(ui,...,un—1)onR" by Y(u1,...,tun_1) = +A(r+1)\/— Z zdz o

where f : R® — R is a C* function such that 0 < f <1 on ( v,0) x
(=v, )" f = 0on R" — (=,0) x (~v,»)" "', 4 = max{||D? f(p)|| 10
<j<r,peR"} Let 0<j <r. Since

“Dj (Y(ul,...,un_l) - 5%—)”

n-1 1
2

- (2 > (a5

=1 ky,.. k;=1

< (M2(n—1) Zn: (5Tha—1f-é;:;>2)% = Mvn = 1||D’ f]l,

ki, i =

Y (- tnes) m-ZHD}( i) = 5 ) |

<Y MV/a=T||D'f|| < ZN[\/n " 1A =(r+1)Mvn - 14
: par

where M = Wﬁ)“\/"ﬁ' It is clear that Y(uy ...,upn_1) = a‘zl on

R™ — (—1,0) x (=v,»)"'. Let 0 < é < v,1 < ¢ <n—1. For each
p € {-v} x [ ~é, 6]" 1 let p=,p* be pomts where the trajectories of

Y(0,...,0 1 0,...,0),Y(0,...,0, 1 0,...,0) through p intersect
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{0} x [=v,v]""! respectively. If P = (=v,p1,....pn-1), then there
exist unique numbers £ (p) > 0,47 (p) > 0 such that

p— :(0,p1,---,pi——],Pi _"gi—(p)’pﬂ-l?'-'vpn-—l)’
p+ :(prl, sy Pi-1, D0 -+ e?(?),Pi-Ha s apn—l)'

Since €7 (p), £} (p) are continuous in p and {—=v}x[=0,6]""! is compact,
£7(p),£f (p) have minimum value di (p) > 0,df(p) > 0 respectively.
Clearly if we dimish §, then the minimum lift dE($) increases. Thus
we can choose a 0 < §; < v such that df(&l) > 26 foralll <i<n-1.
Letp = (—v,p1,...,pn-1) € {~v}x[=61, 86" Vg € {0} x[—6y,6,]77 1.
Since {0} x [61,6;]"! C {0} x j??ll[p,' —£7(p)ypi + 2 (p)], there exist
=1 < uy,...,up—1 < 1 such that the trajectory of Y(uy,...,u,-1)
begins at p through ¢. Similarly, we can choose a 0 < 8, < » such
that any two points p € {0} x [—82,6,]""', ¢ € {v} x [—é2,82]"! are
connected by a trajectory arc of a €™ vector field ¥ on R™ with

Y — 52-;”, <eg, Y= 5_3; on R" - (0,v) x (~v,v)" L.
Let 6 = min{é;,é,}. For any two points p € {—v} x [-6,6]""1,q9 €
{v} x [=6,8]"7, p,(0,...,0) are connected by a trajectory arc of a
C* vector field Y; on R™ with

0 0
11 — 5—;;||r <e Y= 3%, On R" — (=1,0) x (—v,v)*!

and (0,...,0),q are connected by a trajectory arc of a C® vector field
» on R™ with

13} 0 , «
“YZ_""_”r <&, o = —— on R"—(O,l/)x(—l/,y)"“l.

8171 8231
Define a C*° vector field Y on R" by ¥ =Y, + Y, — -56— Then, since

T °
Y=Y on [-0]x[-v,v"}
=Y, on [0,v] x [~v, ]!
0

dzy

on R" — (—u, )",
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Y — ailer < £ and the trajectory of ¥ beginning at p passes through
(0,...,0),q.
We now prove the C” closing lemma.

Proof of the Theorem. We may assume that X, # 0. By Lemma 2.2,
there exist a v > 0, C" coordinate neighborhood (V, %) of p such that
¥(p) =0,[-v,v]" CY(V),X = ¢ (%) on V. Let A = Slll)plld’Illlv
where D = [~v,v]". Given any ¢ > 0, we can choose a 0 < § < v
having the property described in Lemma 3.1 corresponding to 34 Since
p is a nonwandering point of X, there exist two sequences px — p, tx —
oo such that 6, (px) — p, where 8 is the local flow generated by X. We
can choose py such that 8, (px) € ¥~ ((~v,v) x (=6,6)""1). Let a,b
be points where the trajectory of 52—1 through (8¢, (px)) and ¥ (pi)
intersects {—v} x [—6,8]" 7!, {v} x [=6,8]"7 respectively. It follows
from the choice of § that there exists a C” vector field Z on R" such
that ||Z — E%Hr < 4 and that the trajectory of Z beginning at p
passes through 0 and b. Define a C" vector field Y on M by

Y=42) on V
=X on M-V (cf. [1], p207).

Then we have

vI(2) 0 ()

oz,

0 (2= 50| < iz - 2l <

Y - X1, = |

r

It is clear that p is a periodic point of Y.
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