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ON A GENERALIZED ALMOST
KAEHLERIAN FINSLER MANIFOLD

HONG-SUH PARK

1. Introduction

Let M be a 2n-dimensional differential manifold admitting an almost
complex structure f*,(z) and a Finsler metric g,,(z,y) given by

1. .
(1'1) gt](x)y) = §ata}L2(x?y))

where 8, = a/dy*.
If the fundamental function L{z, y) satisfies the so called Rizza con-
dition, that is,

(1.2) I{z, ¢oy) = L(z,y)
for any & € R, where

$¢', = cosb - &, +sinf- f*,

then A is called an almost Hermitian Finsler manifold or simply a
Rizza manifold. The almost Hermitian Finsler structure (f*,{z), g;,(z, y))
was introduced by G. B. Rizza [5]. Afterword, it was studied by some
authors. In [1] M. Fukui has proved that if g,,(z,y) and f*,(z) satisfies
the condition

gz, y) — g?q(xa y)fp:(x)qu(x) =0,

then g,, is a Riemannian metric, that is, (f*,,¢,,) is an almost Her-
mitian structure. In {2] it is known that the Rizza condition (1.2) is
equivalent to any one of the following

(1) gP?(x: ¢9y)¢ﬂpx¢éq_j = gt}(xa y)v

() gulzy)frelz)y*y? =0,

(3) (Gsm(z,y) — 9qupt(3’)fqm(x})ym = 0,

(9 gm(@ 1) (2) tom(2:0)f" @)+ 200 ()" =
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We define in the present paper a generalized Finsler connection I' and
a generalized almost Kaehlerian Finsler manifold with respect to I
The purpose of the preset paper is to study the generalized almost
Kaehlerian Finsler manifold.
Throughout the present paper we shall use the terminology and
notations in Matsumoto’s monograph [3].

2. A Generalized Finsler connection

Let M bé an almost Hermitian Finsler manifold with the Rizza
structure (f*,(z), g,,(z,%)). If we put

(1) iy = 300(2:9) + gpal2,9) ()1, (),

then §;, is a homogeneous symmetric Finsler metric, which is called
a generalized Finsler metric induced from the Finsler metric g,,. It
should easily verified that

G (2,y) = Goo(z, u}fPu(2) f5(2),

from which

(2.2) Gim (2, 9)f7 3 (2) = —Fym (2, y) ™ (2)-

Concerning the reciprocal tensor §¥(z,y) of §.;(z,y), we could prove

(2.3) §(z,y) = §*(zs9)f () fu(=)

from which
3z ) () = -5 (2, 9) Fe(2).

Now we put

(2-4) fa;(z, Y) = gim(z,y)f ™),

(2.5) Fii(@,y) = Gz, 9)F™,-
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By virtue of {2.2) we have

ftJ (‘57?)) = f?l(xvy)s f;m(x’ y)fmj(:c) = _giJ(m’y)’

2.6 .
( ) fu(xa y) = %(fzj(x, y) - fJ‘(x3 y))

Let us consider such connection that
~ 1. . ;s ;o
(27) I-.Jzk = Egzm(ngjm + Ajgmk - }lmgk])’

where X3 = 8¢ —~ N'y(z,y)8, N' is a non linear connection and
O = 8/8z. Then I',*; is symmetric and satisfies the transformation
rule of a linear connection. So, we represent by V¥ the h-covariant
derivative with respect to (f‘_,‘ kN

For any Finsler tensor T%,(z,y) of (1,1)-type, the hA-covariant deriv-
ative with respect to {f‘,‘k, N*,) are expressed as follows:

ViT'; = &I, — NOWOT, + 0,077, - 17,1,
Therefore, for the almost complex structure tensor f*,(x)
(29)  Vif'y(a)= 0 f'i(2) + Detef5(2) = £,
Using (2.7) we obtain
(2.10) Vidy = Obi; — N'eBige, — Xidyy = 0.

Thus we have

THEOREM 2.1. A Finsler space with a generalized Hermitian struc-
ture (I','s, N*;) is h-metrical

3. A generalized alimost Kaehlerian Finsler manifold

A generalized Hermitian Finsler manifold M with a (f*;(z), §ij(z,y), N)-
struc- ture satisfying Vf*, = 0 is called a generalized Kaehlerian
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Finsler manifold [3], and M satisfying Vif*, + V;f'% = 0 is said a
generalized nearly Kaehlerian Finsler manifold.

Now, in a generalized Hermitian Finsler manifold M with

(f*,(z), §i;(=,y), N)-structure, we put

ﬁ’uk + Xifjk + X)fk! + Xk]?!]!
then from (2.6) we have

(3’1) Flt)k = V!f]k‘*_vjfkt +ka13-
A generalized Hermitian Finsler manifold M with a (f;(), §,,{z,y), N)-
structure satisfying ﬁ‘,, ¢ = 0 is called a generalized almost Kaehlerian
Finsler manifold, which following the example of complex Riemannian
geometry.

On the other hand the Nijenhuis tensor N,; of almost complex
structure f*,(z) is defined as follos [7]:

N’Jk = (arfzz)frk - (arftk)fr} + ftrajfrk - fifakfrj-

Substituting (2.9) in the above equation we have

N‘Jk =(§rft3 - ir‘mirfmj + f:mfjmr)frk

"‘(6!'}"& - f‘m'rfmk + f‘mf‘kmr)fr.!
(3.2) (Vo = T ™ — Frmle™,)

S AL VAR VY L L Ty

=(Vef' Nk~ (Vef )5 + £V, e = £ 75
Moreover let us put j\}fn‘j = rmN™;,;. Then we have
(383)  Nuij = (Vefu)f"s = (Vefa) "o+ FurVafy — frV, 75
by virtue of (2.5) and (2.10). o

From (2.6) ,(3.1) and (V;fr:)f", = far Vi f7;, (3.3) is reduced to

(3.4) th} :frjﬁlrha - fr!ﬁrh} _21‘:}7‘6]1}‘.1‘1'

Since Fyjx = 0 in a generalized almost Kaehlerian Finsler manifold, we
have

Niij = —20,mf™+ Vi fT.
Thus we have
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THEOREM 3.1. A generalized almost Kachlerian Finsler manifold
is a generalized Kaehlerian Finsler manifold if and only if Njp,, =0

From (3.4) we have
Nisy+ Ny = ~f" Feny = T uFvy = 255 (Vi ST+ Vo fa).
In a generalized almost Kaehlerian Finsler manifold we get
Niy + Nurs = =Gym (Vi fTo + Vifn).

Thus we have

THEOREM 3.2. A generalized almost Kaehlerian Finsler manifold is
a generalized nearly Kaehlerian Finsler manifold if and only if Ny, +
N hy = 0.
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