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FORMAL MANIPULATIONS OF DOUBLE 
SERIES AND THEIR APPLICATIONS

Junesang Choi and Tae Young Seo

l.Introduction and Formulas

Formulas given here axe in particular useful in the study of gener­
ating functions of sets of polynomials which are appeared in the the­
ory of special functions. Of course they can be used in dealing with 
elementary functions. So we aim at giving some formulas for the re­
arrangement of double series without thinking of the convergence of 
them, some of which are already known or probably new. For such 
series the identities of this paper may be considered purely formal, but 
we shall find that the manipulative techniques are fully as useful as 
when applied to convergent series. We also show how some of them 
can be applied to deal with double series and elementary functions.

First we introduce five known formulas (see Bainville [3, pp. 56- 
58]): Note that AXjy denotes the function of two variables x and y 
throughout this paper.

oo oo co n

⑴ £ £ Ak,n = £》: Ak,n-k-
n=0 jt=O n=0 k=G

oo n 8 8

⑵ 52 El 皿
n=0 k=0 n=0 fc—0

8 8 8 [n/2]

⑶ £ £ Ak,n = £ £ Ak,n-2k,

n=0 it=0 n=0 fc=0
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where \x] denotes the greatest integer in x.

oo S/2] oo oo

⑷ £ £ 4* = £ 瓦:e+*
n=0 fc=0 n=0 fc=0

oo n oo [n/2]

(5) £ 52 = £ 52 ^k,n-k-

n=0 k=0 n=0 k=0

Now we can easily generalize the formula (3) as follows:

8 8 OO [^/p]

⑹ 52 52 = 52 5」&"一内
n=0 fc=0 n=0 fc=0

where p is any positive integer.
Indeed, consider the series

8 8
疹:心5
n=0 fc=0

and in it collect powers of f, introducing new indices by

k = L n + pj = m,

so that n + pk — m. Since n > 0, & > 0, we conclude that m — pj > 0, 
J > 0, from which 0 < pj < m and m > 0. Since 0 < j < m/p and j 
is an integer, the index j runs from 0 to the greatest integer in m/p. 
Thus we obtain

oo oo 8 (m/p]

££&財5 = £ 丈 舟 

n=0 k=Q m=0 J=0

from which (6) follows by placing t = 1 and making the proper change 
of letters for the dummy indices on the right of the equation just above.
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If the equation (6) is written in reverse order, we obtain

、 oo [n/p] oo 8

n=0 k=0 n—0 k=0

where p is any positive integer.
We give the following identity:

n 2a 2n k

(8) £ 五 Aaik = £ £

a=Q k=a 左=0 q=[■흐^!]

Expanding the first member of (8), we have

0 2 4 2n

S = £ A2^k H------卜厶"・
fc=0 k=l k=2 k=n

Writing the terms with equal indices of k in columns and adding these 
columns gives the desired result (8).

The use of the similar method to get (8) yields

n 3a 3n k
⑼ E 52 4* = £ £ Aa,k-

Q = 0 k=ot k = 0 Q="스寺흐]

In view of (8) and (9), we can easily find the generalized formulas 
of (8) and (9):

n pa pn k
(10) 支五 Aatk =五 支 Aa,k,

a=0 fc=a fc=0 Q.-_p-f-p-i j

where p is any positive integer.
Similarly as in getting (10), we obtain

8 pn oo k

(11) E E An>k = E E &*，

n=0 fc=n k=0 n—f fc+p-i 1 
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where p is any positive integer.
Setting p = 2 and p = 3 in (11) yields

We observe the following formula:

(12)
oo 2n oo k

£ E 必,
n=0 k~n k=0 n—J

and

8 3n oo k

(13) 52 52 = 52 文: a끼

n=0 k=n k—0 n=r A±21

8 oo oo n—ot

(14) 52 52 Ak'n = £： £ Ak^n
k=a n=k-^ot n드2a k=a

Expanding the first member of (14), we have

8 8 OO
s = £ Aa>n + £ &+l,n + ^2 必+小 ~l----

n=2a n=2a-|-l n=2a4-2

OO OO 8

=£ + £ 4q+i,2q+1+。+ £ 4g+2,2q+2+^ T----- •
0=0 (3=Q 0=0

Adding S in columns gives

0 1 2 8 k—ot
S = £ AQ；+g,2a + ^： 4a+0,2cv+l + ^： 4g+g,2a+2H----= 52

0=0 0=0 0=0 k=2a n=ot

from which (14) follows by interchanging n and k into k and n, respec­
tively.

We find the following principle:

8 8 8 n

(15) £ E A* = £
k=Q n—k n—0 k=0
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Expanding the first member of (15) gives

oo oo oo

S =4(),n + £ -41,n + Z己 &2,n + …. 

n=0 n—1 n=2

Writing the terms with equal indices of n in columns and adding these 
columns, we obtain

0 1 2 oo n

S =、£，&,o + £ &,1 + £ &；,2 +•“ = £：£： Ak,n- 

fc=0 k—Q k=0 n=0 fc=0

Similarly as in getting previous 15 formulas, we write here four more 
principles:

oo 2k oo S/2]

(16) £ £ A,n = £ £ Al,”
k=] n=l k~0

k ex k k

(17) £ E瓦微=£： £如,伊
a=l 8=1 cy=고 3디3

n n 2n k~l

(18) £ 22 Ak'm = E £:
fc=l m=l k=2 m = l

oo 2n oo 8

(19) ££“" = £ An'k-
n=l k—2 k=2 卩=[호扌A]

It should be remarked in passing that there is no bound to the 
number of such identities, whenever we need we can obtain our desired 
principles.
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2. Applications

Consider the infinite series (Rainville [3, pp. 45-72]; see also Srivas- 
tava et al. [4, pp. 13-21]):

(20) p(m；c；" = g苦-现

(I히 < 1; Re(c — a — b) > 0 if z = 1; Re(c — a — 6) > —1 if z = —1) 

which, for a = c and 6=1 (or, alternatively, for a = 1 and b = c), 
reduces immediately to the relatively more familiar geometric series, 
and (a)n denotes the Pochhammer symbol (or the generalized factorial^ 

since (l)n = n!) defined by
(21)
(a)o = 1 and (a)n = a(a + 1) ... (a + n — 1) (n = 1,2,3,...).

Hence (18) is called the hypergeometric series, or more precisely, 
Gauss's hypergeometric series after the famous German mathematician 
Carl Friedrich Gauss (1777-1855) who in the year 1812 introduced this 
series into analysis and gave the F-notation for it. It also denotes

c; z) = 2耳(国女 c; z)
% b；

c；・
=2^1

The enormous success of the theory of hypergeometric series in a 
single variable has stimulated the development of a corresponding the­
ory in two and more variables. We present a brief account of Appell 
series.

Consider the product of two Gaussian series

见(％8; c;时见("；c;
oo

，)=E 
m,n=0

（”）m（시）』产 으二 
ml n!（C）m（"爲

This double series, in itself, yields nothing new, but by replacing 
one or more of the three pairs of products

（Q）m（Q ）n） （6）m（3 ）而 （C）m（。
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by the cori'esponding expressions
(a)m+n, (3)m+s (C)m+”，

we are led to five distinct possibilities of getting new double series. One 
such possibility, however, gives us the double series

y (a)m+涂)m+“ k 必
스。一(c)m+n 一商而

_ L (c)m (rn - n)! n\

=£衆淀辭广必
《으、3 +，严 ( , 丄、=土스 * _니 - =2瓦(M c;x + y).

m—0
(C)m m\

where we use the principle (1) for the first equality.
The remaining four possibilities lead us to the four double hyperge­

ometric series (known as Appell sertes\ which are defined below (see 
Appell [1, p. 296, Equations (1)]:

呂何c; x, y]

_(a)m+^(b)m(")n £

m ,n=0

=J FL码

max {|씨, g|} < 1；

m! n!
(22)

a + m, b :
y c + m;

xm 

ml

(23)

F2[a,b,b'] c,c'; x, y]

y' (a)m+n(b)m(/)n Z” g"

= 支 I이끄也끄2呂
启 아1

I끼 + \y\ < 1;

a + m, 
C'；' ml
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F3[a,a',b, b'\ c; x, y\

(24)

=勇：(a)m(a，)n(b)m(")n xm yn 

m,n=O

= E 씌半f
m=0 ,扁

max {I꺼, |g|} < 1；

（C）m+n ml n!

a', b'； 
c + m;'

xm 

m!

(25)

c,c'; x, y]

= 宁 (a)m+n(6)m+n 必
一 点金 (C)m(c')n 시 引

= 气[ @끄也=2呂 
紿(纨

V\x\ + \/i侦 < 1；

a + m. b + m: 
c-y

xm 

m!

here, as usual, the denominator parameters c and d are neither zero 
nor a negative integer.

For further applications of principles (1) through (5), see Rainville 
[3, pp. 58-72] and see also Choi et al. [2].

Now we show how the principles introduced in section 1 can be 
applied to expand some elementary functions.

Let us expand y = log(a0 + a^x + a2x2) in powers of x. We may 
write

G>1 C&2 o\1 T-----X J----- X )・
아) aQ )

Then

g = logc"黄 늑E('쓰" 쓰、 

느、 k k«o a0 )
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Letting k + a = then

글登 （占
2k~n n—k

xn

An application of the principle (16) to the equation just obtained 
yields 
(26)

OO

y = iog«o - £(t)
fc—1

oo

=log a。- £(t)
n=l

In particular, setting a0 = a2 = 1 and a± = —1 in (26), we obtain

㈣ 、宀)=_如弟늰;(T 

n=l k=Q '

If we replace x by 1 in (27), we get an interesting identity involving 
binomial coefficients:

(28)
勇荒는笋了）=。・

n=l fc=0 ' 7

Now

- 3 oo 据 oo n

log(l -x + x2) = log - - £(-1)"一'？
x I- JU IV _ »<-

n=l n=l

then

°° °° „3n 8 _3n-l °° T3n-2

£(T 广壬=E(T)"W厂 £(T)”％"+E(T)i 朽 
n=l n=l n=l n=l
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therefore we have

(29)
8

iog(i - x+X2)= - y^(-i)n 
n=l

'2x3n a:3n-1 x3n~2------+ --------- -- - --------
3n 3n — 1 3n — 2

and we obtain

I仲끠
（3。） £ 늠쓰（七 9=（T严嘉

(31) V (T)* 〈3m -1 - (杈 1
J 3m — l — k\ k J ，3m — 1'*'=() 、• '

(32)

3m —2 1 一2 —J
£

fc=0

- 2 - k\ =(_］預-1 I
3m — 2 — A: \ k 丿， 3m — 2

We conclude this paper by remarking that the principles of section 
고 are no bound and so are 나leir applicatims.
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