Pusan Kyéngnam Math. J. 11(1995), No. 2, pp. 137-142

SOME HOMOMORPHISMS OF I'"RINGS
YouNG IN KwoN

DEFINITION 1. ({2]) Let M and T' be additive abelians groups. If
we have two maps M xI'x M — M and ' x M xT' = T such that
forall z,y,2 € M, a,8,7€T,

(1) (zay)Bz = z(ayP)z = za(ypfz) and (axPlyy = ofzfy)y =
az(By),

(2) (z+y)oz =zaz+yaz, z(a+ f)z =zaz+ 20z, za(y + 2) =
zay + zaz,(a + B)ry = azy + fry,a(z + y)y = azy + ayy
and az(f +v) = azf + azy.

then M 1s called a weak I'-ring in the sense of Nobusawa.

In this paper M denotes a weak Nobusawa I'-ring. For the defini-
tions of basic notions in Irings, we refer to [3,4].

DEFINITION 2. ([3]) A pair of mappings (8,¢) from I'y-ring M
onto I'y-ring M; is called a homomorphism if it satisfies the following
properties:

(1) 6 and ¢ are group homomorphisms from M, onto M and from
T, onto Ty respectively.

(2) 8(zay) = 8(z)H(@)B(y), Hlash) = H(a)8(z)KB) for all 2,y €
M, 0,8 €T

If 8, ¢ are both injective , then (8, ¢) is said to be an isomorphism
of I'y-ring M, onto I';-ring M,.

THEOREM 3. Let M; be a T'y-ring and A, B two abelian groups.
Suppose that there exist two mappings M; x A — B,(z,u) v zu and
BxTy — A, (v,a) » va satisfying

z((yu)a) = (zay)u, (z(vh))a = v(azf),

(z + yluy = 2uy + yuy, o(uy +u2) = 2y + zuy,
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v(a+8)=va +v8

and
' (v1 +m)a=via+va

forallz,y € My, a,8 € T1,u;,uy € A and vy,v3 € B, and zu = yu for
z,y € My and for allu € A implies z = y, and va = vf for a,f € T
and for ell v € B implies o = 3. Then there ezists a ['y-ring Mo such
that T'y-ring M, is isomorphic to ['y-ring My, where each element of
M, 13 & mapping from A to B and each element of I'; i3 a meapping
Jrom B to A.

Proof. Let x € My and « € T';. Define

I,:A— B
by

() = zu
for all u € A and define

rq:B— A
by

ro(v) = va

for all v € B. Let M, = {l|z € M;} and I'; = {ro]a € T'1}. Then,
since A and B are abelian groups, M, and I'; are abelian groups under
the pointwise addition. Define two mappings

MQXPQXMz—)MQ

by
(I, rcnly) =l orgo Iy
and
Fg X Mz X rg — Fz
by

(raslz,rg) P rq ol org
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the usual compositions of mappings. For any u € A, we have that

(lIz ora o ly)(u) = Iy o ra(ly(u))
= Lz (ra(ly(u)))
= z((yu))
={zay)u
= lzay(u).

Hence
lorqoly =1y € M.

Next for any v € B, we get the equality:
(raolzorg)(v) =rq o0 l(ra(v))
= rol(ls(rp(v)))
= (z(v8))e
= v(azf)
= razg(v).

Hence
ra0lzorg =razp €T3,

Let 1;,1,,1;, € My and rq, 78,74 € I'2. Then we have
(lz +1)orqol, =l,0rq0l, +1yora0l,,
lzo(radrgloly =1l orqol,+1;0r50l,,
lrorgo(ly+l;)=1l0orqol, +1l0ry,0l,,

(ra+rg)olyory =rqolyory,+rgolzor,,

reo{lz +ly)org=rqol,orgt+raolyorg

raolso(rg+ry)=rqolorg+raolyor,.
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Clearly
Iporqo(lyorgol,)=1lo(rqolyorg)ol,=(l;orqoly)orgol;
and

(rqolgorg)olyor,=rqo(l;orgoly)or,
=rqo0lo{rgolyory).
Hence M, is a I';-ring. Now define 8 : My — My,¢: 'y — I'y by
0(z) =1, and ¢(a) = ry for all z € M) and all & € I’} respectively.

Then 8 and ¢ are onto group homomorphisms. Indeed, for any z,y €
M; and uw € A,

8z + y)(u) = Liyy(u) = (z + y)u
=zu+ yu = I (u) + Iy(u)
= 6(z)(u) + 8(y)(u)
= (6(z) + 6(y))(u).
Thus we have
6z +y) = loyy = + 1y = 0(z) + 6(y).
Also, for any a,8 €I’y and v € B,
$(o + BY)(v) = ra+s(v)
= v(a+8)
=va+vf
= ro(v) + rg(v)
= ¢(a)(v) + ¢(B)(v)
= (¢(a) + ¢(8))(v)-

Thus we obtain
$(a + B) = ¢(a) + ¢(B).
Clearly @ and ¢ are onto. For all z,y € M; and o, 8 € Ty,

O(zay) = lay = l; 015 01y = 8(2)¢(a)0(y)
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and
Hazf) =rorp =ra0l, 0rg = $(a)8(x)P(5).

Thus (€, ¢} is a homomorphism from T-ring M; onto I';-ring M;.
Suppose that #{z) = 6(y) for =,y € M;. Then I, = {,. Hence I,(v) =
L(u) for all v € A. This implies that zu = yu for all u € A. By the
given condifions, we have ¢ = y. Hence 8§ is 1njective. And suppose
that ¢(a) = ¢(B) for o, € T'y. Then r, = rg and so ro(v) = rg(v) for
all v € B. This implies that va = v/ for all v € B. By the hypothesis,
a = f and hence ¢ is injective. Thus (8, ¢) is an isomorphism from
I'y-ring M; onto I';-ring M;. Therefore the I';-ring M) is isomorphic
to the I'z-ring M,.

THEOREM 4. Let A and B be two abelians groups. Then we can
maeke a I'-ring M with the following properties:
(1) There ezist two mappings M x A — B,(z,u) — zu aend
B xTI — A, (v,a) » va such that z((yu)a) = (zay)u end
(z(vB))a = v(azf) forz,y € Mo, €T andu € A,v € B.
(2) zu = yu for r,y € M and for all v € A 1mplies 2 = y and
va =vf for a, € and for all v € B implies o = f.

Proof. Let M be the set of all homomorphisms from 4 to B and T’
the set of all homomorphisms from B to A. Then M and I are abelian
groups. Define two maps M xI'x M — M, (f,a,9) — foaog and
I'xMxI' - T {a, f, B} — ao fof the usual composition of mappings.
Let f,g,h € M and a,8,y€T. For any u € A,

(foaog)(u) = flalg(u))) € B,
since g(u) € B and a(g(u)) € A. Thus foa o g € M. Moreover,
(foaog)oBoh=folaogof)oh=foao(gafoh)
Since f, g, h, «, B and ¥ are homomorphisms, we have

(f+g)oaoh=foaoh+goaoh,folatB)oh= foaoh+ fofoh

foao(g+h)=foaog+ foaoh,(a+plofoy=aofoy+Bofory,



142 Young In Kwon

and

ao(f+g)o7=aofoy+aogoy,aofo(f+7)=aofof+actuy.

Define two mappings M x A — B by (f,u) +» f(u) and B = " =
A (via)yrra(v)forall fe M,a €T and u € A,v € B.

Now
g((fu)or) = g(f(u)a) = g(e( f(u))) = (gaf)(v),

(f(wB))a = (f(B(v)))a = a(f(B(v))) = v(afB).

for f,g € M,a,8 € T and u € A,v € B. Hence the condition: (1) is
satisfied. Let fu = gu for f,¢ € M and for all u € A. Then we have
flu) = g(u) for all u € A and so f = ¢. Also vae = v for o, ¢ [ and
for all v € B implies a = 8. Thus the condition (2) is satisfied.
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