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ABSTRACT

We present a comprehensive derivation of the
transport of holes involving an interacting two-
valence-band system in terms of a generalized
relaxation time approach. We solve a pair of
semiclassical Boltzmann equations in a general
way first, and then employ the conventional re-
laxation time concept to simplify the results. For
polar optical phonon scattering, we develop a
simple method to compensate for the inherent
deficiencies in the relaxation time concept and
apply it to calculate effective relaxation times
separately for each band. Also, formulas for
scattering rates and momentum relaxation times
for the two-band model are presented for all the
major scattering mechanisms for p-type GaAs
for simple, practical mobility calculations. Fi-
nally, in the newly proposed theoretical frame-
work, first-principles calculations for the Hall
mobility and Hall factor of p-type GaAs at room
temperature are carried out with no adjustable
parameters in order to obtain a direct com-
parison between the theory and recent avail-
able experimental results, which would stimu-
late further analysis toward better understand-
ing of the complex transport properties of the
valence band. The calculated Hall mobilities
show a general agreement with our experimen-
tal data for carbon doped p-GaAs samples in a
range of degenerate hole densities. The calcu-
lated Hall factors show rH D1:25�1:75 over all
hole densities (2�1017� 1�1020cm�3) consid-
ered in the calculations.
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I. INTRODUCTION

Recent improvements in transport calcu-

lations, especially for n-type materials, have

made it possible to undertake quantitative

comparisons with experiments. These have

contributed greatly to elucidating particle scat-

tering mechanisms, as well as to refining our

knowledge of basic material constants [1]-[3].

For p-type semiconductors, the presence of the

coupled heavy hole and light hole bands (the

third split-off band is ignored provided that

it is sufficiently separated from the two va-

lence bands) introduces considerable complex-

ity into transport calculations. It has been rec-

ognized that both intraband and interband scat-

tering processes are important [4]-[6] and con-

tribute significantly to the transport of charge

carriers [7].

The standard way of handling the trans-

port problem in interacting two-band systems

is first to set up and then solve the two cou-

pled Boltzmann equations. Although this can

be carried out in principle by numerical com-

putations using procedures such as the varia-

tional [8]-[10], iterative [11], [12], and Monte

Carlo techniques [13], these methods could

carry the disadvantages of intensive computa-

tional work and reduced physical insight into

the problem.

In order to simplify the problem and pro-

vide a useful general understanding of the

physics, several methods have been proposed

based on the relaxation time (RT) concept.

The simplest model in the relaxation time ap-

proximation (RTA) assumes that the two bands

are completely decoupled [7], [14]. Although

this decoupled approximation has been used in

many cases [15], [16], it has proved to be ex-

tremely poor in the case of phonon scattering

[6], [17], [18]. In order to include the pres-

ence of interband scattering, a more rigorous

formula was presented [19], and later, as a sim-

plified version of this formula, a “partial cou-

pling approximation” was proposed [7]. How-

ever there has not been a completely general

formulation for interacting bands.

Most recently, transport calculations have

been performed for p-type materials by treat-

ing the heavy and light hole bands as a sin-

gle heavy hole band, incorporating corrections

to compensate for some possible deficiencies

in this treatment [20], [21]. Although trans-

port calculations based on such an approxima-

tion have shown reasonable agreement with

experimental results, this approximation may

not provide an adequate quantitative physical

picture of the processes involved in two-band

transport, such as the Hall factor, the contri-

butions of each type of particle to the total

mobility, and the importance of various inter-

band scattering mechanisms. In order to obtain

these information, it is necessary that the in-

teractions between the two bands be explicitly

taken into account in theoretical calculations.

The valence band system exhibits con-

siderable warping which becomes severer at

higher energies. The most important effect

of the warping of energy surfaces shows in

the Hall factor, rH [7], which has been re-
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flected by the fact that rH >1 by earlier works

[12], [22]. The degenerate and warped va-

lence bands make accurate calculations of rH

much more difficult than in the case of the

conduction band. A first-order approximation

can be obtained by treating the two bands as

being decoupled, and each band with a con-

stant effective mass. Such a calculation gives

rH factors at 300 K which can be greater than

2 for relatively pure materials [22]. An im-

proved calculation, taking into account the en-

ergy band structure in the k � p approxima-

tion, also predicted that rH
�D 2 for pure ma-

terial at 300 K [12]. In this calculation, how-

ever, only lattice phonon scattering mecha-

nisms were considered. As is well known, the

mobility and carrier density from the Hall mea-

surement are Hall mobility and Hall density,

respectively. Thus, in order to properly inter-

pret those measured quantities into the true car-

rier density and drift mobility, it becomes im-

portant to improve the theoretical calculations

and to have more accurate rH by including all

the important scattering mechanisms and by

treating those mechanisms properly.

In particular, analysis of transport in

the case of highly degenerate hole densities

requires proper incorporation of scattering

mechanisms in the heavy and light hole bands.

This has become recognized because during

the last few years, high quality heavily doped

epitaxial GaAs was achieved by different

growth techniques employing C for the p-type

dopant [23], [24]. This was used to improve

the high frequency characteristics of the

heterojunction bipolar transistor [25] and

normal-light-incidence intersubband photoab-

sorption coefficient in quantum well structures

[26]. In order to characterize and assess the

quality of heavily doped p-type materials

for design of heterojunction devices, it is

important to obtain accurate carrier mobilities

and the Hall factor [27]. Therefore, it is timely

to examine transport theories further in order

to have a better understanding of the physics

and to provide a more accurate description

of the transport properties of holes in heavily

doped materials.

To this end, we present a comprehensive

derivation based upon a generalized RT ap-

proach in which the conventional RT is con-

ceptually extended to be a generalized trans-

port parameter. We solve a pair of semiclas-

sical Boltzmann equations in a general way

first without using the conventional RT con-

cept. Then the general solution is simplified

using this concept. The formula derived in

this process reduces in some cases to the forms

given in previous work [7], [19]. We propose

a simple method, which we will call “effective

relaxation time (ERT)” method, using a varia-

tional technique to compensate for deficiencies

in the RT concept for the polar optical phonon

scattering mechanism. This was needed for the

analysis, as for polar optical phonon scattering

in an interactingve two-band system, the con-

ventional variational method cannot provide,

separately for each band, transport parameters

accounting for intraband and interband scatter-

ing mechanisms.
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We present formulas both for scattering

rates and momentum RTs, in which interac-

tions between the two bands are taken explic-

itly into account in the Born approximation, for

simple, practical, mobility calculations. We

treat the five most important scattering mecha-

nisms for p-type GaAs: ionized impurity, po-

lar optical phonon, nonpolar optical phonon,

acoustic phonon, and piezoelectric scattering.

We do not consider the plasmon scattering nor

correction factors to account for carrier-carrier

scattering. This is because the coupling of

plasmon to the polar optical phonon modes

should not have much effect on the overall

hole mobility, and carrier-carrier scattering is

greatly suppressed in the case of degenerate

carrier concentrations [28] which is the case of

primary interest in this work.

Using the theoretical framework presented

in this paper, first-principles calculations for

the Hall mobility and Hall factor for p-type

GaAs is carried out with no adjustable param-

eters in order to obtain a rigorous, direct com-

parison between the theory and recent avail-

able experimental results, as this would be able

to stimulate further analysis toward better un-

derstanding of the complex transport proper-

ties of the valence bands. The calculation is

carried out for the range of hole densities 1�
1017�1�1020cm�3; although transport prop-

erties in highly degenerate hole concentrations

are of our primary interest, we include non-

degenerate densities in the computation in or-

der to simply provide some extended com-

parisons between the theory and experiments.

Ionized impurity scattering, which dominates

over other scattering mechanisms for highly

degenerate hole densities, is treated both in

the Born approximation (Brooks-Herring the-

ory [29]) and in terms of the new phase-shift

method, for the first time, which has recently

been developed for the interacting two-band

system [30]. We apply the ERT method to the

polar optical phonon scattering mechanism.

For the remaining scattering mechanisms, we

apply the formulas based on the RTA and the

Born approximation, derived in this paper for

the interacting two-band system, as the validity

in use of these approximations has been well

established in the previous literature. Temper-

ature is assumed to be 300 K for all calcula-

tions.

Finally, it should be noted that, in spite

of the fact that there exist more rigorous,

quantitative theoretical treatments, which have

been developed mainly for materials with cu-

bic symmetry and have contributed greatly to

elucidating transport properties of silicon and

germanium [31]-[39], the main intent of this

work is to present a more complete and ac-

curate transport model for p-type GaAs with

emphasis on its practical engineering utility.

For this purpose, we make a choice in models

which can be as simple as they can produce re-

sults with reasonable accuracy, rather than the

models as referred above with extremely intri-

cate, difficult theoretical details for the compli-

cated physical reality involved in the transport

in the valence band. This was motivated by the

fact that it has been recognized that many ob-
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servable properties of holes in GaAs can be in-

terpreted fairly well in terms of scalar (spheri-

cal equivalent) effective masses for the heavy-

and light-hole bands, despite of the various

complications of the "-k relations for these two

bands [40]. In addition, as the applied elec-

tric field marks out a preferential direction of

charge-carrier motion, the directional depen-

dence resulting from valence-band anisotropy

would be alleviated by this preferential motion

of holes.

The organization of this paper is as fol-

lows: in Section II, we solve the semiclassi-

cal Boltzmann equation for an interacting two

band system. In Section III, we introduce a

simple method, what we call effective relax-

ation time method, for a treatment of the po-

lar optical phonon scattering. In Section IV,

we present formulas for interband and intra-

band scattering rates and inverse relaxation

times. In Section V, numerical computations

for hole/Hall mobilities and Hall factor are per-

formed.

II. SEMICLASSICAL
TRANSPORT IN THE
INTERACTING TWO-BAND
SYSTEM

The scattering processes centered at band
i .iD1; 2/ can be expressed as

SiD S.ki ; k0i/C S.ki ; k0i0 /� SiiC Sii0 ;

S0iD S.k0 i; ki/C S.k0 i0 ; ki/� S0iiC S0i0 i; (1)

where i 6D i0 (hereafter we shall use this con-

vention; for example, for band iD 1, the band

index i0 designates band 2, and vice versa),

S.ki , k0 j/ is the differential scattering rate for

the transition from initial state k in band i to fi-

nal state k0 in band j (outgoing scattering), and

S.k0j , ki/ is that from state k0 in band j to state

k in band i (incoming scattering). This situa-

tion is depicted in Fig. 1.

Fig. 1. Scattering processes in the interacting two-band

system. Sij and S0ij represent outgoing and incom-

ing scattering processes, respectively, from band

i to band j.

Using the scattering rates defined in (1), a
pair of Boltzmann equations can be written as

e
Nh E

@ fi

@ki
xi D

Z
dk0[S0ii . f 0i Cxi�ii g

0
i /.1� fi�xi gi /

CS0i0 i. f 0i0 Cxi�ii0 g
0
i0 /.1� fi�xi gi /

�Sii . fiCxi gi /.1� f 0i �xi�ii g
0
i /

�Sii0 . fiCxi gi /.1� f 0i0 �xi�ii0 g
0
i0 /];

(2)

in an isotropic-band approximation, where �ij

.i; j D 1;2/ is the cosine of the angle be-
tween either ki and k0j or k0i and k j , the quan-
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tities g and g0 are the perturbation part of the
nonequilibrium distribution function f .ki / to
first order in the external electric field E.D
jEj/, xi .x0i / is the cosine of the angle between
E and ki.k0i /, fi � f .ki /, f 0i D f .k0i /; f
is the equilibrium Fermi distribution function,
ki; j Djki; j j, and we use the fact

R
x0S.�/dk0 D

x
R
�S.�/dk0 , as S is independent of the az-

imuthal angle. The directional parameters
used in (2) are shown in Fig. 2. In (2), we re-
tain only first two terms in the perturbation ex-
pansion of f .ki / under a weak external electric
field E; i.e.

f .ki /�D fiCxi gi and f .k0i /�D f 0i Cx0i g
0
i : (3)

Fig. 2. Directional parameters for a scattering event. Ini-

tial wavevectors are designated by k1 and k2. Fi-

nal wavevectors are designated by k01 and k02. E is

the external electric field.

As in the isotropic band approximation the
differential scattering rate can be expressed in
terms of the magnitude of the wavevectors .ki

and k0j / and cosine of their angle �ij , all the
functions involved in (2) can be expressed in
terms of energy. Thus, hereafter we replace
the wavevectors by corresponding energies for
those functions. In this approximation, g and

g0 for both elastic and inelastic scattering can
be assumed to take the form [41]:

g� g."/D�eE�."/
Nh

@ f ."/
@k

;

g0 � g."0 /D�eE�."0 /
Nh

@ f 0

@k0

D g."/
@ f 0=@k0

@ f=@k
[1CF.�; "0 �"/]; (4)

where

F.�i ; "
0
i�"i /D 1

�i

1X
nD1

1
n!
@n�i

@"n
i

."0i�"i /
n: (5)

We note that, even though the valence band

is not isotropic except near the band maxima,

we take this form of (4) to be valid up to the

hole density considered in this paper.
Integrating (2) over x1 and x2, respectively,

gives Z
dk0[S0ii f 0i .1� fi/C S0i0 i f 0i0 .1� fi /

�Sii fi.1� f 0i /� Sii0 fi.1� f 0i0 /]D0: (6)

This equation describes the detailed balance in
the interacting two-band system and should be
satisfied for any final state k0. Thus, the inte-
grand of (6) vanishes. If we make the physi-
cally reasonable assumption that the intraband
and interband scattering rates separately obey
the detailed balance condition, we then obtain

S0ij f 0i D S ji f j
1� f 0i
1� f j

: (7)

On the other hand, integrating (2) over x1

and x2 of the resultant equations multiplied by
x1 and x2, respectively, gives

�e
Nh E

@ fi

@ki
D
Z

dk0fS0ii [ f 0i gi��ii .1� fi /g
0
i]
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CS0i0 i[ f 0i0gi��ii0 .1� fi /g
0
i0 ]

CSii[.1� f 0i /gi��ii fig
0
i]

CSii0 [.1� f 0i0 /gi��ii0 fig
0
i0 ]g: (8)

Replacing g0 and S0 by g and S , respec-
tively, in (8), using the second equations of (4)
and (7), and solving for g1 and g2, we obtain
the solution exact to first order in the electric
field E :

�iD qnom

qden
; (9)

where

qnomD .qi0 i0 Cqi0 iC4q0i0 i0 /� .q0ii0 C4q0ii0 /;

qdenD .qiiCqii0 C4q0ii /.qi0 i0 Cqi0 iC4q0i0 i0 /

�.q0ii0 C4q0ii0 /.q
0
i0 iC4q0i0i /;

qii D
Z

dk0Sii
.1� f 0i /
.1� fi /

 
1�

s
"0imi

"im0i
�ii

!

D�
�

2m0i
Nh2

�3=2 Z
cos �d�

Z q
"0id"

0
i

�Sii
.1� f 0i /
.1� fi /

 
1�

s
"0imi

"im0i
cos �

!
;

qii0 D
Z

dk0Sii0
.1� f 0i0 /
.1� fi /

D�
�

2m0i0
Nh2

�3=2 Z
cos �d�

Z q
"0i0 d"

0
i0

�Sii0
.1� f 0i0 /
.1� fi/

;

q0ii0 D�
Z

dk0Sii0
.1� f 0i0 /
.1� fi /

s
"0i0mi

"im0i0
�ii0

D��
�

2m0i0
Nh2

�3=2 Z
cos2 �d�

Z q
"0i0 d"

0
i0

�Sii0
.1� f 0i0 /
.1� fi/

s
"0i0mi

"im0i0
;

4q0ijD�
Z

dk0Sij

.1� f 0j/

.1� fi /

s
"0jmi

"im0j
�F.� j; "

0
j�" j /�ij

D��
�

2m0j
Nh2

�3=2 Z
cos2 �d�

Z q
"0jd"

0
j

�Sij
.1� f 0j/
.1� fi /

s
"0jmi

"im0j
F.� j; "

0
j�" j /: (10)

Here, we set �Dcos �; "i ."
0
i / and mi .m0i /,

respectively, are the energy and effective mass

for the initial (final) state in band i, and the first

and the second indices for the quantities, q, q0,
and 4q0, designate initial and the final bands

involved in the transition, respectively.

It should be noted that �i in the above equa-

tions is not a well-defined quantity but a “gen-

eralized” transport parameter from the conven-

tional RT, as 4q0ij contains � j itself. If 4q0ij of

(10) vanishes or can be neglected, e.g. in cases

that either a scattering process is randomizing

(i.e.,
R

d�0Sij�ij D0, where d�0 is an element

of solid angle for the direction of k0/ or the en-

ergy emitted/absorbed by a particle in a colli-

sion process is small compared with the initial

energy of the particle (i.e., F � 0), then �i be-

comes a well-defined quantity as the conven-

tional RTs. If these conditions are not satis-

fied, to improve the quality of numerical com-

putations, one can use an iteration technique in

which one starts by neglecting 4q0ij to get ze-

roth order RTs in terms of energy " and then

uses these values for the evaluation of 4q0ij to

obtain higher order �i. This approach is closely

related to the iteration method of [11]. We may

consider this higher order �i as “generalized

RTs” from their physical similarity to the con-

ventional RTs.
For elastic scattering,4q0ij D0 as FD0, as
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Table 1. Glossary of symbols I.

e = particle charge

kB = Boltzmann constant

T = temperature in [K]

nI = density of ionized impurity scatterers

"0 = free space dielectric constant

"s = low frequency relative dielectric constant

"1 = high frequency relative dielectric

constant

k.k0/ = wave vector of the initial (final) state

"."0/ = energy of the initial (final) state

m.m0 / = effective mass of initial (final) state

M = m0=m = ratio of the final- to initial -

effective masses

f = Fermi distribution function; f D f .k/,

f 0 D f .k0 /
ND1=[eNh!=kB T�1] = Boson distribution

function

Nh!0 = LO-phonon energy at the zone center

 = index of phonon process;

 = C1 for emission and D�1 for absorption

D0 = optical phonon deformation potential

E1 = acoustic phonon deformation potential

Ka� = average electrochemical coupling

coefficient

s = velocity of acoustic mode

q = jqj = acoustic phonon wave vector

!q = frequency of acoustic mode (= sq)

� = density of the semiconductor material

Vc = volume of the crystal

�ij = cos �k , �k is the angle between ki and k0j
or k j and k0i

E = external electric field

x.xi / = cosine of the angle between k.ki) and

E

x0.x0i / = cosine of the angle between k0.k0i/ and

E

i, i0 = band indices for band 1 and band 2; i 6D i0

qs = inverse screening length

Wij = scattering rate from band i to band j

qii , qii0 , q0ii0 = inverse relaxation times

can be seen from (5). Thus, �i becomes well-
defined and is given by

�iD qi0 i0 Cqi0 i�q0ii0
.qiiCqii0 /.qi0 i0 Cqi0 i /�q0ii0q

0
i0 i
: (11)

We note that (11) has the same form as
given in [19]. If we can approximate q0ii0 � 0,
based on the fact that interband scattering may
be considered as large angle scattering so that
jq0ii0 j�jqiiCqii0 j, (11) can be further simplified

to become a “partial coupling approximation”
[7] :

1
�i
D
Z

dk0Sii .1��ii /C
Z

dk0Sii0 � 1
�ii
C 1
�ii0
:

(12)

It should be noted that, when using this

approximation, the interband scattering terms,

1=�ii0 , should not be weighted with the factor

1��.
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III. EFFECTIVE RELAXATION
TIME APPROACH

Another way to approach the non-

randomizing inelastic scattering problem

would be to consider an ERT approach.

We begin with setting 4q0ij D 0 to obtain

well-defined �1 and �2 for each band. Then

we correct the resultant relaxation times by

multiplying by correction factors 4�i (i.e.,

�ERT;i D 4�i � �i) to implicitly include higher

order corrections in the quantity 4q0ii . This

procedure results in neglecting the corrections

in 4q0ii0 , from the interband scattering event.

This, however, would not make any noticeable

effect on the result as j4q0ii0 j � j4q0iij, which

can be explained by the same reason as that

used to obtain (12) from (11). Therefore, inter-

band interactions are treated within RTA and

intraband interactions are treated beyond RTA.

In this section, we present this approach for

the polar optical phonon scattering process by

following the variational technique [8]-[10].

We note that since we explicitly neglect the

corrections from 4q0ii0 (i 6D i0) and since each

band can be treated as an independent band in

obtaining 4�i, band indices will be omitted

in this section for notational simplicity. The

symbols and notations used in the equations

are given in Tables 1 and 2.
In the presence of an external electric field

E in the Ox-direction, the collision term due
to polar optical phonon scattering is given by
(Appendix A)"
@ f
@t

#
C

D�
� Nhk

m
@ f
@"

x

�
e2Nh!0m

16�"0Nh2

�
1
"1
� 1
"s

�
1
"

Table 2. Glossary of symbols II.

q2
s D

e2 p
2"kB T

F�1=2.�F /

FC1=2.�F /
,

Fr .�F /D
R1

0

xr dx
1Cex��F

, �FD "F

kB T

AD k02Ck2Cq2
s

2kk0
D K 0MCKCQ

2
p

KK 0M

BD k02Ck2

2kk0
D K 0MCK

2
p

KK 0M

CD k0m
km0
D
p

K 0p
KM

KD Nh
2k2

2mkB T
, K 0 D Nh

2k02

2m0kB T

QD Nh
2q2

s

2mkB T
, WD Nh!0

kB T
, SD ms2

2kBT
,

zD Nhsq
kB T

�1� f 0

1� f
[P1."; "

0 /C."/

�P2."; "
0/C."0 /]

�[.NC1/ıeCNıa]

D�
� Nhk

m
@ f
@"

x

�
e2Nh!0m

16�"0Nh2

�
�

1
"1
� 1
"s

�
1
"

L.C/; (13)

where ıe and ıa describe energy conservation
for emission (subscript e) and absorption (sub-
script a), respectively, functions P1 and P2 are
given in Appendix A, and a collision operator
L, which is a function of C."/, is defined as

L.C/� 1� f 0

1� f
[P1."; "

0/C."/� P2 ."; "
0/C."0 /]

�[.NC1/ıeCNıa]: (14)

Here C."/ is the first correction term in the
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expansion of f (see (A3)). The RTA requires
�.k/ �D �.k0 / and dictates 4q0 D 0. Compar-
ing (3) and (4) with (A3), the corresponding re-
quirement in (13) is given by

C."0 /�D k0m
km0

C."/� k0m
km0

C0."/D k0

k
C0."/; (15)

where C0 designates an RT solution of C."/,

and mDm0 in a parabolic-band approximation

(effective masses of the initial and final states

are the same in a parabolic band).
Thus, the RTA solution to (13) can be ob-

tained by the equation

1
C0."/

"
@ f
@t

#
C

D 1
C0."/

�
�Nhk

m
@ f
@"

xeE

�
D�

� Nhk
m
@ f
@"

x

�
e2Nh!0m

16�"0Nh2

�
�

1
"1
� 1
"s

�
1
"

L0."/; (16)

where L0."/ is defined as

L0.C/� 1� f 0

1� f

�
P1."; "

0/� P2."; "
0/

k0

k

�
�[.NC1/ıeCNıa]: (17)

From (16), C0."/ is given by

C0."/D
�

e2Nh!0m

16�"0Nh2

�
1
"1
� 1
"s

���1

"
eE

L0 ."/
:

(18)

On the other hand, the collision operator L
can be written as

L.C/D
�

e2Nh!0m

16�"0Nh2

�
1
"1
� 1
"s

���1

"eE: (19)

The linear finite difference equation of (14)
can be solved by defining

C."/D
�

e2Nh!0m

16�"0Nh2

�
1
"1
� 1
"s

���1

eEC.1/ ; (20)

where C.1/ is the solution of (Appendix B)

"D L.C.1/ /: (21)

The correction factor 4� and �ERT can be
defined, respectively, as

4�."/� C."/
C0."/

D L0."/

"
C.1/; (22)

and
�ERT ."/D �."/ �4�."/; (23)

as these lead to the correct current equation:

jD ne2 E
m

R
�ERT ."/ f .1� f /"3=2d"R

f .1� f /"3=2d"

D 2em

3�2Nh4

Z
"

eENh
m

k�ERT

@ f
@"

d"

D 2em

3�2Nh3

Z 1
0
"C."/

@ f
@"

d"

D� e
4�3

Z
�x f d3k; (24)

where �x is the velocity of the carrier in the Ox-
direction, and we used the relation

eENh
m

k�.k/
@ f
@"
DC0."/

@ f
@"
: (25)

To see the significance of this correction

to the RTA for polar optical phonon scatter-

ing, we apply this formula to p-type GaAs

at room temperature. Figure 3 shows cor-

rection factors 4� (averaged over energy) as

a function of hole density. Figure 4 shows

the effect of this correction on the polar opti-

cal phonon mobility by plotting�po .�ERT / and

�po .�/. At lower hole densities .<1018cm�3/,

the RTA underestimates polar optical phonon

mode scattering rates and for degenerate hole
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Fig. 3. Correction factors 4�."/ to the conventional re-

laxation times due to the use of the relaxation time

approximation for polar optical phonon scatter-

ing, where 4�1 and 4�2 refer to heavy and light

holes, respectively.

densities .>1018cm�3/ it overestimates them.

An analogous result has been reported for n-

type GaAs [10].

Fig. 4. Comparison of the polar optical phonon mobili-

ties calculated by the relaxation time approxima-

tion and the effective relaxation time method.

IV. SCATTERING
MECHANISMS IN THE
TWO-BAND SYSTEM

In this section we present formulas for in-
traband and interband scattering rates .Wii ,
Wii0 , i 6D i0/ and the inverse relaxation times
.qii , qii0 , q0ii0 ) for the interacting two-band sys-
tem. The inverse relaxation times are defined
in (10), and the scattering rate is given by

WijD
Z

Sijdk0 D Vc

8�3

Z
2�
Nh jMij .k; k0/j2

�ı[".k0 /�".k/]dk0; (26)

where Vc is the crystal volume. Here,
Mij.k; k0/ is the matrix element between the
Bloch wavefunctions  i.k; r/ D ui.k; r/eik�r

for a transition included by a perturbing
potential Vij from the state k of band i to the
state k0 of band j :

Mij.k; k0/D
Z
 �j .k

0; r/Vij i .k; r/dr

�D vij .k0 �k/

�
Z

unit cell
u�j .k

0; r/ui .k; r/dr; (27)

where vij is the Fourier-transformed form of
Vij , and cell periodic functions ui.k; r) are nor-
malized over a unit cell. The integration over
the cell periodic functions in (27) represents
the anisotropy of scattering due to the symme-
try properties of the wavefunctions of Bloch
holes. The square modulus of this integration,
with averaging over the spin states si and s j.si ,
s j D˙1=2/, is defined as the overlap function
[14]:

Gij .k; k0/D 1
2

X
si ;s j

ˇ̌̌̌ Z
unit cell

u�j .k
0; s j; r/
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�ui.k; si; r/dr
ˇ̌̌̌2
: (28)

We neglect the k-dependence of the over-
lap functions by using their forms in the limit
that k and k0 become zero, which are given by
[14]

G11.�k /DG22.�k /D 1
4

[1C3 cos2.�k /];

G12.�k /DG21.�k /D 3
4

sin2.�k /; (29)

where �k is the angle between k and k0. Us-
ing (27) and (28), the scattering rate of (26) is
given by

WijD Vc

8�3

Z
2�
Nh
ˇ̌̌
vij .k0 �k/

ˇ̌̌2
Gij .k; k0/

�ı[".k0 /�".k/]dk0 : (30)

The specific forms of jv.k0 �k/j2 for the

scattering mechanisms of interest in p-GaAs,

as discussed in the Introduction, are given in

this section: In the derivation of the formulas,

(1) we use the Born approximations; (2) we

take into account screening of charged carriers;

and (3) for the optical phonon modes scatter-

ing, we use the Einstein model in which the en-

ergy of the optical mode is independent of the

lattice wavevector. In this model, we consider

only energy conservation, because if energy

conservation is satisfied we can always find a

wave vector for which momentum conserva-

tion is satisfied; (4) for the acoustic phonon

modes, we use the Debye approximation; and

(5) the scattering probability is assumed to be

independent of the azimuthal angle '.

The scattering rates and inverse relaxation

times can be easily calculated by substitut-

ing (29) and jv.k0 � k/j2 into (30) and (10).

Therefore only final forms needed for numer-

ical computation for these transport quantities

are presented in below. The notation used in

the formulas is shown in Tables 1 and 2. The

first and second indices for W’s and q’s desig-

nate the bands which contain the initial state

and the final state, respectively. Once the in-

verse RTs are known, the momentum relax-

ation times for band 1 and band 2, �1 and �2,

can be calculated by (9).

1. Ionized Impurity Scattering

jv.k0 �k/j2DnI Vc

�
Ze2

Vc"s

1
jk0 �kj2Cq2

s

�2

;

Wii0 Dqii0 D 3nIe4
p

M

64
p

2�"2
s

p
m.kB T /3=2

� 1
K3=2

�
2A ln

jAC1j
jA�1j �4

�
;

qiiD nI e4

64
p

2�"2
s
p

m.kB T /3=2
1

K3=2

�
�
.3A�1/2 ln

AC1
A�1

�2
�

9A�6C 4
AC1

��
;

q0ii0 D�
3nIe4

p
M

64
p

2�"2
s

p
m.kB T /3=2

C
K3=2

�
�

6AC .3A2�1/ ln
jA�1j
jAC1j

�
; (31)

where

AD MC1CQ=K

2
p

M
and CD 1p

M
: (32)

We note that4q0 D0 because FD0 as seen

from (5), and that Wii0 D qii0 as the quantity

.1� f 0/=.1� f / included in qii0 becomes unity
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for elastic scattering (compare (26) and (10)).

The fact that 4q0 D 0 explains that the relax-

ation times are well defined for elastic scatter-

ing even in the interacting twoband systems.

2. Polar Optical Phonon Scattering

jv.k0 �k/j2D e2Nh!0

2Vc"0

�
1
"1
� 1
"s

�
� jk0 �kj2
.jk0 �kj2Cq2

s /
2

�
N

NC1

�
;

Wii D e2
p

kB T
p

m

32
p

2�Nh2"0

Wp
K

�
1
"1
� 1
"s

�
�
�

N
NC1

��
.9A2�6ABC1/ ln

jAC1j
jA�1j

�2
9A3�6A2 B�5AC2B

A2�1

�
;

Wii0 D 3e2
p

kB T M
p

m

32
p

2�Nh2"0

Wp
K

�
1
"1
� 1
"s

��
N

NC1

�
�
�
.3A2�2AB�1/ ln

jA�1j
jAC1j

C2.3A�2B/

�
;

qii D e2
p

kB T
p

m

32
p

2�Nh2"0

Wp
K

�
1
"1
� 1
"s

��
N

NC1

�
�
�
.12A3�9A2 B�9A2C6ABC2A�B�1/

� ln
jA�1j
jAC1j C2

�
.9A2�6AB�6AC3BC2/

C .A�B/.3A2 C1/
AC1

��
;

qii0 D 3e2
p

kB T M
p

m

32
p

2�Nh2"0

Wp
K

�
1
"1
� 1
"s

�
�1� f .K�W /

1� f .K/

�
N

NC1

�
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.3A2�2AB�1/ ln
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jAC1j

C2.3A�2B/
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;

q0ii0 D�
3e2
p

kB T M
p

m

32
p

2�Nh2"0

Wp
K

�
1
"1
� 1
"s

�
�1� f .K�W /

1� f .K/

�
N

NC1

�
�C

�
.4A3� .3A2�1/B�2A/ ln

jA�1j
jAC1j

C2
�

4A2�3AB� 2
3

��
; (33)

where the upper part in the brace corresponds
to phonon absorption and the lower part to
phonon emission, N�N.!0 /, and

AD .MC1/K�MWCQ

2
p

M K.K�W /
;

BD .MC1/K�MW

2
p

M K.K�W /
;

and, CD
p

K�Wp
M K

; (34)

with MD1 for intraband scattering.

It should be noted that this scattering

mechanism has non-vanishing4q0, and, thus,

it may cause some considerable error if 4q0

is ignored. One simple method to incorporate

this quantity into the computation is using the

effective relaxation time method as introduced

in Sec. III.

3. Nonpolar Optical phonon
Scattering

jv.k0 �k/2jD NhD2
0

2Vc�!0

�
N

NC1

�
;

Wii D D2
0m3=2

2
p

2�Nh2�
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kB T
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K�W

W

�
N

NC1

�
;

Wii0 D D2
0 .Mm/3=2

2
p

2�Nh2�
p

kB T

p
K�W

W

�
N

NC1

�
;
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qii D D2
0m3=2

2
p

2�Nh2�
p

kB T

p
K

W

�
N

NC1

�
;
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2
p

2�Nh2�
p

kB T

p
K�W
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�1� f .K�W /

1� f .K/

�
N

NC1

�
: (35)

Although this scattering mechanism is in-

elastic, this scattering is randomizing over the

solid angle for the direction of k0, which makes

4q0 D 0, so that the generalized relaxation

times become well defined as in the case of

the elastic scattering mechanism. In addition,

q0ii0 D0 for the same reason of the randomizing

nature of this scattering mechanism.

4. Acoustic Deformation Potential
Scattering
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where C is given by

CD 1p
M

�
1� z

K

�1=2
: (37)

The computation of the ı-function repre-

senting the energy and momentum conserva-

tions and the integration limits, z1 and z2, are

given in Appendix C.

It should be noted that, rigorously speak-

ing, this scattering mechanism produces non-

vanishing 4q0. However, since the energy

emitted/absorbed by a particle involved in this

type of scattering process is small compared

with the initial energy of the particle, one may

neglect4q0.



ETRI Journal, volume 17, number 3, October 1995 B. W. Kim and A. Majerfeld 31

5. Piezoelectric Scattering
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35 ; (38)

where sl and st , respectively, are the spherical
average velocities of the longitudinal “l” and
transverse “t” phonons, the integration lim-
its, z1 and z2, are the same as in the acoustic
phonon scattering case, e14 is the piezoelec-
tric constant, the quantity C, in the equation for
q0ii0 , is given by (37). In the first equation of
(38) both the longitudinaland transverse sound
velocities are replaced by an average sound ve-
locity s2 D 1

3 s2
l C 2

3 s2
t , and Ka� is an average

electrochemical coupling coefficient, defined
to be

K2
a�D

.e14 /
2

"

�
12

35CL
C 16

35CT

�
; (39)

where the constants CL and CT are given by

CLD 1
5
.3C11C2C12C4C44/

and CT D 1
5
.C11�C12C3C44/; (40)

with the strain constants Cij . We note that

4q0 can be neglected for the same reason as

in the acoustic-deformation-potential scatter-

ing case.
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V. HOLE/HALL MOBILITIES
AND HALL FACTOR FOR
HEAVILY DOPED p-TYPE
GaAs AT 300 K

For the analysis of hole transport in p-type

GaAs, the heavy hole band can be considered

to be nearly parabolic and the light hole band

to be nearly isotropic in the energy region near

the top of the valence band [40]. Thus, in

numerical computations, we use an energy-

independent effective mass for the heavy hole

band, while for the light hole band we use

an energy-dependent effective mass calculated

using the k �p method [42]. This is necessary

especially for highly degenerate carrier den-

sities as holes occupy a higher energy region

where the light hole band becomes highly non-

parabolic. We note that the energy dependence

of the density-of-states effective mass does not

stem from band anisotropy but from band non-

parabolicity.

For hole/Hall mobilities and Hall factor

calculations, we use no adjustable parameters

and no compensation (i.e. NCD=N�A D 0).

We include five of the most important scatter-

ing mechanisms for GaAs, as discussed previ-

ously. Several important issues, such as Hall

factor (rH), screening of charge carriers, and

overlap functions are taken into account. We

apply the phase-shift method recently devel-

oped for the interacting two-band system [30]

for a more proper treatment of ionized impurity

scattering than the Born approximation. We

use the ERT method for polar optical phonon

scattering to reduce the error caused by the use

of the RT concept for non-randomizing inelas-

tic scattering. For the remaining three scatter-

ing mechanisms we use the formulas presented

in the previous section, in which the interband

scattering mechanism is taken explicitly into

account in the RTA. The validity in use of RTA

for those scattering mechanisms has been well

established in the previous literature. The pa-

rameters used in these calculations are shown

in Table 3.

Table 3. List of materials parameters [4], [34].

mhD0:51m0 (heavy hole mass)

ml D0:088m0 at kD0 (light hole mass)

m0 = free electron mass

"sD12:9

"1D10:92

Nh!0D0:035eV

�D5360 kg/m3

Spherical average of velocity of sound:

slD4730 m/s ; longitudinal

stD3340 m/s ; transverse

sD3860 m/s ; total

Elastic constant:

C11D11:88�1010 N/m2

C12D5:38�1010 N/m2

C44D5:94�1010 N/m2

Deformation Potential Constants:

E1D5:6 eV

Optical-phonon coupling constants:

.DK/2D1:58�1022 eV2/m2
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Once the relaxation times were obtained

for each band, the hole drift mobility in band

i were calculated by �i D e < �i."/ > =mi ,

where <> denotes an average over carrier en-

ergies (in our numerical computations, the up-

per limit for this integration was 10kBT above

the Fermi energy or 10kBT into the band). The

combined hole drift mobility is obtained from

�D .p1�1C p2�2/=.p1C p2 /, where p1 and

p2 are the hole densities in band 1 and band

2, respectively. Once drift mobilities and Hall

factors for each band are calculated, the com-

bined Hall mobility and Hall factor of the two

band system can be calculated as (D2) and

(D3) in Appendix D.

Figure 5 plots calculated rH factors for p-

type GaAs as a function of Hall density .p D
2� 1017 � 1� 1020 cm�3/. The Hall factors

obtained by using the Born approximation for

ionized impurity scattering show values rang-

ing from rH
�D0:87 to 1:5 (Fig. 5a). The phase-

shift method gives rH values which are signif-

icantly greater than unity .rH
�D 1:25 � 1:75/

for Hall densities considered in this calculation

(Fig. 5b). As the phase-shift method is more

accurate than the Born approximation for treat-

ing ionized impurity scattering, it is reason-

able to rely on the results from the phase-shift

method, which are also closer to previous re-

sults [12], [22]. Therefore, it can be concluded

that the usual assumption rH
�D 1 would into-

duce some errors in the interpretation of Hall

data.

Figure 6 shows calculated hole drift mo-

bilities as a function of hole densities .p D

Fig. 5. Hall factors of p-type GaAs, calculated using

(a) the Born approximation and (b) the phase-shift

method for ionized impurity scattering. The ef-

fective relaxation time method was used for polar

optical phonon scattering.

2�1017�1�1020 cm�3 / with various meth-

ods. In this figure, B and P designate, respec-

tively, employment of the Born approxima-

tion and phase-shift method for ionized impu-

rity scattering; E indicates the use of the ERT

method for polar optical phonon mode scatter-

ing. It also shows contributions of heavy holes
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Fig. 6. Comparison of hole drift mobilities calculated by

various methods; B, P, and E designate the use of

the Born approximation, the phase-shift method,

and the effective relaxation time method, respec-

tively. The contributions of heavy holes (PE.hh)

and light holes (PE.lh) to the total hole mobility

(PE) are also shown in the case using the phase-

shift method.

(PE.hh) and light holes (PE.lh) to the total hole

mobility (PE) in the case of using the phase-

shift method. As seen from this figure, the

presence of the light hole band (PE.lh) causes a

considerable increase in the hole drift mobility

by 25�35% (i.e., from the heavy hole mobil-

ity (PE.hh) to the total mobility (PE) in the fig-

ure) depending on hole concentrations; and the

Born approximation overestimates the overall

ionized impurity scattering rates for hole con-

centrations less than 3�1018cm�3 and under-

estimates the rates by approximately 25�40%

for concentrations greater than this value. This

was previously noted by other researchers [8].

Figure 7 shows the theoretical Hall mobil-

ities and the contributions by the heavy and
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Fig. 7. Hall mobility at 300 K vs. Hall density calculated

using the phase-shift and the effective relaxation

time methods. The contributions of heavy and

light hole mobilities to total mobilities are shown.

light holes in the case of PE. The figure shows

that the calculated Hall mobilities are turned

out to be somewhat higher than the experi-

mental mobilities depending on Hall concen-

trations; e.g., 30% higher at a Hall density of

1�1020cm�3. The experimental data were ob-

tained from carbon-doped p-type GaAs sam-

ples grown by AP-MOVPE using CCl4 [23].

In a purely computational point of view, this

discrepancy between the theory and the exper-

iment can be viewed as a result of the incor-

poration of the Hall factor into the calculation

in a sense that if rH were set to be unity as

it has been done in most of previous works,

then the agreement would become excellent

in the region of highly degenerate hole con-

centrations, in which the omission of carrier-

carrier scattering can be well justified. This

can be seen clearly by comparing the experi-
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Fig. 8. Contributions of individual scattering mecha-

nisms to the total hole drift mobility: The phase-

shift method was used for ionized impurity scat-

tering and the effective relaxation time method

was used for polar optical phonon scattering. The

scattering mechanisms included are ionized im-

purity (II), polar optical phonon (PO), nonpolar

optical phonon (NO), acoustic deformation (AD),

and piezoelectric (PiE) scattering.

mental data with the calculated hole mobilities

of Fig. 6. The result stimulates a further in-

vestigation so that the discrepancy can be clar-

ified in such ways whether there may be other

scattering mechanisms (e.g. neutral impurity

scattering) or materials properties (e.g. com-

pensation) not taken into account in the cal-

culation. Elimination of approximations with

valence-band nonparabolicity and anisotropy

make some contribution to reducting the dis-

parity.

Figure 8 shows the contributionsof various

scattering mechanisms to the total hole mobil-

ity. As seen from this figure, at low hole den-

sities, polar optical phonon scattering mecha-

nism dominates, while at degenerate hole den-

sities ionized impurity scattering mechanism

is the mobility-limiting factor to the total hole

mobility.

VI. SUMMARY AND
CONCLUSIONS

We have presented a comprehensive

derivation for hole transport in the interacting

two-band system (p-type materials with the

heavy hole and light hole bands). A pair of

Boltzmann equations were set up and solved,

first in a most general way, in terms of a

generalized relaxation time. Then the general

solution was simplified using the conventional

relaxation time concept. We showed that in

specific cases our general solution reduces

to those that have been previously reported,

including the so called partial coupling ap-

proximation. We also showed that when the

partial coupling approximation is used, the

inverse interband momentum relaxation time

1=�ii0 (i; i0 Dband index; i0 6D i/ should not be

weighted with the factor 1� cos �k , where �k

is the angle between the initial and the final

wavevectors, which is in contradiction to what

has been done in the previous literature.

For non-randomizing inelastic polar opti-

cal phonon scattering, we have presented a

simple (ERT) method, developed along the

lines of the conventional variational technique,

to compensate for the use of the RTA and to

calculate respective effective relaxation times
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for each band. We investigated the validity

of the RTA for this type of scattering. The

results showed that RTA underestimates the

scattering rate for nondegenerate hole densi-

ties and overesimates the scattering rate for de-

generate densities. For example, for p �D 2�
1017 cm�3, the mobility calculated by RTA is

approximately 34% higher than the value ob-

tained by ERT, and for p�D 2�1020 cm�3 the

mobility by RTA is about 37% lower than that

by ERT. An analogous result has been reported

for n-type GaAs [10]. As the RTA result de-

viates far from that of the ERT, it can be con-

cluded that the use of RTA may not be well

justified for the polar optical phonon scattering

mechanism in the range of hole concentrations

considered in this paper.

For simple, practical mobility calculations,

we derived, taking explicitly into account in-

teractions between the two bands, formulas

both for scattering rates and momentum RTs in

the Born approximation for five the most im-

portant scattering mechanisms for p-GaAs.

Using the theoretical framework presented

in this paper, a first-principles numerical com-

putation was performed for the hole/Hall mo-

bilities and the Hall factor over a range of hole

densities p D 2� 1017 � 1� 1020 cm�3. Al-

though transport properties in highly degener-

ate hole concentrations, in which the omission

of carrier-carrier scattering can be well justi-

fied, are of our primary interest, we include

non-degenerate densities in the computation in

order to simply provide extended comparisons

between the theory and experiments. We in-

cluded all the most important scattering mech-

anisms, as mentioned above, for p-type GaAs.

We took into account the Hall factor to directly

compare the theoretical Hall mobility with the

experimental data. We also considered other

important effects on hole transport, such as the

nonparabolicity of the light-hole band, over-

lap functions, and screening. We applied the

phase-shift method, recently developed for in-

teracting two-band systems, to calculate the re-

laxation times due to ionized impurity scatter-

ing for each band. As compared with the result

obtained using the phase-shift method, the use

of the Born approximation overestimates the

hole drift mobility for hole concentrations less

than 3� 1018 cm�3 and underestimates it by

25� 40% for concentrations greater than this

value. In addition, for highly-degenerate hole

concentrations greater than 4�1019 cm�3, the

ionized impurity scattering mechanism makes

the greatest contribution(over 90%) to the total

hole drift mobility. This leads to a conclusion

that the use of the phase-shift method for ion-

ized impurity scattering mechanism is neces-

sary for highly degenerate hole concentrations.

Regarding the contribution of each band

to the total hole mobility, it was shown that

the presence of the light hole band causes a

considerable increase in the hole drift mobili-

ties by 25 � 35% depending on hole concen-

trations. This may indicate that inclusion of

the light hole band through taking explicitly

into account the interband scattering mecha-

nism would be important in transport calcula-

tions.



ETRI Journal, volume 17, number 3, October 1995 B. W. Kim and A. Majerfeld 37

The Hall factor obtained using the Born

approximation for ionized impurity scattering

showed values ranging from rH
�D 0:87 to 1:5.

The phase-shift method gave rH
�D1:25�1:75

over all hole densities considered in this calcu-

lation. As the phase-shift method is more ac-

curate than the Born approximation, it is ap-

propriate to use the result from the phase-shift

method, which is also closer to those obtained

in earlier works. Therefore, we conclude that

the usual assumption, rH
�D 1, can introduce

some errors in interpreting true hole densi-

ties and drift mobilities from experimental Hall

data.

The calculated Hall mobilities are turned

out to be somewhat higher than the experimen-

tal mobilities obtained from carbon-doped p-

type GaAs samples depending on Hall con-

centrations; i.g., 30% higher at Hall concen-

tration of 1� 1020 cm�3. In a purely com-

putational point of view, this discrepancy be-

tween the theory and the experiment can be

viewed as a result of the incorporation of the

Hall factor into the calculation in a sense that

if rH were set to be unity as it has been done

in most of previous works, then the agree-

ment would become excellent in the region

of highly degenerate hole concentrations, in

which the omission of carrier-carrier scattering

can be well justified. This can be seen clearly

by comparing the experimental data with the

calculated hole mobilities of Fig. 6. The re-

sult stimulates a further investigation so that

the discrepancy can be clarified: it is expected

that incorporation of neutral impurity scatter-

ing and compensation for degenerate hole den-

sities and carrier-carrier scattering effect for

non-degenerate hole densities would lead to

an improvement in theoretical fitting to ex-

perimental observations. In addition, elim-

ination of some crucial approximations em-

ployed in our theoretical treatment in associa-

tion with the valence-band structure will pro-

vide a complete picture of hole transport for

GaAs and would considerably reduce the dis-

parity between theory and experiment. This

might require computational effort beyond that

needed for simple, practical engineering pur-

poses. However, when this becomes neces-

sary, the effects of band nonparabolicity and

anisotropy can be taken into account exactly

in the treatment of the scattering mechanisms

and in the solution of the Boltzmann equation

by incorporating into our theoretical frame the

theoretical formulations with a full considera-

tion of the valence-band properties [31], [37].

These investigations have been being carried

out by the authors. However, we expect that,

although limited by the use of approximations

in the present theoretical frame, the present

work is still of significant practical value as a

reasonable engineering study on transport pa-

rameters in p-type GaAs.

Finally, we note that hole mobilities of p-

GaAs at 77 K were found to be lower than

those at 300 K for hole densities p�D 1�1018�
1019 cm�3 [23]. This phenomenon has been

observed by other investigators [43]. A possi-

ble explanation for the strong reduction in hole

mobility at low temperatures will be presented
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elsewhere based on a simple theoretical model.
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APPENDIX A

In the presence of an external electric field
E in the Ox-direction, the Boltzmann equation
for the non-equilibrium distribution function
f .k/ takes the form� Nhk

m
xeE

�
@ f .k/
@"
D
"
@ f
@t

#
c

; (A1)

where"
@ f
@t

#
c

D
Z

d3k0[S0 f 0.1� f /� S f .1� f 0/];

(A2)

and x is the cosine of the angle between k and
the electric field E. Assuming f to take the
form

f D f �8.k/@ f
@"
; (A3)

and neglecting terms of order 82, the colli-
sion term for polar optical phonon scattering
becomes"
@ f
@t

#
c

D
Z

d3k0S
1� f 0

1� f
@ f
@"
.8�80/

D
� Nhk

m
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�
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1� f 0

1� f

�[.NC1/ı.k0 �ke /CNı.k0 �ka /];

(A4)

where we assume 8 to take the form

8D8.k/D xC."/;

80 D8.k0 /D x0C."0 /D x�C."0 /; (A5)

and

aD "
0 C"C Nh2q2

s
2m

2
p
""0

; bD "0 C"
2
p
""0
; cD C."0 /k0

C."/k
; (A6)

kDjkj; k0 D jk0j; "D".k/; "0 D".k0 /;
and ke and ka are the solutions for k0 to the en-
ergy conservation equation

".k0 /D".k�q/D".k/Ch!0 ;

with  D 1 for phonon emission and  D �1
for absorption. In (A5), x0 is the cosine of the
angle between k0 and E, � is the cosine of the
angle between k and k0, and we use the law of
cosines and the fact that the integration over
the azimuthal angle makes the terms multiplied
by this angle vanish. In (A5), the integration
over k0 can be performed easily using the delta
function property, and the integration over �
gives �

2
�

1C a.a�b/
a2�1

�
C .2a�b/ ln

ja�1j
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�
�C."0 /
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�
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0 /
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� P1."; "
0 /: (A7)

APPENDIX B

For the present problem the variational
principle is described as follows. Let h1 and h2
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be any two functions of ", and let

.h1; h2 /D
Z 1

0
h1 L.h2 /

@ f
@"

d"; (B1)

where L is given by (13). Then solution
C.1/ to (21) can be determined by maximizing
.C.1/ , C.1/ /, subject to the auxiliary conditionZ 1

0
C.1/L.C.1/ /

@ f
@"

d"D
Z 1

0
"C.1/ @ f

@"
d": (B2)

It can be shown that .h1;h2 / D .h2;h1 / and
.h1;h2 / > 0 to comply with the variational
principle. In order to solve this equation, C.1/

is expanded as a polynomial in powers of the
energy:

C.1/."/D
1X

rD0

C.1/
r "r ; (B3)

which satisfies the infinite set of linear equa-
tions:

1X
rD0

drs C.1/
s �˛.1/r D0 .rD0;1;2;3; � � �/; (B4)
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One can see that drs D dsr , which the varia-
tional principle requires. This symmetry stems
from the facts that

P1;2.x; y/D P1;2.y; x/

and .NC1/ f ."CNh!0 /[1� f ."/]

D N f ."/[1� f ."CNh!0 /]:

APPENDIX C

The integration limits, z1 and z2, are deter-

mined as follows [4]. Energy and momentum

conservation can be written, respectively, as

Nh2k02

2m0
D Nh

2k2

2m
�Nh!;

and k0 Dk�q; (C1)

which lead to the following relationships be-
tween z, cos �, and cos �k:
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h
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1� cos�p
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�1=2 ; (C2)

cos �D
p

KS
z

.1�M/CM

r
S
K

C z

4
p

KS
; (C3)

where �k and � are the angles between k and
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k0, and k and q (phonon wavevector), respec-
tively. Substituting (C3) into (C2), we have

cos �k D
1
2

h
.1CM/�M z

K � 1
4

z2

KS

i
p

M
�
1� z

K

�1=2 : (C4)

Using this result, the delta function repre-
senting energy and momentum conservations,
ı[".k0 /�".k/], can be written as

ı[" j.k0 /�"i.k/]

D ı["0j�"iCNh!]ı[k0 �kCq]

D
p

Sp
K

M
kB T

1
z
ı.cos �k�cos �0 /; (C5)

where cos �0 takes the value given in (C4).
The integration limits are determined by

the condition that jcos �j< 1. For the phonon
emission process, the lower and upper limits
are given by

z1D2
p

S
˚�G˙˙ [G2

˙CK.M�1/]1=2	 ;
z2D2

p
S
˚�G�C [G2

�CK.M�1/]1=2	 ;(C6)

respectively, where the upper and lower signs
correspond to M> 1 and M � 1, respectively,
and G˙DM

p
S˙pK. When M�1, there is

a thres hold in K that must be exceeded in order
for emission to be possible. By demanding that
the argument of the square root be positive and
that z1 and z2 be positive, we have

K� S.1C
p

1�M/2: (C7)

For transitions from the heavy to light hole
band, this requires that K �3:66S. For MD1
(intraband transition) and M > 1, this condi-
tion reduces to K� S. For the absorption pro-
cess the integration limits are given by

z1D2
p

S
˚

G�˙ [G2
�CK.M�1/]1=2	 ;

z2D2
p

S
˚

GCC [G2
CCK.M�1/]1=2	 : (C8)

APPENDIX D

For warped band, rH depends on the de-

gree of warping as well as scattering mecha-

nisms [7]

rH DrS �rA: (D1)

Here rS is the scattering factor, which is ob-
tained by rS D< �2 > = < � >2 , and rA is
the band anisotropy factor. We use the values
rA D 0:659 for the heavy hole band and rA D
0:996 for the light hole band [7]. Once drift
mobilities (�1 and �2) and Hall factors (rH1

and rH2) for each band are calculated, the com-
bined Hall mobility .�H / and Hall factor .rH /

for the two bands are determined, respectively,
by

�H D p1�
2
1rH1C P2�

2
2rH2

p1�1C p2�2
; (D2)

rH D �H

�d
: (D3)

where p1 and p2 are hole densities in heavy

and light hole bands, respectively, and �d is

the combined drift mobility of holes.
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