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ABSTRACT

We present a comprehensive derivation of the
transport of holes involving an interacting two-
valence-band system in terms of a generalized
relaxation time approach. We solve a pair of
semiclassical Boltzmann equations in a general
way first, and then employ the conventional re-
laxation time concept to simplify the results. For
polar optical phonon scattering, we develop a
simple method to compensate for the inherent
deficiencies in the relaxation time concept and
apply it to calculate effective relaxation times
separately for each band. Also, formulas for
scattering rates and momentum relaxation times
for the two-band model are presented for all the
major scattering mechanisms for p-type GaAs
for simple, practical mobility calculations. Fi-
nally, in the newly proposed theoretical frame-
work, first-principles calculations for the Hall
mobility and Hall factor of p-type GaAs at room
temperature are carried out with no adjustable
parameters in order to obtain a direct com-
parison between the theory and recent avail-
able experimental results, which would stimu-
late further analysis toward better understand-
ing of the complex transport properties of the
valence band. The calculated Hall mobilities
show a general agreement with our experimen-
tal data for carbon doped p-GaAs samples in a
range of degenerate hole densities. The calcu-
lated Hall factors show ry =1.25~ 1.75 over all
hole densities (2 x 1017 ~ 1 x 100%cm~3) consid-
ered in the calculations.
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I. INTRODUCTION

Recent improvements in transport calcu-
lations, especialy for n-type materials, have
made it possible to undertake quantitative
comparisons with experiments. These have
contributed greatly to el ucidating particle scat-
tering mechanisms, as well as to refining our
knowledge of basic material constants[1]-[3].
For p-type semiconductors, the presence of the
coupled heavy hole and light hole bands (the
third split-off band is ignored provided that
it is sufficiently separated from the two va
lence bands) introduces considerabl e compl ex-
ity into transport calculations. It has been rec-
ognized that bothintraband and interband scat-
tering processes are important [4]-[6] and con-
tribute significantly to the transport of charge
carriers[7].

The standard way of handling the trans-
port problem in interacting two-band systems
is first to set up and then solve the two cou-
pled Boltzmann equations. Although this can
be carried out in principle by numerical com-
putations using procedures such as the varia-
tiona [8]-[10], iterative [11], [12], and Monte
Carlo techniques [13], these methods could
carry the disadvantages of intensive computa-
tional work and reduced physical insight into
the problem.

In order to simplify the problem and pro-
vide a useful genera understanding of the
physics, several methods have been proposed
based on the relaxation time (RT) concept.
The simplest model in the relaxation time ap-
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proximation (RTA) assumesthat thetwo bands
are completely decoupled [7], [14]. Although
thisdecoupl ed approximation has been used in
many cases [15], [16], it has proved to be ex-
tremely poor in the case of phonon scattering
[6], [17], [18]. In order to include the pres-
ence of interband scattering, a more rigorous
formulawas presented [19], and | ater, asasim-
plified version of this formula, a “partial cou-
pling approximation” was proposed [7]. How-
ever there has not been a completely genera
formulation for interacting bands.

Most recently, transport calculations have
been performed for p-type materias by treat-
ing the heavy and light hole bands as a sin-
gleheavy hole band, incorporating corrections
to compensate for some possible deficiencies
in this treatment [20], [21]. Although trans-
port cal cul ations based on such an approxima-
tion have shown reasonable agreement with
experimental results, this approximation may
not provide an adequate quantitative physical
picture of the processes involved in two-band
transport, such as the Hall factor, the contri-
butions of each type of particle to the tota
mobility, and the importance of various inter-
band scattering mechanisms. In order to obtain
these information, it is necessary that the in-
teractions between the two bands be explicitly
taken into account in theoretical cal culations.

The valence band system exhibits con-
siderable warping which becomes severer at
higher energies. The most important effect
of the warping of energy surfaces shows in
the Hall factor, ry [7], which has been re-
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flected by the fact that riy > 1 by earlier works
[12], [22]. The degenerate and warped va-
|ence bands make accurate calculations of r
much more difficult than in the case of the
conduction band. A first-order approximation
can be obtained by treating the two bands as
being decoupled, and each band with a con-
stant effective mass. Such a calculation gives
ry factors at 300 K which can be greater than
2 for relatively pure materials [22]. An im-
proved cal culation, taking into account the en-
ergy band structure in the k - p approxima-
tion, also predicted that ry = 2 for pure ma-
terial at 300 K [12]. In this calculation, how-
ever, only lattice phonon scattering mecha
nisms were considered. Asiswell known, the
mobility and carrier density fromtheHall mea-
surement are Hall mobility and Hall density,
respectively. Thus, in order to properly inter-
pret those measured quantitiesintothetruecar-
rier density and drift maobility, it becomesim-
portant to improve the theoretical calculations
and to have more accurate ry by including all
the important scattering mechanisms and by
treating those mechanisms properly.

In particular, analysis of transport in
the case of highly degenerate hole densities
requires proper incorporation of scattering
mechanismsin the heavy and light hole bands.
This has become recognized because during
the last few years, high quality heavily doped
epitaxia GaAs was achieved by different
growth techniques employing C for the p-type
dopant [23], [24]. This was used to improve
the high frequency characteristics of the
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heterojunction bipolar transistor [25] and
normal-light-incidence intersubband photoab-
sorption coefficient in quantumwel| structures
[26]. In order to characterize and assess the
quality of heavily doped p-type materias
for design of heterojunction devices, it is
important to obtain accurate carrier mobilities
and the Hall factor [27]. Therefore, itistimely
to examine transport theories further in order
to have a better understanding of the physics
and to provide a more accurate description
of the transport properties of holes in heavily
doped materials.

To this end, we present a comprehensive
derivation based upon a generadized RT ap-
proach in which the conventional RT is con-
ceptualy extended to be a generalized trans-
port parameter. We solve a pair of semiclas-
sica Boltzmann equations in a genera way
first without using the conventional RT con-
cept. Then the genera solution is simplified
using this concept. The formula derived in
thisprocess reducesin some casesto theforms
givenin previouswork [7], [19]. We propose
asimplemethod, which wewill call “effective
relaxation time (ERT)” method, using avaria
tional techniqueto compensatefor deficiencies
in the RT concept for the polar optical phonon
scattering mechanism. Thiswas needed for the
analysis, asfor polar optical phonon scattering
in an interactingve two-band system, the con-
ventional variational method cannot provide,
separately for each band, transport parameters
accounting for intraband and interband scatter-
ing mechanisms.
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We present formulas both for scattering
rates and momentum RTs, in which interac-
tions between the two bands are taken explic-
itly into account in the Born approximation, for
simple, practical, mobility calculations. We
treat thefive most important scattering mecha-
nisms for p-type GaAs:. ionized impurity, po-
lar optical phonon, nonpolar optical phonon,
acoustic phonon, and piezoel ectric scattering.
We do not consider the plasmon scattering nor
correction factorsto account for carrier-carrier
scattering.  This is because the coupling of
plasmon to the polar optical phonon modes
should not have much effect on the overall
hole mobility, and carrier-carrier scattering is
greatly suppressed in the case of degenerate
carrier concentrations[28] whichisthe case of
primary interest in thiswork.

Using thetheoretical framework presented
in this paper, first-principles calculations for
the Hall mobility and Hall factor for p-type
GaAsis carried out with no adjustable param-
etersin order to obtain arigorous, direct com-
parison between the theory and recent avail-
able experimental results, asthiswould beable
to stimulate further analysis toward better un-
derstanding of the complex transport proper-
ties of the valence bands. The caculation is
carried out for the range of hole densities 1 x
107 ~ 1 x 10%%cm~—3; athough transport prop-
ertiesin highly degenerate hole concentrations
are of our primary interest, we include non-
degenerate densities in the computation in or-
der to simply provide some extended com-
parisons between the theory and experiments.
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lonized impurity scattering, which dominates
over other scattering mechanisms for highly
degenerate hole densities, is treated both in
the Born approximation (Brooks-Herring the-
ory [29]) and in terms of the new phase-shift
method, for the first time, which has recently
been developed for the interacting two-band
system [30]. We apply the ERT method to the
polar optical phonon scattering mechanism.
For the remaining scattering mechanisms, we
apply the formulas based on the RTA and the
Born approximation, derived in this paper for
theinteracting two-band system, asthevaidity
in use of these approximations has been well
established in the previous literature. Temper-
ature is assumed to be 300 K for all cacula
tions.

Finaly, it should be noted that, in spite
of the fact that there exist more rigorous,
guantitativetheoretical treatments, which have
been developed mainly for materials with cu-
bic symmetry and have contributed greatly to
elucidating transport properties of silicon and
germanium [31]-[39], the main intent of this
work is to present a more complete and ac-
curate transport model for p-type GaAs with
emphasis on its practical engineering utility.
For this purpose, we make a choicein models
which can be assimple asthey can producere-
sultswith reasonabl e accuracy, rather than the
models asreferred above with extremely intri-
cate, difficult theoretical detailsfor the compli-
cated physical redity involved in the transport
inthevaenceband. Thiswasmotivated by the
fact that it has been recognized that many ob-
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servable propertiesof holesin GaAscan bein-
terpreted fairly well in terms of scalar (spheri-
cal equivalent) effective massesfor the heavy-
and light-hole bands, despite of the various
complicationsof thee-k relationsfor thesetwo
bands [40]. In addition, as the applied elec-
tric field marks out a preferential direction of
charge-carrier motion, the directiona depen-
dence resulting from valence-band anisotropy
would be dleviated by thispreferential motion
of holes.

The organization of this paper is as fol-
lows: in Section Il, we solve the semiclassi-
cal Boltzmann eguation for an interacting two
band system. In Section Ill, we introduce a
simple method, what we call effective relax-
ation time method, for a treatment of the po-
lar optical phonon scattering. In Section IV,
we present formulas for interband and intra-
band scattering rates and inverse relaxation
times. In Section V, numerica computations
for hole/Hall mobilitiesand Hall factor are per-
formed.

I1. SEMICLASSICAL
TRANSPORT IN THE
INTERACTING TWO-BAND
SYSTEM

The scattering processes centered at band
i (i=1, 2) can be expressed as

S =9Ski, k') +Ski, k') =Si + S,
S=SK'i, kp)+SK'i, k)= +S;, (@D
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wherei # i’ (hereafter we shall use this con-
vention; for example, for band i = 1, the band
index i’ designates band 2, and vice versa),
S(ki, k') isthe differential scattering rate for
thetransitionfrominitial statek inbandi tofi-
na statek’ in band j (outgoing scattering), and
S(k’, ki) isthat from statek’ inband j to state
k inband i (incoming scattering). This situa-
tionisdepicted in Fig. 1.

Wave Vector
Si
S
Sy 22

S51

N 11 s ,2] S

S,22 12
Band 2 Energy Band 1

Fig. 1. Scattering processesin the interacting two-band
system. §; and S; represent outgoing andincom-
ing scattering processes, respectively, from band
itoband j.

Using the scattering rates defined in (1), a
pair of Boltzmann equations can be written as

fi , , )
eEa_Xi =/dk [Si (F +Xxig) (A — fi—x0)

A ok
+§i (ff +Xxir g A — fi—xg)
=Si(fi+x0)A— /=% xig)
=S (fi+x0) L~ fi =% xi 9],
2
in an isotropic-band approximation, where x;;

(i,j = 1,2) is the cosine of the angle be-
tween either ki and k| or ki and kj, the quan-
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titiesg and g’ are the perturbation part of the
nonequilibrium distribution function f (k) to
first order in the externa eectric field E(=
[E]), X (%) is the cosine of the angle between
E and ki(kj), fi = f(k), f/ = f); f
isthe equilibrium Fermi distribution function,
ki j = ki jl, and we usethefact [ X' S(x)dk’' =
X [ xS(x)dk’, as Sis independent of the az-
imuthal angle. The directional parameters
used in (2) are shownin Fig. 2. In (2), we re-
tain only first two termsin the perturbation ex-
pansionof (k) under aweak external electric
fildE;i.e

fl)=fi+xg and F(k)=f+xg. (3)

Fig. 2. Directional parametersfor ascattering event. Ini-
tial wavevectorsare designated by k; and k,. Fi-
nal wavevectorsare designated by k' and k5. E is
the external electric field.

Asintheisotropic band approximationthe
differential scattering rate can be expressed in
terms of the magnitude of the wavevectors (k;
and kj) and cosine of their angle xij, al the
functions involved in (2) can be expressed in
terms of energy. Thus, hereafter we replace
thewavevectors by corresponding energiesfor
those functions. In this approximation, g and
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g for both elastic and inelastic scattering can
be assumed to take the form [41]:

eEz(e) 9f (¢)
h ok’
eEr(¢’) of’
ook

[1+F(z, &' —9)], 4

g=g(e)=

g=9()=—
af’ /oK
af/ok

=g(e)

where

F(ti,s{—ai)ztli;n_llig? (e —e)".  (5)

We notethat, even thoughthevaenceband
is not isotropic except near the band maxima,
we take this form of (4) to be valid up to the
hole density considered in this paper.

Integrating (2) over x; and X, respectively,
gives

/dk’[Si (1= )+, f1—f)
-Sifil—f)—Si id— )] =0.  (6)

Thisequation describesthe detailed balancein
theinteracting two-band system and should be
satisfied for any final state k’. Thus, the inte-
grand of (6) vanishes. If we make the physi-
cally reasonabl e assumption that the intraband
and interband scattering rates separately obey
the detail ed bal ance condition, we then obtain

1—f/

Sifi=Sifiz— 7

()

On the other hand, integrating (2) over x;
and x; of the resultant equations multiplied by
X1 and Xp, respectively, gives

e afi

—ﬁEa—kiz/dk’{Si[fi g — xi 1— g



ETRI Journal, volume 17, number 3, October 1995

+Sil frgi — xiv - f)g]
+Si[A—- )9 — xi fig]
+Si[A— fHgi—xi fig ). (8

Replacing g’ and S by g and S, respec-
tively, in (8), using the second equations of (4)
and (7), and solving for g; and g,, we obtain
the solution exact to first order in the electric
fieldE:

anm
= 5 9
i Oden ( )

where

Gnom = (Qri +0ii + AG ) — (O, + A ),
Qden = (G + G- + AG;) (Girir 4+ Giri + A ;)
—(q + Aqi/i')(qi/'i +A),

[eimy
Gi = /dk Si (1— f) ( glm,Xu)
3/2
_n(Zh_r;‘() /COSGdG/ \/;i’dai’
1—f) g{m
XS,( f)(l chose),
1
i /dks.a_f)

3/2

1 f/)
X Sir 1-7)

Qi = /d /S| - f)\/;)(nf
( )3/2/00329d9/ fdg,

g, A=) [sim
At am
k f/) /
o= [ oS

x F(tj, &’ —8,))(.,
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3/2
( ) /cos%’d@/fda
g L F ). (10)
] (1_ f) (TJ’ 8 8]

Here, we set x =cos6; ¢ (&) and my (my),
respectively, are the energy and effective mass
for theinitial (final) statein bandi, and thefirst
and the second indices for the quantities, g, d/,
and Aq/, designate initial and the final bands

involved in the transition, respectively.

It should be noted that z; in the aboveequa-
tionsis not awell-defined quantity but a*“ gen-
eraized” transport parameter fromthe conven-
tional RT, as Aqj; contains 7j itself. If Agy; of
(10) vanishesor can be neglected, e.g. incases
that either a scattering process is randomizing
(i.e, [ds2'Sj7ij =0, where d§2’ isan element
of solid anglefor thedirection of k”) or theen-
ergy emitted/absorbed by a particlein a colli-
sion processis small compared with theinitial
energy of the particle (i.e., F = 0), then 7; be-
comes a well-defined quantity as the conven-
tional RTs. If these conditions are not satis-
fied, to improve the quality of numerical com-
putations, one can use an iteration techniquein
which one starts by neglecting Aqg | to get ze-
roth order RTs in terms of energy ¢ and then
uses these values for the evaluation of Agj; to
obtainhigher order 7;. Thisapproachisclosely
related to theiteration method of [11]. We may
consider this higher order 7; as “generaized
RTs’ from their physical similarity to the con-
ventional RTs.

For elastic scattering, Aq{j =0asF=0,as
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Table 1. Glossary of symbolsl.

e = particle charge
kg = Boltzmann constant
T =temperaturein [K]
n, = density of ionized impurity scatterers
go = free space dielectric constant
&5 = low frequency relative dielectric constant
£00 = high frequency relative dielectric
constant
k (k") = wave vector of theinitial (final) state
£(e’) = energy of theinitia (find) state
m(m’) = effective mass of initial (find) state
M =m'/m = ratio of thefina- toinitial -
effective masses
f = Fermi distribution function; f = f(k),
f'=f(K)
N =1/[e"“/ksT — 1] = Boson distribution
function
hwo = LO-phonon energy at the zone center
y = index of phonon process,

y = +1for emission and y = —1 for absorption

Do = optical phonon deformation potential

E; = acoustic phonon deformation potential

Ka» = average electrochemical coupling
coefficient

s = veocity of acoustic mode

g = |g| = acoustic phonon wave vector

wq = frequency of acoustic mode (= sq)

p = density of the semiconductor material

V. = volume of the crystal

Xij = Cosb, 6 isthe angle between k; and k]
or kj and k;

E = external electricfield

X(X; ) = cosine of the angle between k (k;) and
E

X' (x) = cosine of the angle between k’(k{) and
E

i, 1" =band indicesfor band 1 and band 2; i #i’

gs = inverse screening length

W = scattering rate from band i to band j

Gii» G, Qj = inverserelaxation times

can be seen from (5). Thus, t; becomes well-
defined and is given by

_ Qi + i — G
(Ci + Qi ) (Qlrir +Cfri) — O, O

T (12)

We note that (11) has the same form as
givenin [19]. If we can approximate q;, ~ 0,
based on the fact that interband scattering may
be considered as |arge angle scattering so that
|0 | << 1Gii +i |, (11) can befurther simplified

to become a “partial coupling approximation”

[7]:

c=faesa—n+ [aesi=2

T Tii Tiiv
12)
It should be noted that, when using this
approximation, the interband scattering terms,
1/, should not be weighted with the factor

1—y.
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I1l. EFFECTIVE RELAXATION
TIME APPROACH

Another way to approach the non-
randomizing inelastic scattering problem
would be to consider an ERT approach.
We begin with setting Aq{j = 0 to obtain
well-defined 71 and 7o for each band. Then
we correct the resultant relaxation times by
multiplying by correction factors Az (i.e,
Terri = At - 1) to implicitly include higher
order corrections in the quantity Aq;. This
procedure results in neglecting the corrections
in Aq,, from the interband scattering event.
This, however, would not make any noticeable
effect on the result as |Aq;, | < |Ag;;|, which
can be explained by the same reason as that
usedto obtain (12) from (11). Therefore, inter-
band interactions are treated within RTA and
intraband i nteractionsare treated beyond RTA.
In this section, we present this approach for
the polar optical phonon scattering process by
following the variational technique [8]-[10].
We note that since we explicitly neglect the
corrections from Aqj;, (i #i") and since each
band can be treated as an independent band in
obtaining Atj, band indices will be omitted
in this section for notational simplicity. The
symbols and notations used in the equations
aregivenin Tables1 and 2.

In the presence of an external electric field
E in the X-direction, the collision term due
to polar optical phonon scattering is given by
(Appendix A)

of | __ (Pkof \ €hoom (1 1)1
at C_ mde” ) 16meoh® \ 0o &5/ €
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Table 2. Glossary of symbolslI.
2= €p Fip(r)
S 2ekgT Frgo(np)’

X dx EF
oo
Rme)=/, Trecn nF:kB—T

_ K24k 402 K'M+K+Q

A=k T 2VKK'M
B k’2+k2= K'M+K

2Kk’ 2/KK'M
c_km_ VK

km' — /KM

h2k2 th/Z
=2kaT, /=2rrYkBT

2 2
Q=2:1I?;T’W=%’S=2§T’

h

1—f
—Po(e, £)C(eN)]
X[ (N4 21)8e + N&g]
_ (@gx) €hwom
mde ) 16meoh®

(E-Hhe.  w

o &g

[Pi(e, €)C(e)

X

where ¢ and 8, describe energy conservation
for emission (subscript €) and absorption (sub-
script a), respectively, functions P, and P, are
givenin Appendix A, and a collision operator
L, whichisafunction of C(¢), isdefined as

1—f
X[(N+1)8e+ Néa]. (14)

LC) = [Pi(e, €)C(e) — Po(e, £")C(e")]

Here C(¢) isthefirst correctionterminthe
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expansion of T (see (A3)). The RTA requires
(k) = (k') and dictates Aq' = 0. Compar-
ing (3) and (4) with (A3), thecorrespondingre-
quirement in (13) isgiven by

. kKm K'm K
CEH)= - mco(g)— ?CO(S)a (15)

where Cy designates an RT solution of C(e),
and m=m' in aparabolic-band approximation
(effective masses of the initial and final states
are the same in a parabolic band).

Thus, the RTA solution to (13) can be ob-
tained by the equation

Cole) | @ |~ Cole) \ " mde e)

ko ezhwom
- ()

167eoh?
where Lg(¢) isdefined as

1 1
8———) Lo(e). (16)

!/

1—f , K
Lo©) =77 [Pl(g, ¢)—Pale, ¢ )d

X[ (N+1)8e+ N8a]. (17)

From (16), Co(e) isgiven by

Shoom (1 1\1 ' eE
CO(g)_[lGneohz( &0 8_3):| 8L0(5)£

On the other hand, the collision operator L
can be written as

—1
L(C)_[ezhwom(l i)} ceE.  (19)

167eof? \ 600 &s

Thelinear finite difference equation of (14)
can be solved by defining

A 1 1\1*
f:;;:orr;( __)} eEC?®, (20)
0

o &g

C(a)—[
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where C™ isthe solution of (Appendix B)
e=L(CYD). (21)

The correction factor At and tgxr Can be
defined, respectively, as

_ C(e) _ Lo(e) @,
At(a)_co(g) - —C (22
and
Termr (8) =T(8) - AT(8), (23)

as these |lead to the correct current equation:

_ NEE [ Tewr (e) F(1— f)e3/2de

T m [ f(1— f)e3¥2de
2em eEh of

= .a —k ERT
32 - T % —de
2em [ of

= —3n2h3 0 8C(5)£d8

— _4_;’3 / ve Ak, (24)

where vy isthe velocity of the carrier in the X-
direction, and we used therelation

Eh
e—k (k)— —Cole )— (25)

To see the significance of this correction
to the RTA for polar optical phonon scatter-
ing, we apply this formula to p-type GaAs
at room temperature. Figure 3 shows cor-
rection factors At (averaged over energy) as
a function of hole density. Figure 4 shows
the effect of this correction on the polar opti-
cal phonon mobility by plotting 1 (Terr) and
e (7). Atlower holedensities (< 10*%¥cm=3),
the RTA underestimates polar optical phonon
mode scattering rates and for degenerate hole
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16F 300K e

Correction Factor

--- A,

0.6: 1 111l 1 111l 1 11
0.1 1 10 100

Hole Density (x10 18cm3)

Fig. 3. Correction factors Az(¢) to the conventional re-
laxation times dueto the use of therelaxationtime
approximation for polar optical phonon scatter-
ing, where At; and At, refer to heavy and light
holes, respectively.

densities (> 108cm—3) it overestimates them.
An anaogous result has been reported for n-
type GaAs[10].

10

300K

Mobility (x103cm?/Vsec)

0.1 1 10 100
Hole Density (x1018cm3)

Fig. 4. Comparison of the polar optical phonon mobili-
ties calculated by the relaxation time approxima-
tion and the effective relaxation time method.
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IV. SCATTERING
MECHANISMS IN THE
TWO-BAND SYSTEM

In this section we present formulas for in-
traband and interband scattering rates (W,
Wi/, i # 1’) and the inverse relaxation times
(Qii» Giir, g;;,) for the interacting two-band sys-
tem. The inverse relaxation times are defined
in (10), and the scattering rateis given by

V. [2 ,
W,jz/sjdke@ F’T|Mij(k, k)|
x8[e (k") —e(k)]dk’, (26)

where V; is the crystal volume. Here,
M;j (k, k) is the matrix element between the
Bloch wavefunctions i (k, r) = uj(k, r)ek’
for a transition included by a perturbing
potentia Vj; from the state k of band i to the
statek’ of band j :

M (k. k') = / YK OV (K, e
%vij (k/—k)
x/ ujf(k’, Ny (k, rdr, (27)
unit cell

where vjj is the Fourier-transformed form of
Vij, and cell periodicfunctionsu; (k, r) arenor-
malized over aunit cell. The integration over
the cell periodic functionsin (27) represents
the anisotropy of scattering dueto the symme-
try properties of the wavefunctions of Bloch
holes. The square modulus of thisintegration,
with averaging over thespin statess and s; (s,
sj ==+1/2), is defined as the overlap function
[14]:

1

Gijk, k)= >

> / uj (k' sj, 1)
unit cell

S.§j
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2
xUi(k, s, r)dr| . (28)

We neglect the k-dependence of the over-
lap functions by using their forms in the limit
that k and k” become zero, which are given by
[14]

1
G11(6k) = Gp2(6k) = Z[1+3cos2<9k)],
3.
Gi12(6k) = Go1(6k) = anzwk), (29)

where 6 is the angle between k and k’. Us-
ing (27) and (28), the scattering rate of (26) is
given by

VC 2 / 2 /
vv.,»=@/§ i (K )| Gk k)
x8[e(k’) —e(k)]dk’. (30)

The specific forms of |v(k’ —k)|? for the
scattering mechanisms of interest in p-GaAs,
as discussed in the Introduction, are given in
this section: In the derivation of the formulas,
(1) we use the Born approximations; (2) we
takeintoaccount screening of charged carriers;
and (3) for the optical phonon modes scatter-
ing, weusethe Einstein model inwhichtheen-
ergy of the optical mode isindependent of the
lattice wavevector. In this model, we consider
only energy conservation, because if energy
conservation is satisfied we can always find a
wave vector for which momentum conserva-
tion is satisfied; (4) for the acoustic phonon
modes, we use the Debye approximation; and
(5) the scattering probability is assumed to be
independent of the azimuthal angle ¢.

The scattering rates and inverse rel axation
times can be easily calculated by substitut-
ing (29) and |v(k’ —k)|? into (30) and (10).
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Therefore only fina forms needed for numer-
ical computation for these transport quantities
are presented in below. The notation used in
the formulasis shownin Tables1 and 2. The
first and second indicesfor W'sand g's desig-
nate the bands which contain the initial state
and the fina state, respectively. Once the in-
verse RTs are known, the momentum relax-
ation times for band 1 and band 2, r1 and o,
can be calculated by (9).

1. lonized Impurity Scattering

z€? 1 2
K —K)[2=nV, ,
|U( )| n| C(chs|k/—k|2+q§)
3n|e4N
Wi =g =
6427762, /m(kg T)3/2
1 |A+1]
Gi = n|e4 1
" 6442762 /mks T)¥2 K32
A+1
—1)2]
X [(3A 1)°In A1
4
-2 <9A—6+ m):| s
” 3ne'vM C
i =

6442762 /m(kg T)¥2 K32

2 [A—1|
x [6A+(3A —1)|n|A+1J, 31)

where

_ M+1+Q/K 1
A== @d C=—= ()

Wenotethat Aq’ =0 because F =0asseen
from (5), and that Wiy = q;; as the quantity
(1— )/ (1— f) includedin g becomesunity
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for

elastic scattering (compare (26) and (10)).

The fact that Aq’ = 0 explainsthat the relax-
ation times are well defined for elastic scatter-
ing even in the interacting twoband systems.

2.

n —

[T K—

Polar Optical Phonon Scattering

(K — k2= Ehe (i— i)

2Veeg \ €0 Es
y Ik’ —k|? {N}
(k" —k]*+0a8)? [N+1]"

o &g

—SJeTymw (1 1)

T 324/27h%eq VK
N 2
X{N+1}|:(9A —6AB+1)In

29A3—6AZB—5A+ZB
A2—1 ’

|A+1]
|A-1]

o &g

W_3e2\/kB—TM\/ﬁﬂ(l 1){ N }

32V27R%0 VK N+1

X [(3A2—2AB—1) inlA—1l

|A+1]

+2(3A—ZB)},

= e v () L)
T 3221020 VK \Ex &) | N+1

x [(12A3 —9A’B—9A? +6AB+2A—B—1)

|A—1|
|A+1]
(A—B)(3A2+1))}
A+1 ’
_3VksTMym W (1 1
32/27h%¢q ﬁ(g_;s)
1-f(K=yW) [ N
1-1(K) {N+l}

x In

+2<(9A2—6AB—6A+3B+2)

|A—1]
|A+1]

x [(3A2—2AB—1) In
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+2(3A—-2B) |,
. 3JkTM/mW (1 1
4= e R (%)
1-f(K=yW) [ N
T(K){NH}
|A-1]
|A+1]

xC [(4A3— (3A2-1)B—2A)In

+2 <4A2 —3AB— g)} , (33)

where the upper part in the brace corresponds
to phonon absorption and the lower part to
phonon emission, N = N(wp), and

A (M+1D)K-MyW+Q

2/MK(K — )W)
p_ (M+DK—Myw

2J/MKK—=yW)’

c— YK-¥YW
VMK

with M =1 for intraband scattering.

It should be noted that this scattering
mechanism has non-vanishing Aq/, and, thus,
it may cause some considerable error if Aq’
isignored. One simple method to incorporate
this quantity into the computation is using the
effective relaxation time method asintroduced
in Sec. Il1.

and, (34

3. Nonpolar Optical phonon
Scattering

hD2 N
k/_k2= 0
ok =k 2Vc,0a)o{N+l}’

__ Dgne LSy
2Vanip kT W NF1)”
__DRMmP? JR=W [ N

N e [

(14
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Dim¥2 VK| N
2272 p ke T W { N+1}’
DE(MmM?*2  /K—yW
2V2nhPp ke T~ W
Xl—f(K—yW){ N }

Gi =

[T K—

1-f(K)  |N+1]° (35)

Although this scattering mechanism isin-
elastic, this scattering is randomizing over the
solid anglefor thedirection of k’, which makes
Agq = 0, so that the generalized relaxation
times become well defined as in the case of
the elastic scattering mechanism. In addition,
g;;; = 0 for the same reason of the randomizing
nature of this scattering mechanism.

4. Acoustic Deformation Potential
Scattering

k' k)P =

Wi — EZmS/ZV keT 1 Zz
e 16\/27'[]:\4,082 \/— 2

meo i
“{y)

2
2
[ 1)
x— |1+ > ,
4 (1-vg)
- EiMnr2JkeT 1 Zz N
n 16\/§7Th4,082 \/— 2 N+1
3|, Ha+rm—yME - &)
4 M(1—yZ)
G- E2mPl2/kgT 1 [% dr2 { 1
e 16\/§nh4,082\/— n N+1 4
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_Eerrf’/Z«/—kB 1 (2
T 16V2nR% S VK Iy
Xl—f(K—yW){ N }

dzZ

1-f(K) N+1

3 ((1+M) yM——%)
4 M(1—pZ) ’

. EMmP2JkeT 1 (%
G =———— | d27
16/270*pS VK J4
Xl—f(K—yW){ N }c
1-f(K) N+1

2
sl H(a+m—yME- )
ik M (1—yZ)

H@A+M)—yME - 2«
X|:2( K 4KS) ’ (36)

IM(1-yE)"*

where C isgiven by

C=Jim (1—;/%)1/2. 37)

The computation of the §-function repre-
senting the energy and momentum conserva-
tions and the integration limits, z; and z,, are
givenin Appendix C.

It should be noted that, rigorously speak-
ing, this scattering mechanism produces non-
vanishing Aq. However, since the energy
emitted/absorbed by a particleinvolvedin this
type of scattering process is smal compared
with theinitia energy of the particle, one may
neglect Aq'.
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5. Piezoelectric Scattering

, n seen\2[121
vk =P =57 (=) [%g
B )
355 | q(k/'—k[2+03)? | N+1
_heKZs ¢ N
T 2Vepe q (P+G2)2 { N+1}’
K VMK T 1 % & ya

T ay2me VKU  (2+4QS?
2
z
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“IN+1] 3 (1—7%) ’
W _ CREMVMVRET 1
e 44/ 27h%¢ VK
/szziz4 N
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2
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x— 11— ,
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G FREMT 1, 2
i = = -5
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y 1
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-1 2
2(2 Vﬁ—m)
X 12 9
(1-rg)"
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o EKEMYmKT 1
" 4/ 27R%e VK

21— f(K—pW)
8 / 922057 1-T(K)

N
X{N+1}C
3 %1((1+M) yMZ—%)
x—11-
4 M (1—pZ)

x (Mg~ ) (39)
ME® |

where g and s, respectively, are the spherica
average velocities of the longitudinal “1” and
transverse “t” phonons, the integration lim-
its, z; and z, are the same as in the acoustic
phonon scattering case, ey4 is the piezoelec-
tric constant, the quantity C, inthe equationfor
Giiv» is given by (37). In the first equation of
(38) both thelongitudinal and transverse sound
velocitiesare replaced by an average sound ve-
locity s = 1+ 37, and Ky, is an average
electrochemical coupling coefficient, defined
to be

) (ew?( 12 16
Ka="— (35(:L+35cT -9

where the constants C; and Cy are given by

1
=z (3C11+2C12+4Cyy)

1
and CT = g (C]_]_ — C12 + 3C44)’ (40)

with the strain constants G;;. We note that
AQ' can be neglected for the same reason as
in the acoustic-deformation-potential scatter-
ing case.
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V. HOLE/HALL MOBILITIES
AND HALL FACTOR FOR
HEAVILY DOPED p-TYPE
GaAs AT 300 K

For the analysis of holetransport in p-type
GaAs, the heavy hole band can be considered
to be nearly parabolic and the light hole band
to be nearly isotropicin the energy region near
the top of the valence band [40]. Thus, in
numerical computations, we use an energy-
independent effective mass for the heavy hole
band, while for the light hole band we use
an energy-dependent effective mass cal cul ated
using the k - p method [42]. Thisis necessary
especially for highly degenerate carrier den-
sities as holes occupy a higher energy region
wherethelight holeband becomes highly non-
parabolic. We notethat the energy dependence
of the density-of-states effective mass does not
stem from band ani sotropy but from band non-
parabolicity.

For hole/Hall mobilities and Hall factor
calculations, we use no adjustable parameters
and no compensation (i.e. NI/Ny = 0).
We include five of the most important scatter-
ing mechanisms for GaAs, as discussed previ-
ously. Severa important issues, such as Hall
factor (ry), screening of charge carriers, and
overlap functions are taken into account. We
apply the phase-shift method recently devel-
oped for the interacting two-band system [30]
for amore proper treatment of ionizedimpurity
scattering than the Born approximation. We
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use the ERT method for polar optical phonon
scattering to reduce the error caused by the use
of the RT concept for non-randomizinginelas-
tic scattering. For the remaining three scatter-
ing mechanismswe usetheformul as presented
in the previous section, in which the interband
scattering mechanism is taken explicitly into
account inthe RTA. Thevalidity in use of RTA
for those scattering mechanisms has been well
established in the previous literature. The pa-
rameters used in these cal cul ations are shown
in Table 3.

Table 3. List of materials parameters [4], [34].

m, =0.51my (heavy hole mass)
m =0.088my at k =0 (light hole mass)
myp = free electron mass

83 = 129
€00 =10.92
Rwo = 0.0356V

o =5360 kg/m®

Spherica average of velocity of sound:
§ =4730 m/s; longitudinal
S =3340 m/s; transverse
s=3860 m/s; total

Elastic constant:
C11 =11.88 x 109 N/m?
C12 =5.38 x 1010 N/m2
Ca4=5.94 x 10%0 N/m?

Deformation Potential Constants:
Ei= 56¢ev

Optical-phonon coupling constants:
(DK)? =1.58 x 10?2 eV?/n?
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Once the relaxation times were obtained
for each band, the hole drift maobility in band
i were calculated by uj = e < ti(e) > /m,
where <> denotesan average over carrier en-
ergies (in our numerical computations, the up-
per limit for thisintegration was 10kg T above
the Fermi energy or 10kg T intotheband). The
combined hole drift mobility is obtained from
p=(Pap1+ Pap2)/(P1+ P2), where p; and
p. are the hole densities in band 1 and band
2, respectively. Once drift mobilitiesand Hall
factors for each band are cal culated, the com-
bined Hall mobility and Hall factor of the two
band system can be caculated as (D2) and
(D3) in Appendix D.

Figure 5 plots calculated ry factors for p-
type GaAs as a function of Hall density (p =
2x 10 ~ 1 x 10% cm~3). The Hall factors
obtained by using the Born approximation for
ionized impurity scattering show values rang-
ingfromry =0.87t0 1.5 (Fig. 5a). The phase-
shift method givesr valueswhich are signif-
icantly greater than unity (rq = 1.25~ 1.75)
for Hall densitiesconsideredinthiscalculation
(Fig. 5b). As the phase-shift method is more
accuratethan theBorn approximation for treat-
ing ionized impurity scattering, it is reason-
ableto rely on the results from the phase-shift
method, which are also closer to previous re-
sults[12], [22]. Therefore, it can be concluded
that the usual assumptionry = 1 would into-
duce some errors in the interpretation of Hall
data.

Figure 6 shows calculated hole drift mo-
bilities as a function of hole densities (p =
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Fig. 5. Hall factors of p-type GaAs, calculated using
(a) the Born approximation and (b) the phase-shift
method for ionized impurity scattering. The ef-
fective relaxation time method was used for polar
optical phonon scattering.

2 x 101 ~ 1 x 10%° cm~2) with various meth-
ods. Inthisfigure, B and P designate, respec-
tively, employment of the Born approxima-
tion and phase-shift method for ionized impu-
rity scattering; E indicates the use of the ERT
method for polar optical phonon mode scatter-
ing. It aso shows contributionsof heavy holes
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Fig. 6. Comparison of hole drift mobilities calculated by
various methods; B, P, and E designate the use of
the Born approximation, the phase-shift method,
and the effective relaxation time method, respec-
tively. The contributions of heavy holes (PE.hh)
and light holes (PE.Ih) to the total hole mobility
(PE) are also shown in the case using the phase-
shift method.

(PE.hh) and light holes (PE.Ih) to thetotal hole
mobility (PE) in the case of using the phase-
shift method. As seen from this figure, the
presence of thelight holeband (PE.|h) causesa
considerableincrease in the hol e drift mobility
by 25~ 35% (i.e., from the heavy hole mobil-
ity (PE.hh) to thetotal mobility (PE) in thefig-
ure) depending on hol e concentrations; and the
Born approximation overestimates the overall
ionized impurity scattering rates for hole con-
centrations less than 3 x 10'8cm~2 and under-
estimatestherates by approximately 25~ 40%
for concentrationsgreater than thisvalue. This
was previously noted by other researchers[8].

Figure 7 shows the theoretical Hall mobil-
ities and the contributions by the heavy and

Fig. 7. Hall mobility at 300K vs. Hall density calculated
using the phase-shift and the effective relaxation
time methods. The contributions of heavy and
light hole mobilities to total mobilities are shown.

light holesin the case of PE. The figure shows
that the calculated Hall mobilities are turned
out to be somewhat higher than the experi-
mental mobilities depending on Hall concen-
trations; e.g., 30% higher at a Hall density of
1x10%°cm~3. The experimental datawere ob-
tained from carbon-doped p-type GaAs sam-
ples grown by AP-MOVPE using CCl,4 [23].
In a purely computational point of view, this
discrepancy between the theory and the exper-
iment can be viewed as a result of the incor-
poration of the Hall factor into the calculation
in a sense that if ry were set to be unity as
it has been done in most of previous works,
then the agreement would become excellent
in the region of highly degenerate hole con-
centrations, in which the omission of carrier-
carrier scattering can be well justified. This
can be seen clearly by comparing the experi-
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Fig. 8. Contributions of individual scattering mecha-
nismsto the total hole drift mobility: The phase-
shift method was used for ionized impurity scat-
tering and the effective relaxation time method
was used for polar optical phonon scattering. The
scattering mechanisms included are ionized im-
purity (I1), polar optical phonon (PO), nonpolar
optical phonon (NO), acoustic deformation (AD),
and piezoelectric (PiE) scattering.

mental datawith the cal culated hole mobilities
of Fig. 6. The result stimulates a further in-
vestigation so that the discrepancy can be clar-
ified in such ways whether there may be other
scattering mechanisms (e.g. neutra impurity
scattering) or materials properties (e.g. com-
pensation) not taken into account in the cal-
culation. Elimination of approximations with
valence-band nonparabolicity and anisotropy
make some contribution to reducting the dis-
parity.

Figure 8 showsthe contributionsof various
scattering mechanismsto the total hole mobil-
ity. Asseen from thisfigure, at low hole den-
sities, polar optical phonon scattering mecha
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nism dominates, while at degenerate hole den-
sities ionized impurity scattering mechanism
is the mobility-limiting factor to the total hole
mobility.

VI. SUMMARY AND
CONCLUSIONS

We have presented a comprehensive
derivation for hole transport in the interacting
two-band system (p-type materials with the
heavy hole and light hole bands). A pair of
Boltzmann equations were set up and solved,
first in a most general way, in terms of a
generaized relaxation time. Then the genera
solutionwas simplified using the conventional
relaxation time concept. We showed that in
specific cases our general solution reduces
to those that have been previously reported,
including the so caled partial coupling ap-
proximation. We also showed that when the
partia coupling approximation is used, the
inverse interband momentum relaxation time
1/7ii (i, i” =band index; i’ # i) should not be
weighted with the factor 1 — coséy, where 6y
is the angle between the initial and the fina
wavevectors, which isin contradiction to what
has been done in the previous literature.

For non-randomizing inelastic polar opti-
cal phonon scattering, we have presented a
simple (ERT) method, developed along the
linesof the conventional variational technique,
to compensate for the use of the RTA and to
calculate respective effective relaxation times
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for each band. We investigated the validity
of the RTA for this type of scattering. The
results showed that RTA underestimates the
scattering rate for nondegenerate hole densi-
tiesand overesimates the scattering rate for de-
generate densities. For example, for p = 2 x
107 cm~3, the mobility calculated by RTA is
approximately 34% higher than the value ob-
tained by ERT, and for p= 2 x 10%° cm~3 the
mobility by RTA isabout 37% lower than that
by ERT. An anal ogous result has been reported
for n-type GaAs [10]. Asthe RTA result de-
viates far from that of the ERT, it can be con-
cluded that the use of RTA may not be well
justified for the polar optical phonon scattering
mechanism in the range of hole concentrations
considered in this paper.

For simple, practical mobility calculations,
we derived, taking explicitly into account in-
teractions between the two bands, formulas
both for scattering rates and momentum RTsin
the Born approximation for five the most im-
portant scattering mechanisms for p-GaAs.

Using the theoretical framework presented
in this paper, afirst-principlesnumerical com-
putation was performed for the hole/Hall mo-
bilitiesand the Hall factor over arange of hole
densities p = 2 x 10Y" ~ 1 x 10%° cm=3. Al-
though transport propertiesin highly degener-
ate hole concentrations, in which the omission
of carrier-carrier scattering can be well justi-
fied, are of our primary interest, we include
non-degenerate densitiesin the computationin
order to simply provide extended comparisons
between the theory and experiments. We in-
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cluded all the most important scattering mech-
anisms, as mentioned above, for p-type GaAs.
Wetook into account the Hall factor to directly
compare the theoretical Hall mobility with the
experimental data. We aso considered other
important effects on hole transport, such asthe
nonparabolicity of the light-hole band, over-
lap functions, and screening. We applied the
phase-shift method, recently developed for in-
teracting two-band systems, to calculatethere-
laxation times due to ionized impurity scatter-
ing for each band. Ascompared with theresult
obtained using the phase-shift method, the use
of the Born approximation overestimates the
hole drift mobility for hole concentrations|ess
than 3 x 10'8 cm~3 and underestimates it by
25 ~ 40% for concentrations greater than this
value. In addition, for highly-degenerate hole
concentrations greater than 4 x 10*° cm~3, the
ionized impurity scattering mechanism makes
thegreatest contribution (over 90%) tothetotal
hole drift mobility. Thisleadsto a conclusion
that the use of the phase-shift method for ion-
ized impurity scattering mechanism is neces-
sary for highly degenerate hol e concentrations.

Regarding the contribution of each band
to the total hole mobility, it was shown that
the presence of the light hole band causes a
considerable increase in the hole drift mobili-
ties by 25 ~ 35% depending on hole concen-
trations. This may indicate that inclusion of
the light hole band through taking explicitly
into account the interband scattering mecha
nism would be important in transport calcula
tions.
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The Hall factor obtained using the Born
approximation for ionized impurity scattering
showed values ranging from ry = 0.87 to 1.5.
The phase-shift method gavery =1.25~1.75
over dl holedensitiesconsidered in this calcu-
lation. As the phase-shift method is more ac-
curate than the Born approximation, it is ap-
propriate to use the result from the phase-shift
method, which isalso closer to those obtained
in earlier works. Therefore, we conclude that
the usua assumption, ry = 1, can introduce
some errors in interpreting true hole densi-
tiesand drift mobilitiesfrom experimental Hall
data.

The calculated Hall mobilities are turned
out to be somewhat higher than the experimen-
tal mobilities obtained from carbon-doped p-
type GaAs samples depending on Hall con-
centrations; i.g., 30% higher at Hall concen-
tration of 1 x 10°° cm~3. In a purely com-
putationa point of view, this discrepancy be-
tween the theory and the experiment can be
viewed as a result of the incorporation of the
Hall factor into the calculation in a sense that
if ry were set to be unity as it has been done
in most of previous works, then the agree-
ment would become excellent in the region
of highly degenerate hole concentrations, in
whichthe omission of carrier-carrier scattering
can be well justified. This can be seen clearly
by comparing the experimental data with the
calculated hole mobilities of Fig. 6. The re-
sult stimulates a further investigation so that
the discrepancy can be clarified: it is expected
that incorporation of neutral impurity scatter-

B. W. Kim and A. Majerfeld 37

ing and compensation for degenerate hole den-
sities and carrier-carrier scattering effect for
non-degenerate hole densities would lead to
an improvement in theoretical fitting to ex-
perimental observations. In addition, elim-
ination of some crucial approximations em-
ployed in our theoretical treatment in associa-
tion with the valence-band structure will pro-
vide a complete picture of hole transport for
GaAs and would considerably reduce the dis-
parity between theory and experiment. This
might require computational effort beyond that
needed for simple, practical engineering pur-
poses. However, when this becomes neces-
sary, the effects of band nonparabolicity and
anisotropy can be taken into account exactly
in the treatment of the scattering mechanisms
and in the solution of the Boltzmann equation
by incorporating into our theoretical frame the
theoretical formulationswith a full considera-
tion of the valence-band properties[31], [37].
These investigations have been being carried
out by the authors. However, we expect that,
although limited by the use of approximations
in the present theoretical frame, the present
work is still of significant practical value as a
reasonabl e engineering study on transport pa
rameters in p-type GaAs.

Finally, we note that hole mabilities of p-
GaAs a 77 K were found to be lower than
thoseat 300K for holedensities p= 1x 10* ~
10 cm~3 [23]. This phenomenon has been
observed by other investigators[43]. A possi-
bleexplanationfor thestrong reductionin hole
mobility at low temperatures will be presented
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el sewhere based on asimpl etheoretical model.
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APPENDIX A

In the presence of an external electric field
E in the X-direction, the Boltzmann equation
for the non-equilibrium distribution function
f(k) takestheform

hk of() | of
(EXEE) d —[ﬂc’ (A1)
where

[%] =/d3k’[Sf’(1— f)—Sfd— )],
i (A2)
and x isthe cosine of the angle between k and

the electric field E. Assuming f to take the
form

f= f_q>(k)g—;, (A3)

and neglecting terms of order &2, the colli-
sion term for polar optical phonon scattering
becomes

af aggt— 1ot
2] - faxsii oo
(hk of X) ezhwom( 1 1) e
mde ) 16meoh® \ €0 s/ €0

+1 f/
/dk’ dx )2( —c )
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Xx[(N+ DK —ke) + NS(K —ka)l,
(A4)

where we assume @ to take the form

O =d(k)=xC(e),
=0Kk')=XC(')=xxC(¢"), (Ab5)

and

1 g2 ’ Y%
=8+8+ 2m b_8+8 _C(é‘)

, b= , C= , (A6
2+/¢e¢’ 2/ g€’ C(e)k (A6)
k=lk|, K=Ik'l, e=ek), ¢&=eK),

and ke and k, are the solutionsfor k' to the en-
ergy conservation equation

e(k)=ek —yq)=e(k)+yhwo,

with y = 1 for phonon emissionand y = —1
for absorption. In (A5), X' isthe cosine of the
angle between k’ and E, yx isthe cosine of the
angle between k and k’, and we use the law of
cosines and the fact that the integration over
theazimuthal anglemakesthetermsmultiplied
by this angle vanish. In (A5), the integration
over k' can be performed easily using the delta
function property, and the integration over x
gives

{2[1+ a@- b)}L(za b)In 'a_”}

la+1]
C(a) {Z(a b) |a—1|}
C(s) la+1]
— Pye.e) (() Pi(e. ). (A7)
APPENDIX B

For the present problem the variationa
principleisdescribed asfollows. Let h; and hy
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be any two functionsof ¢, and let

o0 of
(hy, h2)=/ hlL(hz)a—d& (B1)
0 e

where L is given by (13). Then solution
C™® to (21) can be determined by maximizing
(CD, D), subject to the auxiliary condition

/ C(l)L(C(l))ﬂdaz / gcﬂ@dg. (B2)
0 38 0 38

It can be shown that (hy, hy) = (hy, hy) and
(hy, hy) > 0 to comply with the variationa
principle. In order to solve this equation, CV
is expanded as a polynomia in powers of the
energy:

Ch(e)=) CVe", (B3)
r=0

which satisfies the infinite set of linear equa-
tions:

> dsC—aP=0 (1=0,1,2.3), (B4
r=0

where
o0 of
oz,(”)z/o 5”+'£d5
=—r+nNKeT) " Fin_1(8),
© xKdx
R ()= A i1
r S * r S af
ds= (", &= &' L(g%)—de
0 e
=—N+l/ de(e+hwo)" f(e+hawp)
kBT 0

x[1— f(&)][PL(e +hwo, &) (e +hwp)®
— Py (s +hwo, £)€%]
N o0 r
=—kB—T/0 dee" f(e)[1— f(e+hwo)]
x[Py(g, e +hawo)e® — Pa(s, £ +hawp)
x (& +hawo)®],
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1— f (e —hag)
1-f(e)
x[Py(e, & —hawp)e®

—Po(e, e —hawo) (e —hawo)°]
1— f(e+hawg)
Tt

—P (e, e +hap) (e +hawp)?]. (BY)

L(e®) = (N+1)

N[ Py (e, £ +hwp)e®

One can see that dis = dg, which the varia
tional principlerequires. Thissymmetry stems
from the facts that

PLo(X y) =Pr2(y, X)
and (N+1) f (e +hao)[1— f(e)]
=N f(e)[1- f(e+hwo)].

APPENDIX C

Theintegration limits, z; and z,, are deter-
mined as follows [4]. Energy and momentum
conservation can be written, respectively, as

th/Z h2k2
2m  2m
and k'=k—yq, (Cy

which lead to the following relationships be-
tween z, cosd, and cosb:

slasm—mz-ig]
1

Costk = TR (C2)
(1-rSz+ %)
VK
COS@=]/—S(1—M)+M‘/§
z K
z
+ T — C3
YaJKS )

where 6 and 6 are the angles between k and
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k’, and k and g (phonon wavevectar), respec-
tively. Substituting (C3) into (C2), we have
%[(1+ M)—yM%—%KiS]
M=)
Using this result, the delta function repre-

senting energy and momentum conservations,
S[e(k") —e(k)], can be written as

CoSt = (C4

8lej(K) —ei (k)]
=3[&} —ei +yhw]d[k' —k+q]
VS M 1

= ﬁkB—TES(COSGk_COSGO)’ (CS)

where cosfy takes the value givenin (C4).
The integration limits are determined by

the condition that | cos6| < 1. For the phonon
emission process, the lower and upper limits
are given by

21=2vS{~G. £[G2 + K(M —1)]*/2},
2=2/S{-G_+[G +K(M—1)]"?} (C6)

respectively, where the upper and lower signs
correspondto M > 1 and M < 1, respectively,
and G, = My/S+ /K. When M « 1, thereis
athresholdin K that must be exceeded in order
for emissionto bepossible. By demanding that
the argument of the square root be positiveand
that z; and z, be positive, we have

K>S(1++v1—M)>2 (C7)

For transitions from the heavy to light hole
band, thisrequiresthat K > 3.66S. For M =1
(intraband transition) and M > 1, this condi-
tion reducesto K > S. For the absorption pro-
cesstheintegration limits are given by

21=2/S{G; £[GZ + K(M—1)]*?},
2=2vS{G; +[G} +K(M-1)]"?}. (C8)
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APPENDIX D

For warped band, ry depends on the de-
gree of warping as well as scattering mecha-
nisms[7]

'y=Is-Ta. (Dl)

Here rs is the scattering factor, which is ob-
tained by rs =< 2 > / < v >2, and rp is
the band anisotropy factor. We use the values
ra = 0.659 for the heavy hole band and r 5 =
0.996 for the light hole band [7]. Once drift
mobilities (1, and uy) and Hall factors (ry,
andr ) for each band are cal cul ated, the com-
bined Hall mobility (1) and Hall factor (ry)
for the two bands are determined, respectively,

by

_ PLU2r i+ Popdruz
P11+ P22

ry="HH" (D3)
Hd

: (D2)

where p; and p, are hole densities in heavy
and light hole bands, respectively, and uq is
the combined drift mobility of holes.
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