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ON CERTAIN SUBCLASSES OF 
MEROMORPHICALLY MULTIVALENT 

FUNCTIONS 

Nak Eun C ho, Yong C h an Kim and Sang Hun Lee 

Let B샤(a) b e the class o f functio따 of the form 

f (z) = 융 + 낌akzk (p E N = {1 ,2, ... }) 

whi ch are regul a r in t he puncture d dis k E = {z : 0 < Izl < 1} and satisfy 

..L l , ..-..., .. "， ，~ n+a 
Re{zP+ l(DnJ(z))'} < - p " " ~ (n E No = {O, 1,2 , ... }, Izl < 1, 0::; a < 1) , 

n+1 

where 

D’‘f(z) = ￡ + E1(P + m)nam- l Zm l 

It is proved that Bn+ l ,p( a) C Bn껴(이 We also consider integral s of fun c 

tions in th e cl a.ss Bn,p( a) 

1. Introduction 

Let L p d enole the class of fun ct io n s of the form 

U 1 ( 
J (z) = 1_+fakzk (pEN= {I ,2, ... }) 

zY 1. ;;;;0 
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which are regular in the punctured disk E = {z: 0 < Izl < 1}. Following 
Uralegaddi and Somanatha [4] , we define 

(1.2) 

(1. 3) 

DOf(z) = f(z) , 
D'f(z) = 옳 + (p + 1써 (p+ 2)이 z + (p + 3)a2z2 + 

(zP+lf(z)) ’ 
zP 

(1.4) D2 f(z) D(D' f(z)) , 

and for n = 1,2,' ", 

(1.5) D n f(z) D(Dn
-

1 f(z)) 

= ￡ + 홍(P + m)namfl 

(zp+IDn-If(z))’ 
zP 

Let Bn ,p(a) denote the c1 ass of functions f(z) E εp which satisfy the 
condition 

(1.6) Re{zP+I(Dn f(z)) ’} < -p표上으 (0 ::; a < 1, Izl < 1) 
n+l 

Another c1asses defined by using above dilferential operator Dn have stud 
ied by Cho and Owa [1] and Uralegaddi a때 Somanatha [4] 

In this paper , we shall show that Bn+l ,p(a) C Bn,p(a). Since Bo.p(a) is 
the c1ass of meromorphically p-valent functions [3 ], all functions in Bn ,p(a) 
are p-valent . Further propertie5 preserving integra.ls are considered. 

2. Some results 

In proving our main res미t5 ， we shall need the following lemma due to 
Ja대 [2] 

Lemma l. Let ψ be non-constant regular in U = {z : Izl < 1}, ω(0) = 0 

1fl띠 attams gts mQtmnmZoψ'(zo) = kψ(zo) ， where k is a 1'eal number, k 으 l 
Theorem l. Let f(z) E Bn+l ,p(a). Then f(z) E Bn ,p(ß) , ψhere 

(2.1 ) ß= '2 +4+2a(n+l) 
3( n + 2) 
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Proof Let f(z) E Bn+l ,p(O:), Then 

(2 , 2) ..L 11 ........ ...J... l .. , ~， t... n + 1 + Q Re{zP+l(Dn+1 f(z))'} < -p-"-'--;:--
n+2 

We have to show that (2 , 2) implies the ine여qua머메liπt 

↓μ1 I r. 'I"I. rl \ \1) n + ß 
(α2 ， 3야) R값e{zP+I(Dnηf( z))γ) )'} < -얘p-，-， 

n+1 ’ 
where ß is given by (2 , 1) , De죄ne w(z) in U by 

+lr n.nrt_.\\1 __ rn+ß I (1 - ß)(l- ψ(z)h (24) zP+1(Dnf(z))I = p{ -- + } 
ln+1 ' (η + 1)(1 + ω(z)) J 

Clearly, w( z) is regular and ψ(0) = 0 , Using the identity 

(2 , 5) z(Dn f( z))' = Dn+l f( z) - (p + 1 )Dn f(z) , 
the equation (2 .4) may be written as 

(2 , 6) zP(Dn+l f(z) - (p + l)Dn f(z)) 

= -p{프ß + i1 - ß) (l 얘(z)ö 
n+1' (n+1)(1+ ψ(z) ) 

Differe띠 ating (2 , 6) , we obtain 

(2 , 7) zP+l(Dn+l f(z))' 

= -p{펀 +~1-ß)(1- ψ(z))} + 2p(1 - ß)삐(z) 
n+1' (n+1)(1+ ω(z))J ' (n + 1)(1 + ψ(z) )2 
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We claim that Iw(z)1 < 1 in U , For otherwise, by Lemma 1, there exists 
Zo in U such that 
(2 ,8) Zoψ'(zo) = kψ ( zo) , 
where Iw(zo)1 = 1 and k 즈 1. Writing ψ(zo) = u + iv , the equation (2 , 7) 
in conjuction with (2 , 8) yi리ds 

r • l/nn+l r l \\ 1 , n+ 1 +01 (2 ,9) Re~ z맘 (Dn+ 1 f(zo))' + p" , ~ ~ - f 
lV ", \VII n+2 

(n + 1 + 0: n + β\ r U Î 't v 1 
= p( , , ~ ~ " - ~) + 2p(1 - ß)kRe~ ， , ,", , ,'\0 r \ n+2 n+1/' -n. "" ".'- l(n+1)(1+u+ ψ)2 J 

= p(n+1~ 0: _ n+~\ + p(1-a)k ‘ ----- , -
\ n+2 n+1/' (n+1)(1+u) 

> ,,(n + 1 + 0: η + 이 + p(1 - ß) 。
- ---- , - ------ • n 

r \ n+2 n+11 ’ 2(n+1)-V' 
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sInce β is a root of the equation 

(2. 10 ) 3(n + 2)x - (n + 4 + 2a(n + 1)) = O. 

This contradicts assumption (2 .2), so the proof is completed 

Since ß - a > 0 in Theorem 1, we have the following 

Coroll ary 1. B"+I ,p( a) C Bn ,p( a) for every n E No 

Theorem 2. Let f( z) E Bn.p( a) and let 

(2.11 ) 깐(z ) = 앓 f tC+P-1f(t)dt (c> 0) 

Then Fc(z) E Bn，p(β) ， ψhere 

(2.12) 
@ 

-
、
.
κ

q
ι
 -‘ 
‘ 

+ 
-+ --

-
-a

μ
 

P1'Oof Let f (z ) E Bn.p(α) . Defìne w( z) in U by 

+lrnnDf_ \V _ _ rn+ ß , (1-ß)(1- ψ(z) h Zp+1 (D n F,(z)) ’ = - p{ -- + } 
ln+l ' (n+1)(1+ ω(z)) J 

(2.13) 

where ß is defìned by (2 .12). Then w( z) is regular and ψ( 0 ) = O. Us ing 
the identitv 

(2.14) z(D"칸(z))' = cD" f (z) - (c+ p)Dnκ(z ), 

the equation (2 .l 3) may be wri tten as 

(2.1 5 ) 씨
 씨
-
셰
 

η야
 씨
-
이

、
 

η
 --
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-1 

、

끼
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-미
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-n 
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--

7J 
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-+ 
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껴
 Differentiating (2 .1 5) , we have 

(2 .16) Zp+1 (Dnf(z))' 

= -p{닫깅 +~1 - ß) (l - ψ(z) ) } + 2p(1 - ß)ψ(z) 
n + 1 ' (n + 1)( 1 + ψ(z) ) 이n + 1)(1 + w(z))2 

We c1 aim tha.t Iw(z)1 < 1 in U. For otherwise, Lemma 1, t here exists Zo 
in U such t hat zow'(zo) = kψ(zo) ， where 1ω (zo)1 = 1 and k 2': 1. The 
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remaining pa rt for the proof of T heorem 2 is simila r to t ha t of Theorern 
1, so we om it it . 

Similarly, from T heorem 2, we have 

CoroJlary 2. Let J (z ) E Bn.p(o) . Then Fc(z) defin ed by (2.11 ) belongs 
to the class Bn,p( 0') 

Using the similar method of Theorem 2, we can pro、 e the fo\lowi ng 

Theorem 3. Let J( z ) E L p aηd sat떼y the condition 

(2.17) 
+1/ n nrt \ \1 i n +a p(l - 0) Re{zP+1 (Dnf (z) )l < -p-- + ---- (z E U), 

n + 1 ' 2c( n + 1) 

ψhere 0 :s 0 < 1 and c > O. Then 깐(z) defin ed by (2.11 ) belongs to the 
class Bn,p( 0). 

ln case c = 1, Coro \lary 2 can be improved as fo\lows 

Theorem 4 . J(z긴) E Bnι‘P서p(O이) ν and on띠dωy υ F1이(μz샤) defi ned by (2.ll ) uψIJ뼈’ 
c = 1 belongs to the class Bn+ l ,p( 0) 
Proof For the function F1(z) defin ed by (2.11) with c = 1, we have 

(2 .18) z(DnF1(z ))' + (]' + I)DnF1(z) = DnJ( z ) 

By using t he identity (2 .. 5), the equation (2.18) reduces to 

(2.19) DnJ (z ) = Dn+1 F1(z) , 

and the result [ollows. 

We now prove the converse of Coro \lary 2. 

Theorem 5. Let 1강 ( z ) E Bn,p(a) and let J (z ) be defin ed as (2. 11 ). Then 
J (z ) E Bn.p(o) in Izl < RCI when: 

(2.20) Rc = ιE프二」 
c 

Proof Sin ce 1강( z ) E B샤(0) ， we can write 

(2.21 ) +1/ 11" 17' 1_\\1 _, 11 +0 I ( l - O' )u(z) _ Zp+ 1 ( Dn κ(z))I = p( + ------) 
n+ l n+ l 
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where u(z) E P , the class of functions with positive real part in U and 
normalized by u(O) = 1. Using the equation (2.14) and diffe rentiating 

(2.21), we o btain 

(2 .22) 
z p+l ( D n I(z )), + p릎g zuI(z ) 

rl!.=.의 = u(z) + =-=τ-
n+l 

Using t he well known est ir뼈e， 앓댐 S 쉰~(Izl = r ) , t he equation (2 .22) 
yields 

(2.23) 싹zp+ l ( Dn製 +p뽑} 2 Reu써 

Now the right hand side of (2.23) is positive provided r < Rc. Hence 

I (z) E B샤(0) for Iz l < R c. 
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